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Preface 


Heat is atomic motion of matter, and temperature indicates the equilibrium dis- 
tribution of this motion. Nonequilibrium atomic motions, created for example by 
a temperature gradient, result in heat transfer. Heat transfer physics describes the 
thermodynamics and kinetics (mechanisms and rates) of energy storage, transport, 
and transformation by means of principal energy carriers. Heat is energy that is 
stored in the temperature-dependent motion and within the various particles that 
make up all matter in all of its phases, including electrons, atomic nuclei, individual 
atoms, and molecules. Heat can be transferred to and from matter by one or more 
of the principal energy carriers: electrons (either as classical or quantum entities), 
fluid particles (classical particles or quantum particles), phonons (lattice-vibration 
quantum waves, i.e., quasi-particles), and photons (quantum particles). The state 
of the energy stored within matter or transported by the carriers can be described 
by a combination of classical and quantum statistical mechanics. The energy is also 
transformed (converted) between the various carriers. All processes that act on this 
energy are ultimately governed by the rates at which various physical phenomena 
occur, such as the rate of particle collisions in classical mechanics. It is the com- 
bination of these various processes (and their governing rates) within a particular 
system that determines the overall system behavior, such as the net rate of energy 
storage or transport. Controlling every process, from the atomic level (studied here) 
to the macroscale (covered in an introductory heat transfer course), are the laws of 
thermodynamics, including conservation of energy. 

The focus of this text is on the heat transfer behavior (the storage, transport, 
and transformation of thermal energy) of the aforementioned principal energy car- 
riers at the atomic scale. The specific mechanisms are described in detail, including 
elastic-inelastic collisions-scattering among particles, quasi-particles, and waves. 
Particular attention is given to the time scales over which energy transport or 

' For semiconductors, the holes are included as energy carriers. For electrolytes, ion transport is 
treated similarly. 

Here, photon refers to both the classical (Maxwell) and the quantum (quasi-particle, Schrodinger) 
descriptions of the electromagnetic waves. 
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transformation processes occur, so that the reader gains some sense of how they 
compare with one another, as well as how they combine to produce overall system 
energy storage-transport-transformation rates. The approach taken here begins 
with a survey of fundamental concepts of atomic-level physics. This survey includes 
a look at the energy within the electronic states of atoms, as well as interatomic 
forces and potentials. Various theories of molecular dynamics and transport are 
also described. After this overview, in-depth, quantitative analyses are performed 
for each of the principal energy carriers, including analysis of how they interact with 
each other. This combination should allow for the teaching of a thorough introduc- 
tion of heat transfer physics within one semester, without prolonged preparation or 
significant prerequisites. In general, several areas of physics are relevant to the study 
of heat transfer: (a) atomic-molecular dynamics, (b) solid state (condensed matter), 
(c) electromagnetism, and (d) quantum optics. No prior knowledge of these areas is 
necessary to appreciate the material of this text (a knowledge of introductory heat 
transfer is assumed). 

Crystalline solids and their vibrational and electronic energies are treated first. 
This discussion is followed by an examination of energies of fluid particles and their 
interactions with solid surfaces. Then the interactions of photons with matter are 
posed with photons as EM waves, as particles, or as quasi-particles. 

The text is divided into seven chapters, starting with the introduction and pre- 
liminaries of Chapter 1, in which the microscale carriers are introduced and the 
scope of the heat transfer physics is defined. Chapter 2 is on molecular electronic 
orbitals, interatomic and intermolecular potentials, molecular dynamics, and an 
introduction to quantum energy states. Chapter 3 is on microscale energy trans- 
port and transition kinetics theories, including the Boltzmann transport equation, 
the Maxwell equations, the Langevin stochastic transport equation, the Onsager 
coupled transport relation, and the Green-Kubo fluctuation-dissipation transport 
coefficients and relations. Chapters 4, 5, 6, and 7 cover the transport and interac- 
tions of phonons, electrons, fluid particles, and photons, respectively. 

The size effects (where the system size affects the atomic-level behavior) on 
transport and energy conversion, for each principal carrier, are considered at the 
ends of Chapters 4 to 7. This allows for reference to applications in nanostructured 
and microstructured systems. 

Some of the essential derivations are given as appendices. Appendix B gives the 
Green-Kubo relation, Appendix C gives the minimum phonon conductivity rela- 
tions, Appendix D gives the phonon boundary resistance, Appendix E gives the 
Fermi golden rule, and Appendix F gives the particle energy distribution (occu- 
pancy) functions for bosons (phonons and photons), fermions (electrons), and 
Maxwell-Boltzmann (fluid) particles. Appendix G is on contributions to the See- 
beck coefficient from various charge-carrier interactions, including with phonons. 
Appendix H is on the Monte Carlo method used for the simulation of energy carrier 
transport. Appendix I is on the ladder operators used for the carrier state transition 
by creation (raising) and annihilation (lowering). 
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xix 


Some end-of-chapter problems are provided to enhance understanding and 
familiarity and to allow for specific calculations. When needed, computer programs 
are also used. A full, digital solutions manual is available. 

In general, vectors (lowercase) and tensors (uppercase) are in bold symbols. A 
nomenclature, an abbreviation list, and a glossary of relevant terms are given at the 
end of the text. Numbers in parenthesis indicate equation numbers. The periodic 
table of elements, with the macroscopic (bulk) and atomic properties, is given in 
Appendix A (in Tables A.l and A. 2), along with the tables of the universal and 
derived constants and unit prefixes. 

It is hoped that this treatment provides an idea of the scope and some of the 
fundamentals of heat transfer physics, along with some of the most recent findings 
in the field. 
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The macroscopic heat transfer rates use thermal-energy related properties, such as 
the thermal conductivity, and in turn these properties are related to the atomic-level 
properties and processes. Heat transfer physics addresses these atomic-level pro- 
cesses (e.g., kinetics). We begin with the macroscopic energy equation used in heat 
transfer analysis to describe the rates of thermal energy storage, transport (by means 
of conduction k , convection u, and radiation r), and conversion to and from other 
forms of energy. The volumetric macroscopic energy conservation (rate) equation 
is listed in Table 1.1. The sensible heat storage is the product of density and specific 
heat capacity pc p , and the time rate of change of local temperature dT/dt. The heat 
flux vector q is the sum of the conductive, convective, and radiative heat flux vec- 
tors. The conductive heat flux vector qk is the negative of the product of the thermal 
conductivity k , and the gradient of temperature VT, i.e., the Fourier law of conduc- 
tion. The convective heat flux vector q u (assuming net local motion) is the product 
of pc p , the local velocity vector w, and temperature. For laminar flow, in contrast to 
turbulent flow that contains chaotic velocity fluctuations, molecular conduction of 
the fluid is unaltered, whereas in turbulent flow this is augmented (phenomenolog- 
ically) by turbulent mixing transport (turbulent eddy conductivity). The radiative 
heat flux vector q r = q p h ( ph stands for photon) is the spatial (angular) and spectral 
integrals of the product of the unit vector s and the electromagnetic (EM), spectral 
(frequency dependent), directional radiation intensity I p h t(0 , where co is the angular 
frequency of EM radiation (made up of photons). When the spherical, (solid angle) 
integral of I p h, M is nonzero, there is a net photon flux in the medium (matter). This 
intensity is influenced by the spectral emission, absorption, and scattering of pho- 
tons by matter, i.e., its radiative properties (Table 7.1). Among these properties are 
the photon spectral, absorption coefficient cr /? / 7 which results from the interaction 

' In deriving this equation, it is assumed that c p is constant. The more general form is also given in 
[232]. 

* The surface-convection heat flux vector q^ u is the special case of conduction occurring on an inter- 
face separating a moving fluid from a generally stationary solid. Then, assuming no fluid slip on this 
interface, the heat transfer through the fluid is only by conduction, but the interface temperature 
gradient is influenced by the fluid motion [232]. 
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Table 1.1. Macroscopic energy conservation equation and the heat flux vector [232]. 


Energy equation 
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Heat flux vector 


q = qk T q u T q, = -kVT + pc p uT + 2tt / 0 °° f\ sI p , h0) dpdcD 

A area, m 2 

spectral, directional radiation intensity, W/(m 2 -sr-rad/s) 
c p specific heat capacity, J/kg-K 

k thermal conductivity, W/m-K 

q heat flux vector, W/m 2 

s n surface normal, unit vector 

s unit vector 

Si-j energy conversion rate between principal carrier i and carrier j, W/m 3 
T temperature, K 

u velocity, m/s 

V volume, m 3 

p density, kg/m 3 

( i cos 6,6 is polar angle 

( o angular frequency, rad/s 


of an EM waves with electric entities in its travelling medium (e.g., vibrating electric 
dipoles, free electrons, electronic bandgap). 

In Table 1.1, it is noted that the divergence of q is integral to its surface normal 
component on the differential surface area A A of a vanishing deferential volume 
A V. The rate of energy conversion to and from thermal energy fl-j is determined by 
the nature and frequency of the interactions between the principal energy carriers 
i and j . This rate describes various bond (chemical, nuclear and physical), electro- 
magnetic, and mechanical energy conversions. The rate is related to the available 
energy transitions as well as the contributions from promoting/limiting mechanisms 
(e.g., energy distribution probabilities, kinetics, transport, and temperature). It is 
this interplay among storage, transport, and transformation rates that allows for the 
behaviors exhibited by energy conversion phenomena and devices. 

As mentioned, heat is atomic motion of matter and temperature represents 
equilibrium distribution of this motion [represented by the equilibrium energy dis- 
tribution function f°(T)]. Heat transfer results from nonequilibrium distribution 
function f(T) which in turn is caused by spatial and/or temporal variation of 
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temperature or presence of related force fields, and/or thermal energy conver- 
sion. In particular, thermal energy conversion creates spectral heat transfer at 
the atomic level. Here spectral refers to a selected atomic motion mode (e.g., a 
vibration frequency). The rate of heat transfer is the kinetics of return to equilib- 
rium. The motion of atoms, because of vibration, rotation, and translation, creates 
kinetic energy within matter and this defines its temperature or sensible heat. Elec- 
trons (valence electrons as they orbit the nuclei or conduction electrons as they 
move among atoms) are also central to the energy contained within matter. Elec- 
tronic energies (including bond energy between atoms), kinetic energy (created by 
the motion of atoms), and even the annihilation/creation of mass (i.e., relativistic 
effects), can all be converted to electromagnetic energy (photons). The energy con- 
tained in photons can then, in turn, interact with other matter (through electric enti- 
ties such as dipole moments) resulting in energy conversion. 

The state of an electron (which defines its energy level), as well as its coupling 
with atomic nuclei (in a free atom, or in molecules), is central to the energy of a sys- 
tem, its interactions (including conversion to other forms of energy), and its trans- 
port (both within the system and across its boundaries), especially when the energy 
per unit mass is much larger than k^T (which is 0.026 eV for T — 300 K), where &b 
is the Boltzmann constant. k^T is the energy of thermal fluctuations (Section 2.3.3). 
In ideal electrical insulators, no conduction (free) electrons exist, metals have a 
large number (over 10 21 cm -3 ), and intrinsic (undoped) semiconductors have a 
small, temperature-dependent number (less than 10 15 cm -3 ) of conduction elec- 
trons. Mobile and stationary ions, as intrinsic constituents or as dopants, also have 
their own particular electronic energy states. 

Thus the microscopic model of thermal energy storage, transport, and interac- 
tions is assembled through the study of each of the principal energy carriers, namely: 
phonons (p), electrons ( e ), fluid particles (/), and photons (ph). 

This introduction-preliminaries chapter continues with attributes of the four 
principal heat carries, including their combinatorial energy-state occupational prob- 
abilities and their wave, particle, and quasi-particle treatments. Then we present 
a brief history of contributions to heat transfer physics, and introduce the univer- 
sal constants and atomic-level (fine-structure) time, length, and energy scales. Then 
we give examples of atomic-level kinetics controlling energy storage, transport, and 
conversion, and define the scope of heat transfer physics and this text. 


1.1 Principal Carriers: Phonon, Electron, Fluid Particle, and Photon 

The energy of matter can be divided into potential and kinetic energies E p and E k . 
Each of the principal energy carriers can have potential and kinetic energy (for pho- 
ton it is electric and magnetic field energies). Here we discuss the energy attributes 
of carriers, including their equilibrium occupancy probabilities, which allow for 
inclusion of these attributes into statistical presentation of energy of matter. 


t The suffix “on” indicates having properties of particles. 
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1.1.1 Phonon 

Heat as atomic motion is stored in atomic vibration in solids. A phonon is a quan- 
tized mode of vibration occurring in rigid atomic lattices, such as those in crystalline 
solids. The properties of long-wavelength phonons give rise to sound in solids 
(hence the name phonon). Phonons participate in many of the physical properties 
of materials, including heat capacity and thermal/electrical conductivities (the prop- 
agation of phonons is responsible for the conduction of heat in electrical insulators). 

In classical mechanics, any vibration of a lattice can be decomposed into a super- 
position of nonlocalized normal modes of vibration. When these modes are analyzed 
by use of quantum mechanics, they are found to possess some quantum particlelike 
properties (quasi-particles). Thus a phonon is an indistinguishable quasi-particle 
(see Glossary). When treated as particles, phonons are called bosons (see Table 1.2, 
and the derivation given in Appendix F) and are said to possess zero spin. The ther- 
mal equilibrium particle probability distribution (occupation) function /° indicates, 
that at thermal equilibrium (the superscript ° indicates equilibrium), phonons are 
distributed based on their scaled energy E p /k^T . This is also shown in Figure 1.1, 
which shows the phonon energy is the sum of its potential and kinetic energy. Here, 
E p —hco p is the phonon energy, and h = hp/2jr, where /zp is the Planck constant 
(fundamental constants are discussed in Section 1.5.1). 

The equilibrium, energy-occupation probability (or distribution) function /° is 
based on principles of (a) equal a priori probability applied to all energy states of 
the system (equipartition of the energy states), and (b) ensemble averaging which 
gives the macroscopic properties of the system and constrains this probability in 
favor of lower probability of highest energy states (in general). This second principle 
introduces the system temperature and results in increased occupancy of the higher 
energy states at higher temperatures. Spin is one of the properties of elementary 
particles, which can be thought of as rotating tops. Based on spin, the particles are 
either fermions or bosons. The spin (quantum angular momentum) of a particle is 

given by S = 7z [^(^ + 1)] 1/2 (Section 2.6.6), where s is 0, 1/2, 3/2, 2, If 5 is 1, 2, ... , 

then the particle is called a boson, and if s is 1/2, 3/2, . . . , then it is called a fermion. 
No two fermions can be found in the same quantum state (because of the Pauli 
exclusion principle), whereas bosons tend to accumulate in certain favored states. 

There are two types of phonons: acoustic phonons, denoted with the subscript 
A, and optical phonons, denoted with the subscript O. Acoustic phonons have fre- 
quencies that become small for long wavelengths and correspond to sound waves in 
the lattice (this is a property of phonon dispersion relation). These long wavelengths 
correspond to bulk translations. Longitudinal- and transverse-acoustic phonons are 
often abbreviated as LA and TA phonons, respectively. Optical phonons, which 

t In lattice dynamics, there are a finite number of vibrational modes, and the energy of each mode 
is quantized. So, phonons are also these normal modes. Also, although phonons are exclusively a 
property of periodic media, vibrations exist in all solids. 

* The subscript P is for consistency with other fundamental constants (Table 1.4 and also listed in 
Table A.3) and also is used to avoid confusion with the specific enthalpy h. 
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Table 1.2. Thermal equilibrium particle ( energy occupancy) distribution (statistical) function 
ff(Ej), i = p, e, f, ph and its temperature dependence for principal energy carriers. 
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Figure 1.1. Variation of equilibrium particle (energy-state occupation) distribution function 
with respect to energy (scaled with respect to thermal fluctuation energy k B T ) for different 
energy carriers. For fermions, three different reduced chemical potentials (i/k B T = E F /k B T 
(Fermi energy) are used. Conduction electrons in metals have a highly degenerate behav- 
ior. The high-energy (low population) approximation (nondegenerate behavior) for electrons 
and holes in semiconductors is also shown (discussed in Section F.5 in Appendix F). The clas- 
sical limit distribution function is also shown. Various contributions (e.g., kinetic and poten- 
tial) to the total energy of each principal carrier, are also shown. The photon energy is divided 
between electric and magnetic energies. 
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arise in lattices with more than one atom per unit cell, always have some minimum 
frequency of vibration, even when their wavelength is infinite. They are called opti- 
cal, because in ionic crystals (such as NaCl) they are excited very easily by light 
(such as infrared radiation). This is because they correspond to a mode of vibra- 
tion where positive and negative ions at adjacent lattice sites move, thus creating a 
time-varying electric dipole moment. Optical phonons that interact in this way with 
light are called infrared active. Optical phonons, which are known as Raman active, 
can also interact indirectly with light, through Raman scattering (an inelastic scat- 
tering of a photon that creates or annihilates an optical phonon). Optical phonons 
are often abbreviated as LO and TO for the longitudinal and transverse varieties, 
respectively (although they are readily distinguishable for low-symmetry crystals). 


1.1.2 Electron (and Hole) 

Electrons store heat and potential energy and here are divided into conduction and 
bound electrons. The electron e~ is a charged subatomic particle. In an atom, elec- 
trons surround the nucleus, made of protons and neutrons, in a manner termed 
the electronic configuration (or structure). The electron is among a class of sub- 
atomic particles called leptons, believed to be fundamental particles (i.e., they can- 
not be divided into smaller constituents). The electron has a spin of 1/2 (which 
makes it a fermion), and follows the Fermi-Dirac statistical energy distribution /° 
(Table 1.2; derivation is given in Appendix F). These distributions are based on the 
equipartition of energy and the partition function, and are dictated by the statistical 
mechanics-thermodynamics laws and relations). 

Electrons can exhibit properties of both particles and waves, and thus can be 
treated as quasi-particles. An electron bound to a nucleus behaves as a standing 
wave (due to the periodic boundary condition). 

For matter in the solid state, electrons are responsible for bonding within crys- 
tals; they hold the nuclei together. These bonds belong to one of four types: van der 
Waals, ionic, covalent, or metallic. The Fermi surface is the set of loci in electron 
momentum space with zero excitation energy. The topology of the Fermi surface 
is important in understanding the electronic properties of materials. Electrons in 
solids are divided into core and outer electrons. Core electrons do not participate 
in bonding and are assumed to move with the nucleus at all times. Outer electrons 
reside farther away from the nucleus, and are in turn divided into conduction (or 
free) electrons and valence electrons. 

In quantum mechanics, the electron is described by the Dirac equation. In the 
Standard Model of particle physics, it forms a doublet in SU(2) with the electron 
neutrino, as they interact through the weak force. 1 The electron has two variations 

' The Standard Model is a quantum field theory and is the union of quantum chromodynamics and 
the electroweak theory. In the Standard Model, there are 16 fundamental particles: 12 particles of 
matter (fermions of spin 1/2) and 4 force carrier particles. The fermions are six quarks (up, down, 
charm, strange, top, bottom) and six leptons (electron, electron neutrino, muon, muon neutrino, tau, 
tau neutrino). The gauge bosons or force carriers mediate the strong, weak, and electromagnetic 
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with the same charge but different masses: the muon and the tauon. The antimatter 
counterpart of the electron, its antiparticle, is the positron. The positron has the 
same amount of electrical charge, mass and spin as the electron, except that the 
charge is positive. 

The variation of the three equilibrium distribution functions [boson, fermion, 
and Maxwell-Boltzman (M-B)] with respect to dimensionless (scaled) energy are 
shown in Figure 1.1. For electrons, the chemical potential \i is the datum of energy, 
and the results for a few values of the scaled (also called reduced) electron chemical 
potentials fi/k^T are also shown. All distributions become similar to the classical 
distributions for large energies (for electrons also in the case of small /z). As will 
be discussed in Section 2.6.5 (metals) and 5.7 (semiconductors), the number den- 
sity of conduction electrons is related to the chemical potential (Fermi energy), and 
because semiconductors have smaller conduction electron density, their chemical 
potential is smaller than that of metals. As shown in Figure 1.1, whereas the occu- 
pation probability of conduction electrons in metals is high and subject to exclusion 
principle (degenerate), that of semiconductors is low and is generally treated with 
the nondegenerate, classical distribution. 

For a general treatment, the energy of electron (and hole h + ) are divided 
into potential (representing its bond energy) and kinetic (representing its velocity) 
energy. Electron (or hole) is a charge particle (single charge), other charge parti- 
cles (e.g., ions) also transport heat (as current). For example in proton transport, 
this particle is much larger and heavier than an electron, and therefore, has a much 
smaller velocity and requires vacancy or surface to travel (hop). 


1.1.3 Fluid Particle 

Fluid particles temperature is due to their kinetic energy (thermal motion). Gases 
and liquids are composed of single atoms or molecules (here broadly termed fluid 
particles), which can be neutral or charged, in motion. The fluid particle (see Glos- 
sary) energy is divided into potential (among atoms), electronic, and kinetic energy. 
The fluid specific volume is fixed under constant temperature and pressure, and its 
shape may be determined by the container it fills or through cohesive forces such as 
surface tension. The moving particles constantly collide with each other (and, pos- 
sibly, with the container wall). In ideal gas behavior, the collisions between the gas 
particles are elastic (energy is conserved among colliding particles) and the forces 
of attraction between the particles are negligible. For ideal gases, the M-B distribu- 
tion /? (Table 1.2 and Figure 1.1; derivation is given in Appendix F) can be derived 


fundamental interactions. An additional particle, known as the Higgs boson, must also be included 
to explain why the other 16 have mass. It is also proposed that particles acquire their mass through 
interactions with an all-pervading field, called the Higgs field, which is carried by the Higgs boson. 
It is accepted that the Standard Model cannot be a fundamental theory of nature because it does 
not embrace gravity and only makes sense if viewed as a low-energy approximation. The quantum 
group theory deals with noncommutative algebra with additional structure, and the special unitary 
group of degree n, denoted by SU(/7), which is the group of n x n unitary matrices with determinant 
1 [[176]]. 
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by use of statistical mechanics (and the concepts of energy partitioning and symme- 
try). In polyatomic-gas lasers, e.g., CO 2 , the population distribution deviates from 
equilibrium (population inversion is created). So, in both the energy transport and 
conversion involving fluid particles, nonequilibrium distribution occurs. Figure 1.1 
also shows various contributions to the total energy of the fluid particle (transla- 
tional, vibrational, rotational, electronic, intraatomic, and interatomic potential). 
For these ideal, noninteracting particles in the ground state, all energy is only in 
the form of kinetic energy, and (by use of the equipartition energy principle) each 
mode has a kinetic energy equal to k^T /2. This corresponds to the most probable 
energy distribution, in a collision-dominated system consisting of a large number of 
noninteracting particles with no net motion, but with a nonzero root-mean-square 
(RMS) thermal fluctuation velocity (u 2 f ) 1/2 . This velocity is related to the speed of 
sound in fluids a s , and is temperature dependent. So, the probability of occurrence 
of very-high velocity fluid particles decreases as the temperature decreases. 

A liquid is considered to be a substance that’s particles have enough kinetic 
energy to stretch the intermolecular forces of attraction, but not completely over- 
come them (so their densities are close to solids). Collisions thus occur between the 
particles more often than in gases (ideal or otherwise). As the temperature of a liq- 
uid is raised, the velocity of the particles increases. The kinetic energy eventually 
becomes so great that the particles overcome all intermolecular forces and move 
freely, thus becoming a gas. 


1.1.4 Photon 

Photons are emitted from matter according to its temperature and also by other 
excitations. A photon (Greek for light) is a quantum of excitation of an electromag- 
netic field, and is also an elementary particle in quantum electrodynamics (QED), 
which is part of the Standard Model of particle physics. Photons are thus the build- 
ing blocks of EM radiation, some of which we observe as light. According to quan- 
tum mechanics, all particles, including the photon, have some of the properties of a 
wave. Photons have zero invariant mass, but a definite, finite energy. Because they 
have energy, the theory of general relativity states that they are affected by gravity, 
something that has been confirmed by experiment. 

Photons have a spin of 1, which makes them bosons (f° h in Table 1.2). 
This is the equilibrium distribution, as in blackbody radiation. However, lasers 
have highly nonequilibrium distributions (amplified, stimulated emission). Photons 
act as mediators to the EM spectrum; they are the particles that enable other 
particles to interact with each other electromagnetically and with an electromag- 
netic field. Individual photons are circularly polarized (as compared to electrons 
that have a spin up or spin down) because of their unit spin. They travel at the speed 
of light, u p h (or c), and their lifetime is infinite, although they can be created and 
destroyed. 

In general, an EM field consists of plane, monochromatic waves, of frequency 
/ (angular frequency co = 2nf), wavelength A, and speed u P h, with co p h — 2nu p h/'k. 
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The quantum property of an EM waves is given by its energy E ph — Tico. The photon 
also has a quantum momentum p =hic, where k is the wave vector and the wave 
number k — 2n/X. Note that for a classical particle, the energy is p 2 /2m, i.e., it is 
proportional to p 2 . 

In a vacuum, the dispersion relation of photons (the relation between angular 
frequency or energy and wave vector or momentum) is linear, and the constant of 
this proportionality is the Planck constant. 

In matter, photons couple to the excitations (polarizing vibration, electric 
and magnetic) of the material. These excitations can often be described as quasi- 
particles (such as phonons and excitons defined in Glossary) with quantized wave- 
like or particlelike entities propagating through the material. Photons can transform 
into these excitations (that is, a photon is absorbed and the medium is excited, creat- 
ing a quasi-particle) and vice versa (the quasi-particle transforms back into a photon, 
i.e., the medium relaxes by re-emitting the energy as a photon). These transforma- 
tions are subject to probability rates and are presented as a polariton (Glossary). 
This is a quantum-mechanical superposition of the energy quantum being a pho- 
ton as well as being one of the quasi-particle, matter excitations (such as photons). 
According to the rules of quantum mechanics, a measurement breaks this superpo- 
sition; that is, the quantum is either absorbed into the medium and stays there, or it 
reemerges as a photon. 

Matter excitations (photon emissions) have a nonlinear dispersion relation, and 
their momentum is not proportional to their energy. Hence, these particles propa- 
gate more slowly than the speed of light in vacuum (Section 3.3.1). The propagation 
speed is the derivative of the dispersion relation with respect to momentum (angular 
frequency with respect to wave vector). A photon, by coupling with the excitation 
of matter and forming a polariton, acquires an effective mass, which means that it 
cannot travel at speed of light in vacuum. 

1.2 Equilibrium and Nonequilibrium Energy Occupancy Distributions 

1.2.1 Nonequilibrium Energy Carrier Occupancy by Energy Conversion 

Nonequilibrium atomic motion (mostly as vibration in solids and in polyatomic flu- 
ids) is formed in the initial states of the energy conversions. As examples, in Fig- 
ures 1.2(a) to (c), the time (and entropy) evolution of the energy in solar, chemical 
bond, and nuclear fission conversion are shown. Initially the energy is not converted 
to atomic motion (e.g., phonon in solids), and this period is called the pre-phonon 
period. In these examples we also show how nonequilibrium atomic motions can 
be harvested, with early interventions (e.g., prior to thermalization, which creates 
equilibrium population distributions for these atomic motions, or by the recycling 
of equilibrium phonons). 

When solar energy is absorbed in semiconductors, electron and hole pairs 
are created and experience various processes of energy conversion as shown in 
Fig. 1.2(a). Overpopulated electron-hole pairs decay by three recombination mech- 
anisms (radiative, Auger, and Schockley-Read-Hall). The electrons are also relaxed 
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Figure 1.2. (a) Time-energy diagram for solar energy conversion. Solar photon irradiation 
creates an electron-hole pair in semiconductors. These photogenerated electron and hole 
pairs can recombine, relax and emit phonons, or be extracted as electric energy. The emitted 
phonons relax to lower energy phonons or are converted to electric energy. Typical interac- 
tion rates for the solar energy conversion are shown. The increase of entropy with time is also 
shown and indicates a reduction in the quality of energy. Once equilibrium atomic motion is 
reached, the heat content can be used in the Carnot cycle energy conversion. 


by electron-phonon or electron-electron interactions. These are designated with 
interaction or relaxation times r,_ y between energy carriers i and j. The remain- 
der of the electron energy is extracted in the solar photovoltaic cell. The high-energy 
phonon overpopulation is caused by electron relaxation (thus forming hot phonons). 

Figure 1.2(b) shows surface-mediated chemical-bond energy conversion pro- 
cesses. Chemical-bond energy in methane oxidation is converted to adsorbed 
molecules vibrational energy, as well as rotational and translational energy. Since 
the vibration temperatures of the molecules are very high (Table 6.2), the vibration 
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Figure 1.2. ( continued ) (b) Time-energy diagram for surface-mediated chemical energy con- 
version (from a catalytic methane oxidation process). In addition to the relaxation of product 
molecules through radiative and nonradiative processes, the relaxation and energy conver- 
sion of the frustrated vibration of the chemisorbed molecules can be harvested. Typical inter- 
action rates for this energy conversion are also shown. 


modes are relaxed to low kinetic energy. Once the molecules are adsorbed on the 
substrate surface, the vibrational modes are frustrated, and this frustrated vibra- 
tional mode is relaxed by photon emission, electron-hole pair creation (in metal), 
and multiple phonon generation within the substrate (semiconductor or insulator). 
The emitted phonons can be converted to electric energy by barrier structures. 

Uranium 235 undergoes scission shortly (within r sc ) after absorbing a neu- 
tron and releases a tremendous amount of energy, as shown in Figure 1.2(c). 


E, eV 
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Intervention Period Intervention Period (Heat or Carnot) Period 



Figure 1.2. ( continued ) (c) Time-energy diagram for nuclear energy conversion. Nuclear fis- 
sion releases energetic particles (neutrons and fission fragments) and photons (y-rays). Some 
of these carriers can be extracted as energy directly or after they have created numerous 
electron-hole pairs, which relax to the band edge by emitting hot phonons. Otherwise, the 
electron-hole pairs will recombine, and the particles will thermalize with the surroundings. 
Typical interaction rates for these energy conversions are also shown. 


This fission (mass loss) energy is concentrated in a few carriers, e.g., 160 
MeV in the kinetic energy of two fission fragments, 8 MeV in a few high- 
energy photons (y-rays), 2 MeV in neutrons, and 10 MeV in delayed elec- 
trons (/3 particles) and helium ion (a particles) emissions. In thermonuclear reac- 
tors, these carriers are allowed to relax until they thermalize via the relaxation 
pathways. These include fission fragment electronic stopping (which generates 
electron-hole pairs), the electron-photon cascade (which creates tertiary electrons 
and photons from primary y and /Frays through electron-photon interactions), 
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collision cascade caused by relatively low-energy fission fragments and a-particle 
collisions, and electron-phonon and phonon-phonon interactions that bring the elec- 
tron and phonon distributions toward equilibrium. 

1.2.2 Transport Phenomena Related to Energy Occupancy Distributions 

Starting with the four principal energy carriers first discussed, we note that our mea- 
surements and observations are at relatively large length scales, which include many 
such principal particles in each observation. Also, it is possible for each observed 
macrostate to correspond to many microstates, which is addressed by the use of sta- 
tistical mechanics [156]. We are interested in both the microstates and what governs 
them individually and in their collective behavior. 

In Chapter 3, we will discuss the Boltzmann transport equation that gov- 
erns the dynamics of the probability distribution function //(/ = p,e, /, ph) under 
applied forces. In turn, the dynamics involved in the deviation of // from the equi- 
librium value /°, influences the transport properties. As will be shown, the function 
ft is central to principal transport phenomena. 

In a system made of a number of particles, the observed macrostate (ensemble 
averaged over all particles in the system) is related to the microstate of each particle 
(i.e., the position and momentum of each particle) by the probability of existence 
of each microstate, as described by the probability distribution function /), where j 
denotes the microstate. As shown in Figure 1.1, the higher energy states, in general, 
have lower probabilities of existence at a given temperature. As the temperature 
increases, the higher-energy states are more probable (because the energy is scaled 
with k^T). 

An ensemble averaged quantity, denoted by the angle brackets ( ) , is related to 
a corresponding microstate quantity, which we denote here as </>, , through 


The summation can be changed to an integral when the probability can be given as 
a continuous function (as is given in Table 1.2). 

The probability distribution (or occupancy) function is used in determining the 
carrier energy and its transport properties. For example, the conduction electron 
density, its current density vector, and its energy density are related to the moments 
of f e (x, ic,t), where k is the wave vector, as 

n e , c = { n e , c ) = E f e (x,ic,t ) carrier density (1.2) 



(i.i) 


j 


K 



carrier current density vector (1.3) 


K 



K 


carrier energy density, 


(1.4) 
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where e c is charge of an electron. The derivations are given in Section 5.18.1. The 
summations are then written as integrals, for example over the energy as in (5.61). 
These short-hand summation presentations include integrations involving the parti- 
cle density of states (1.19). 

For conduction electrons, these relations will be derived in Sections 5.7, 5.11, 
and 5.18. Each principal energy carrier has its own particular features. For example, 
the energy (or velocity) distribution of fluid particles in a dilute-gas phase may be 
described using classical mechanics with symmetry constraints. Electrons, by con- 
trast, are treated with quantum mechanics, which includes an antisymmetry con- 
straint (regarding electron spin). 

The equilibrium probability distribution function /° gives the most probable 
distribution of microstates under zero disturbing force or potential [including zero- 
temperature gradient, i.e., for constant (time invariant) uniform (space-invariant) 
temperature]. This would mean allowing sufficient elapsed time for the particles to 
thermalize, meaning they reach the equilibrium distributions given in Table 1.2. The 
thermalization time is actually rather small, generally of the order of 10 -12 s, or 1 
picosecond (ps), (see Table A. 4 in Appendix A for unit prefixes) for most of the 
principal carriers. 

These particle probability distributions functions enable us to describe the tem- 
perature dependence of the lattice (phonon) and electron specific heat capacities, 
the relation between the temperature and the kinetic energy of gases, and the black- 
body thermal emission of photons. Many other principal heat carrier behaviors and 
properties can also be described and predicted by use of f t . 

Table 1.2 and Figure 1.1 summarize some of the characteristics of the four prin- 
cipal heat carriers and their equilibrium distribution functions. The derivations of 
fp and fp h are given in Appendix F and are also given in [12]. The derivation of /° 
is given in [245] and that of /° is given in [73]. For Ej/k^T 1, all particles follow 
the classical (M-B) distribution. 

The deviation from the equilibrium distribution // is used in the particle treat- 
ment of the transport of these carriers (i.e., Boltzmann transport theory). Also, 
population inversion (a steady-state nonequilibrium distribution) is central to the 
lasers (Section 7.13.1 for CO 2 lasers). For example, the heat conduction in a solid 
by phonons is given by 



a 


where a is the polarization in the phonon dispersion relation (Section 4.1), u p is the 
phonon velocity, and \c is the wave vector. A general treatment is given in Chapter 3, 
and then specifics are given for each of the carriers in the subsequent chapters. A 
derivation of the Bose-Einstein (boson) distribution function is given in Section 
2.6.4 (for a harmonic, quantum oscillator). The classical distribution function (M-B) 
is presented in Section 6.4.2. Appendix F gives a feneral treatement for all carriers. 

So both the equilibrium energy occupancy f? and its deviation under an exter- 
nal force // are central in atomic-energy storage, transport, and transformation. 
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Additionally, their atomic-structure property is presented by the particle density 
of states Dj , which also indicates what range of energy is possible for the carrier. 

1.3 Particles, Waves, Wave Packets and Quasi-Particles and Density of States 

Quantum-particles (including phonons, electrons, and photons) have properties of 
both particles and waves, and can be described by use of wave packets, i.e., local- 
izations of energy that are due to the superposition of many plane waves of dif- 
ferent wavelengths. These are, in a sense, both a particle and a wave at the same 
time, a concept termed particle-wave duality. Below, we discuss particle, wave, and 
particle-wave behaviors. 

Particles, which are sometimes called corpuscles, are discrete; their energy is 
concentrated into what appears to be a finite space with definite boundaries, and its 
contents are considered to be homogeneous (the same at any point within the parti- 
cle). Particles exist at a specific location and can never exist in more than one place 
at once. To travel to a different point in space, a particle must move according to 
the laws of kinematics. Interactions between particles follow simple laws, such as the 
laws of conservation of energy and momentum in the case of elastic collisions. Such 
laws are fundamental to Newtonian mechanics and provide relatively simple, yet 
powerful, tools for predicting particle behavior. When there is no hindering interac- 
tion, the particle is said to be ballistic. 

Waves, unlike particles, cannot be considered finite entities. Their energy is dis- 
tributed in space and in time. Unlike a particle, a wave can propagate until it exists 
in all locations and at all times. Like particles, a part (or phase) of the wave can be 
analyzed to determine its velocity in space. Waves are specified by frequency and 
wavelength. An EM wave is a propagating oscillation of a perpendicular electric 
field and a magnetic field in space. 

For wave/particle, the classical distinctions between particles and waves can 
become blurred. They behave partly according to wave theory and partly accord- 
ing to particle theory. For example, in blackbody thermal radiation, by analysis of 
the spectral intensity of the EM radiation for various temperatures, it is noted that 
the total radiation intensity (integrated over the entire spectrum) is a function of 
temperature to the fourth power. Also, a wavelength corresponding to a maximum 
radiant intensity is observed for a given temperature. As the temperature of the 
body increases, the wavelength of maximum intensity decreases. The wave treat- 
ment of a blackbody cavity shows that the cavity is full of EM standing waves with 
nodes at the walls, and the number of these standing waves can be determined as 
function of the size of the cavity. Each wave contributes k#T joules of energy to the 
system, giving the classical Rayleigh-Jeans formula. Compared with the measured 
blackbody spectral intensity (which is quantum-particle treatment, Section 7.1), this 
relation, based on wave treatment, overestimates significantly the intensity at short 
wavelengths (an error called the UV catastrophe). 

The concept of wave packets addresses the overestimation problem by allowing 
us to almost determine the location of a wave. This in turn allows us to measure 
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energy, location, and momentum at a specific time. A wave packet is a quasi- 
particle because it exhibits some particle-like behavior. The principle of superposi- 
tion describes the addition of waves, in which the overlapping of two pure sine waves 
of similar amplitude and frequency produces areas of constructive and destructive 
interference. This produces a beat phenomenon, which can be shown by two waves 
(sin kx) with slightly different wavelengths (2tt/k) which when superimposed, leads 
to a wavepacket. The energy of the waves is located in an area that is approximated 
with a distance Ax. By adding together many waves of slightly different amplitudes 
and frequencies (with a range of wave numbers A k) it is possible to create a beat of 
any shape. Increasing the number of waves used (and thus A k), decreases Ax. This 
means the range of wave numbers and the size of the beats are inversely propor- 
tional, i.e., Ax A k — 1. The smaller the wave packet (the more localized), the larger 
the spread of wavelengths needed to construct the packet. 

Using the quasi-particle concept of a wave packet, the Planck distribution 
(Section 7.1) can be developed that describes the thermal equilibrium distribution of 
these packets of energy (photons). We will then compare this with the wave treate- 
ment in Section 7.7, and show the need for the appropriate treatement depending 
on the application. 

In addition to the energy probability distribution function //(£/, T, etc.) (prob- 
ability of occupation based on temperature, and in nonequilibtrium also depends on 
the applied disturbing field), the structure of the matter limits the number of states 
at each energy level which are available to be occupied. This structural limit is the 
density of states D t (£,). For example, the phonon energy hco is limited by the maxi- 
mum frequency (cut-off frequency) allowed in the lattice vibration and this depends 
on the constituent atoms and their arrangement. Or, in semiconductors the energy 
in the bandgap is forbidden. The density of states of phonon and electron includes 
these limitations and features. Then the product //(£/, T, etc .)£),(£,) is number of 
allowed occupied states. The size effect is also included in the density of states. For 
electrons this leads to density of states for quantum wires, wells, and dots, and for 
photon to photonic crystals (allowing only selective photon transmission through 
bandgap, etc.). We will discuss this further in Section 1.9. 

1.4 A History of Contributions Toward Heat Transfer Physics 

Heat is a form of energy that manifests itself as the motion of the molecules of a 
substance and is capable of being transmitted from one body to another by conduc- 
tion (by means of phonons, electrons, and fluid particles), convection (by means of 
fluid particles), and radiation (by means of photons). It can also be transformed into 
other forms of energy, e.g., EM energy. 

The areas of physics most relevant to heat transfer physics are (a) atomic/ 
molecular dynamics, (b) solid-state (condensed-matter) and fluid-state physics, (c) 
electromagnetism, and (d) quantum optics. 

Table 1.3 gives a chronological overview of the contributions to the physics of 
energy and its transport, as related to heat transfer. These include thermoelectricity, 
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Table 1.3. A chronological list of historical contributions to the physics (atomic-level 
description) of energy storage, transport, and transformation. 

1773 Coulomb’s and Navier’s (1820) theory of elasticity (mechanics of solids) [489] 

1811 Avagadro’s number and Fourier’s law of heat conduction [32] 

1821 Seebeck’s discovery of electromotive force of heated junctions of two conductors [163] 

1827 Navier’s and Stoke’s (1845) fluid momentum conservation [32] 

1828 Brown’s observation of pollen grains’ motion in water [32] 

1834 Peltier’s thermoelectric cooling/heating at junction of two current-carrying 
conductors [163] 

1845 Waterston’s suggestion of what later became the kinetic theory of gases [32] 

1859 Kirchhoff’s law of equality of spectral, directional absorptivity and emissivity [428] 

1865 Loschmidt’s estimation of the diameter of gases [285], also Clausius’ introduction of 
entropy [285] 

1866 Maxwell’s dynamical theory of gases [285], also Boltzmann’s first attempt to relate 
entropy with average property of gas in thermal motion [285] 

1872 Boltzmann’s minimum (or H-) theorem and M-B distribution function [285] 

1873 Gibb’s first publication of thermodynamic properties and their relations [285], van der 
Waals’ equation of state for liquids (and dense gases) including the attractive 
intermolecular forces [209] 

1877 Boltzmann’s introduction of his proportionality constant [285] 

1879 Stefan’s empirical relation for total emissive power of blackbody [32, 359] 

1897 Thomson’s discovery of electrons [12] 

1900 Drude’s theory of electron and phonon thermal conductivity [12] 

1901 Planck’s spectral distribution of blackbody emissive power [428] 

1905 Einstein’s molecular theory of heat capacity of solids [32, 359] 

1908 Langevin’s stochastic particle dynamics equation [93] 

1909 Knudsen’s experiment on viscous, transitional, and molecular-flow regimes [32] 

1911 Eucken’s T~ l relation for thermal conductivity of dielectrics [12] 

1912 Debye’s theory of crystal specific heat capacity based on lattice vibration [109] 

1914 Millikan’s verification of photoelectric effect (quantization of energy and Planck 

constant) 

1916 Chapman-Enskog’s expansion of distribution using the Knudsen number in derivation of 
Navier-Stokes equations from Boltzmann transport equation [479] 

1917 Einetein’s stimulated emission [429] 

1918 Langmuir’s theory of adsorbed monolayers and isotherms [277] 

1924 de Broglie wave-matter theory [32, 359], Giineisen’s lattice dynamics-based solid 
equation of states [173] 

1925 Heisenberg’s and Schrodinger’s wave function-equation for matter wave [463], Pauli’s 
exclusion principle [32, 359], Prandtl’s phenomenological turbulent mixing-length 
theory [195] 

1926 Schrodinger’s equation using de Broglie’s hypothesis that each particle has a 
wavelength [32], Fermi’s quantum state exclusion principle for ideal gas [32, 359], Dirac’s 
similar treatment [32, 359] 

1928 Bloch’s theory of electron energy surfaces in crystals [463] 

1929 Peierl’s inclusion of lattice anharmonicity and introduction of phonons as wave packets 
and U-processes [363], Pringsheim’s radiation cooling by anti-Stokes fluorescence [367] 

1931 Onsager’s reciprocal relations for coupled irreversible thermoelectric processes [354] 

1932 Sommerfeld’s model of electron gas in solids [32, 359], Dirac’s positron experimentally 
confirmed [32, 359] 

1934 Fermi’s (contributions from Dirac) golden rule for electronic transition probability 
rate [359] 

1935 Taylor’s introduction of velocity correlation and statistical theory of turbulence [25] 

1937 Wheeler’s quantum-mechanical description of particle scattering [32, 359] 

1938 Kapitsa’s (also by Allen and Misener) discovery of superfluid liquid helium [32, 359] 
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1939 Landau’s theory on superthermal conductor liquid helium II [32, 359] 

1949 Feynman’s quantum electrodynamics diagram for charged-particle scattering [32, 359] 

1954 Green’s and Kubo’s (1957) transport coefficient determined from current autocorrelation 

integral [187], Bhatagar-Gross-Krook’s model for restoration of equilibrium distribution due 
to particle collision [479] 

1954 Townes and Schawlow’s maser [429] 

1956 Barden/Brattain/Schockley recognition for semiconductors and transistor effect [32] 

1959 Ziman’s variational treatment of nonequilibrium phonon in transport properties [516], 
Callaway’s inclusion of N- and U-processes in the relaxation-time model of lattice thermal 
conductivity [163] 

1960 Maiman’s ruby laser [429] 

1967 Tien’s radiation tunneling analysis [102] and contribution to photon (infrared) gaseous 
absorption [459], Slack’s high-temperature phonon conductivity relation T~ l [437] 

1981 Djeu and Whitney’s anti-Stokes laser cooling of CO 2 gas mixtures [114] 

1985 Discovery of C6(P Buckminsterfullerene [259] 

1997 Chu/Cohen-Tannoudji/Phillips’s Bose-Eienstein condensate experiment using laser cooling of 
atomic gasses [367] 

1998 Tien et at. book on Microscale Energy Transport [461] 

1999 Goznell’s anti-Stokes laser cooling of ion-doped solids [164] 


the theory of thermal motion (fluctuation), the theory of harmonic oscillation and 
photon emission, and the theory of phonons and phonon thermal conductivity. We 
will encounter and discuss these principles and contributions in the following chap- 
ters. A review of recent advances in heat transfer physics is given in [74]. 

Kelvin helped in the creation of a new kind of mathematical and experimental 
physics based on the concept of energy. In describing rules for the conservation 
of energy, he introduced the term energy dissipation/degradation (in terms of the 
kinetic and potential energy). These rules later became the first and second laws of 
thermodynamics. 

Boltzmann developed the idea that heat content, entropy (a measure of the 
disorder of a system), and other thermodynamic properties were the result of the 
behavior of large numbers of atoms, and could be treated by use of mechanics 
and statistics. He introduced the equation for the relation of entropy to probabil- 
ity, not to mention the Boltzmann constant Icq. He made important contributions to 
the kinetic theory of gases and developed the law of equipartition of energy with 
Maxwell (the M-B law), stating that the total energy of an atom or molecule is, on 
average, equally distributed over the degrees of freedom. 

Maxwell created the EM theory of light. He formulated a group of equations 
summarizing the relation of electric and magnetic fields to the charges and currents 
producing them. He also contributed to the kinetic theory of gases (the M-B law 
just mentioned), molecular physics, and thermodynamics. 

Planck discovered that energy exists in discrete units, which came to be called 
quanta, a Latin word translated as how much? He assumed that nature was being 
selective in the amount of energy it would allow a body to accept or emit, allowing 
only amounts (or quanta) that were multiples of /zp/, i.e., quanta, where / is the 
photon frequency. 

Bohr laid the foundations for one of the most important scientific achievements 
of the time: the model of the atom. While considering the simplest atom, hydrogen, 
and studying its atomic line spectrum, he postulated that its electron radiated energy 
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only when it dropped from one allowed level to a lower energy level. The atom can 
absorb and emit energy only in quanta, which correspond to the energy differences 
between allowed levels. The electrons in the atom begin to occupy the orbit nearest 
the nucleus, but not all the electrons can fill the lowest orbit. 

Pauli articulated a rule for atomic structure (commonly known as the Pauli 
exclusion principle) in which the state of each electron in an atom is defined by a 
unique set of four quantum numbers, and no two electrons in a single atom may 
have the same set of quantum numbers or the same energy state. 

Schrodinger introduced the equation that describes the form of the probability 
waves (or wave functions) that govern the motion of small particles and that specify 
how these waves are altered by external influence. These functions, and the idea that 
particles have wavelike properties, are the foundation of quantum wave mechanics. 

Fermi devised a method for calculating the behavior of particle systems obey- 
ing the Pauli exclusion principle (i.e., having nonequal quantum numbers), later 
termed Fermi statistics. Dirac independently developed an equivalent theory. Fermi 
also developed a method for calculating the quantum electron transition probability 
rates. 

Green and Kubo developed the fluctuation-dissipation theory of transport 
coefficients, and Callaway and Holland formulated (and solved) the single-mode 
relaxation-time model (Boltzmann transport) of lattice thermal conductivity. 

Chu/Cohen-Tannoudj/Phillips laser cooled Na gas atoms to very close to 0 K to 
form the quantum, Bose-Einstein condensate. The laser cooling of molecular gasses 
and of solids continues to be pursued. 

In the history of mathematical physics the most notable milestone between 
Newton and Einstein is the work of Hamilton, who brought the theory of classi- 
cal mechanics to a level of great sophistication. Relatively recent developments in 
semiconductos, lasers, and nanostructures have led to further discoveries and appli- 
cations related to heat transfer. 


1.5 Fundamental Constants and Fine-Structure Scales 
1.5.1 Boltzmann and Planck Constants 

The Boltzmann constant is &b = 1.3806503(24) x 10~ 23 J/K and is defined in the 
relation between the average thermal energy (related to the potential and kinetic 
energy) of a principal energy carrier (phonon, electron, photon, or fluid particle) to 
its absolute temperature T (The digits in parentheses correspond to uncertainty in 
the last two digits. ). This thermal energy k^T is used to scale (normalize) the energy 
of principal energy carriers when they are treated as particles. In the classical sys- 
tems, thermal energy is assumed to vary continuously with temperature (in contrast 
to quantum systems). 


' In this text, we use four significant figures, for consistency. Whenever appropriate, more significant 
figures are shown. Also, when accuracy is limited, only the available significant digits are given. 
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The Boltzmann constant is a classical quantity. In statistical mechanics, the 
entropy S (a macroscopic property) of a system of N distinguished particles is 
defined as 1 [323] 

S = * B WlnZ+^, (1.6) 

Here, Z is called the partition function, which is the probability function describ- 
ing the distribution of energy states available to a system given its macroscopic con- 
straints (such as a fixed total energy E). This will be further discussed in Section 2.4.1 
and in Chapter 6. In principle, the Boltzmann constant is a derived physical constant, 
as its value is determined by other physical constants. Its independent derivation has 
yet to be completed due to its complexity. 

In kinetic theory, from the equipartition of energy, for each degree of motion 
an energy equal k^T /2 is assigned (Section 2.3.1). 

The Planck constant h or /zp = 6.62606896(33) x 10 -34 J-s arises in quantum 
mechanics, such that the energy within a body obeying quantum mechanics is the 
product of its frequency / and /?p. The reduced Planck constant (also called the 
Dirac constant) is h — h^/2n. 

The Planck constant is used to describe quantization, a phenomenon for prin- 
cipal energy carriers, in which certain physical properties occur in fixed amounts 
rather than a continuous range of possible values. 

The Planck constant also occurs in statements of the Heisenberg uncertainty 
principle, in which the uncertainty (the standard deviation) in any position measure- 
ment Ajc and the uncertainty in a momentum measurement along the same direction 
A p x , obeys (and also energy /time) the relations (Chapter 2 problem) 

Ap x Ax > AEAt > (1.7) 

Table 1.4 lists the fundamental physical constants used in the text. This table is 
also repeated as Table A.3 in Appendix A, for easy reference. The electron charge 
e c , the Newton gravitational constant Gn, electron and nuclear particle masses, and 
EM constants are also listed. Some derived constants, such as the Bohr radius rp, the 
universal gas constant R g , and the Stefan-Boltzmann constant ctsb are also listed. 

1.5.2 Atomic Units and Fine-Structure Scales 

Four fundamental constants, the reduced Planck constant h, the electron mass m e , 
the Coulomb (electrostatic) constant l/4jre 0 (where e Q is the free-space electric 
permittivity), and the electron charge e c , are used to define atomic units. Based 
on these, the atomic length unit (the Bohr radius for electron in hydrogen atom) 
is Aneji 2 /m e e 2 = 5.2917725 x 10 -11 m = 0.52917725 A, the atomic energy unit 

' For indistinguishable particles (Appendix F) 

S = k B (N\nZ-\nN\)+ j. 


22 


Introduction and Preliminaries 


Table 1.4. Fundamental constants , derived quantities, and units conversions [282, 283]. 


Symbol Magnitude and units 

Fundamental constants: 

c 0 speed of light in vacuum, 2.99792458 x 10 8 m/s 

e c electron charge, 1.602 x 10~ 19 C (1 eV = 1.602 x 10 -19 J, where V = J/C) 

G n Newton (gravitational) constant, 6.673 x 10 -11 m 3 /kg-s 2 

h p Planck constant, 6.626 x 10~ 34 J-s = 4.136 x 10 -15 eV-s 

h hp/2jz = 1.055 x 1(T 34 J-s = 6.583 x 10" 16 eV-s 

kp Boltzmann constant, 1.381 x 10 -23 J/K = 8.618 x 10 -5 eV/K 
m e electron mass, 9.109 x 10 -31 kg 

m n neutron mass, 1.675 x 10~ 27 kg = 1.675 yg 

m p proton mass, 1.673 x 10~ 27 kg = 1.673 yg 

Na Avogadro number, 6.022 x 10 23 molecule/mole = 6.022 x 10 26 molecule/kmole 

Uo free-space magnetic permeability, 47T x 10~ 7 = 1.257xl0 -6 N-s 2 /C 2 


Derived quantities: 
e Q _ . 1 - _ 8.854 x 10- 12 C 2 /N-m 2 

c 0 H o 

D = e c r B / 2.54 = 3.3356 x 10~ 3 ° C-m 
2 2 

N Uo = \ = 2.442 x 10~ 8 W-£2/K 2 


rc = 


7 = 2.8179 x 10^ 15 m 


47 T€ 0 m e c 0 
2 


r B 


= Alze ° T l = 5.292 x 10~ n m 
m e e A c 

2 

£ ' c = 27.2114 eV - 4.35975 x lO" 18 J 


47re 0 r B 


c -s = 8.2378 X 10-° N 
477-60/3 

R g = ^ B iV A = 8.3145 x 10 3 J/kmole-K 

4 

Ry = , = 13.606 eV = 1.0974 x 10 5 cm 

8c 2 c 0 S 3 

-J— = 8.9876 x 10 9 Nm 2 /C 2 
47T£o ' 

„2 


-1 


a = 


-3 


47T CqTiCq 
O'SB = 


- 7.29735 x 10 


2 7.4 

%= 5.670 X 10- 8 W/m 2 -K 4 


6017 c 


3 ..2 


free-space electric permittivity 
Debye (atomic dielectric dipole moment) 
Lorenz number 

classical (Compton) electron radius 
Bohr radius (atomic length unit) 

hartree (atomic energy unit) 

atomic force unit 
universal gas constant 

Rydberg ground-state energy of H 
Coulomb constant 
fine-structure constant 
Stefan-Boltzmann constant 


Units conversions: 

1 eV = 8.0655 x 10 3 cm 4 = 2.418 x 10 14 Hz = 11,600 K = 1.602 x 10~ 19 J = 96.485 kj/mole 
1 cm- 1 = 0.12398 meV = 2.998xl0 10 Hz 
1 Trad/s = 0.6582 meV = 5.309 cm- 1 


(1 hartree = e 2 c /4ne 0 r B ) is e 4 c m e /(47re 0 h) 2 = 4.3597482 x lO” 18 J = 27.211396 eV, the 
atomic time unit x a — m e r^/h is 2.4188843 x 10 -17 s, the atomic (electron) velocity 
u e — r^/Xa — Ti/m e r b is 2.1876914x 10 6 m/s, and the atomic electric dipole moment 
e c rQ is 8.4783579xlO -30 C-m = 2.54 D, where D = 3.3356xlO -30 C-m is one Debye. 
The atomic ( ab initio) scales are summarized in Table 1.5. The unit prefixes (e.g., y, 
z, f, p, n) are defined in Table A.4 in Appendix A. 
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Table 1.5. Atomic scales fab initio or fine-structure), based on hydrogen atom. 


Scale 

Relation 

Mass 

Length 

m e = 9.109 x lO” 31 kg = 9.109 x 10~ 4 yg 

t'B = ' 7I6 ° 2 = 5.2918 x 10 -11 m = 52.918 pm 
m e e c 

Time 

z a = " ! ' rB = 2.4189 X 10 -17 s = 2.14189 x 1(T 2 £ 
h 

Energy 

2 

ec = 4.3597 xlO“ 18 J = 27.211 eV 
4 tt e 0 r B 

Velocity 

— = 2.1877 x 10 6 m/s 
T a 

Dipole moment 

e c r B = 8.4783 x 1(T 30 C-m= 2.54 D 

Fine-structure constant 

a = e ° = 7.29735 x 10" 3 

AttcJiCq 


More commonly, the electron-volt (eV) is used as the unit of atomic-level 
energy and is defined as the amount of kinetic energy gained by a single unbound 
electron (of charge e c ) when it passes through an electrostatic potential difference 
A cp e of one volt (V) in vacuum. 

Note that from the Einstein relation E — me 2 , E/m e in atomic mass units is 
931.5 M eV/m e 

The fine-structure constant 

e 2 n 

a = ^ = 7.29735 x 1CT 3 (1.8) 

A'lc € 0 hc Q 

is the ratio of electron velocity in the Bohr model of an atom to the speed of light. 
It is also an indicative of scaled EM interaction (energy needed to bring two elec- 
trons from infinity to a close distance, divided by the energy of a photon having a 
wavelength equal to the same separation distance). We will discuss this electrostatic 
force in Section 2.1. 

The hyperfine structure is a small perturbation in the energy levels of atoms 
and molecules that is due to the magnetic dipole-dipole interactions (nuclear- 
electron magnetic moment interactions). The hyperfine energies are not in the opti- 
cal regime, but in the radio waves and microwaves regimes. 


1.6 Principal Carriers: Concentration, Energy, Kinetics, and Speed 

The energy storage, transport, and transformation involving the four principal car- 
riers are related to their concentration n t , energy £/, kinetics (represented by time 
constants, relaxation times, and rates) r, and speed Uj. 
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Figure 1.3. Typical number densities for phonon modes, electrons (conduction), fluid parti- 
cles, and photons. For Yb +3 in Y 2 O 3 , n d is the optimum ion dopant concentration for the laser 
cooling of an Y 2 O 3 crystal. The n =l/nm 3 is also marked. 


In this section these properties of the principal carriers are briefly examined, 
and examples of their magnitudes are given. Full treatments are given in Chapters 4 
to 7. 


1.6.1 Principal-Energy Carriers Concentration 


Figure 1.3 lists several typical carrier densities, in units of carriers per cubic cen- 
timeter. A convenient reference is 10 21 1/cm 3 = 1 1/nm 3 , which is marked there, In 
the Debye model of the lattice specific heat of monotonic crystals, the number of 
phonon modes is three times (for dimension of motion) the number density of the 
atoms. For A1 [face-centered-cubic (FCC) structure] this phonon mode density is 
found from 


n =3n=3 ^ =3 P N A 

,l n.m — ' J,L — u . , 

m M 


monatomic FCC crystals, 


(1-9) 


where n is atomic number density, p is density and M is molecular weight, and gives 
5.28 x 10 23 1/cm 3 (shown in Figure 1.3). The mass of elements m are generally given 
in yoctogram (yg), which is 10 -24 g (prefixes are listed in Table A. 4). For the poly- 
atomic crystalline sodalite, a silica (SiCE) structure, the number of phonon modes is 
1.54 x 10 23 1/cm 3 . The actual phonon density n p depends on temperature. 

We concentrate on free (conduction) electrons, because of their role in trans- 
port, with metals having one or more conduction electrons per atom, such as Cu 
having one (found from the outermost electron orbital). The number density of free 
(conduction) electrons in metals is given by 


n 


e,c 


pN A 



metals, 


(1.10) 
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where M is the molecular weight, p is the density, and is the number of free 
electrons per atom. (Table 5.2 gives listing of n e for other metals.) There are no 
conduction electrons in semiconductors at T = 0K, and the number of conduction 
electrons per unit volume increases as the temperature increases. Semiconductors 
can also have electron-donating dopants, which add to their overall electron den- 
sity. Typical conduction electron densities for metals are of the same order as that 
for Cu, 8.47 x 10 22 1/cm 3 . For semiconductors, the value for intrinsic Ge at 300 K 
of 2.5 x 10 13 1/cm 3 is typical. These are listed in Figure 1.3. For semiconductors, 
the density value reported includes both electrons and holes. Intrinsic (not doped) 
Si, for example, at T — 300 K has equal concentrations of electrons and holes of 
8.72 x 10 9 1/cm 3 each. An ion dopant (Yb 3+ ) in the Y 2 O 3 crystal, with applications 
in laser cooling of solids, is also shown {rid — 2.42 x 10 20 1/cm 3 ). The number of free 
electrons in a typical combustion flame and in an Ar plasma (T = 1.5 x 10 4 K) is 
also shown in Figure 1.3. Thermal plasmas reach the free-electron density of metals. 

The atomic and molecular gases and liquids, which we call fluids for simplic- 
ity, have carrier densities n f that depend on their pressures and temperatures. The 
molecular number density of H 2 (gas) at 10 ~ 3 atm and 300 K is found from 

n f — 1 — ideal gas, ( 1 . 11 ) 

and is 2.45 x 10 16 1/cm 3 . As an example of liquids, H 2 O liquid at 1 atm and 300 K 
has ny = 3.34 x 10 22 1/cm 3 . 

In the blackbody emission of photons, the number of photons per unit volume 
is given by (Chapter 7 problem) 

n pll — 2.404 x 871 ( ) 3 T 3 blackbody emission. (1.12) 

hp u ph,o 

From the constants in Table 1.4, this gives 2.023 x 10 1() photons/cm 3 for T = 
1000 K. For T = 5000 K this is 2.528 x 10 12 1/cm 3 and is marked in Figure 1.3. 
In lasers and other amplified, pulsed, and focused radiation, the number of pho- 
tons per unit volume can be extremely large. For example, a 10 -3 J laser pulse 
at a wavelength of 5 x 10 ~ 7 m = 0.5 /xm (green light) released over a period 
of 10 -15 s (femtoseconds, fs) with a beam cross-sectional area of 10 -10 m 2 , and 
using s p h = Ti(Dphn p hUphA , gives n p h = 1.18 x 10 22 1/cm 3 . (Table 1.4 is repeated in 
Appendix A, along with a table of unit prefixes.) 


1.6.2 Principal-Carrier Energy 

As was listed in Table 1.2, wave or particle characteristics are used in presenting the 
carrier energy. The energy of a phonon is generally given in terms of its wave vector 
k p , and by use of the phase velocity, it can also be given in terms of its angular fre- 
quency (o p and direction s a . The energy of an electron is also given in terms of tc e . 
For fluid particles (and classical particles in general), the particle momentum p f in 
its kinetic energy is used. For photons, generally the frequency co p h (or wavelength 
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X) is used. Regardless of their specific presentations, these carriers contain continu- 
ous and discrete energies and exchange these energies through various interactions. 

Figure 1.4 shows examples of typical energies for phonons, fluid particles, 
electrons, and photons. As depicted in the figure, these energies are atomic- 
level kinetic energy (translational, rotational, and vibrational motion which define 
the temperature), and potential energy (interatomic potential or in the bound 
electron), the EM waves (photons) can be emitted or absorbed due to charge 
non-uniformity (<$+, <$_) and their motion. As an example, the quantized elec- 
tronic energy in a two-level system, with phonon absorption/emission is also 
shown in the figure. Such interactions among the carriers results in energy 
conversion. Carrier energies larger than 10 eV (of the order of 1 hartree = 
27.21 eV) are considered high energy here, as most of the phonon, electron, fluid 
particle, and photon energies in heat transfer phenomena are less than 1 hartree. 
As shown, the very high energies (10 8 eV) are associated with nuclear forces 
(strong and weak nuclear electronic energy) and associated with y-rays (made up 
of photons). The corresponding thermal (or mechanical) energy represented by the 
product of the Boltzmann constant and absolute temperature is exceptionally high. 
For fluid particles, high-temperature thermal plasmas may have ionized atoms with 
energies of the order of 10 eV. Phonon energies are limited by the temperature of 
the crystalline solid they travel through, which is limited to around 4000 K. The lat- 
tice vibrations with the highest energies are associated with optical phonons, which 
typically contain less than 1 eV. The highest electron energies are associated with 
accelerated electrons and some electron emissions. We have included the nuclear 
energy in the electron, just because here we are not addressing this energy directly. 
The energies released during radioactive decay, fission, and fusion, are very large. 
The highest photon energies are in the y-rays and cosmic radiation ranges. 

In Figure 1.4, the symbol R stands for a resonance phenomenon, and indicates 
an electronic transition energy, or bond energy, or mechanical vibration energy. 
Resonance phenomena require atomic-level energy-matching metrics and allow for 
atomic-level design of energy conversion devices. 

Although these carrier energies are available for use in thermal energy storage, 
transport and conversion, the rate of such processes, which is central to heat transfer 
physics, is controlled by the atomic-level kinetics. These are addressed below. 

1.6.3 Principal-Carrier Energy Transport/Transformation Kinetics 

The smallest time unit typically used is the Planck time rp = (hpG^/cl) 1 ^ 2 , where Gn 
is the Newton gravitational constant (Table 1.4), yielding an atomic time unit equal 
to 2.42xl0~ 17 s (Table 1.5). Figure 1.5 shows typical times for various microscale 
energy interactions (transitions) r/_ y . The inverse of t;- y is the interaction (transi- 
tion) rate y,- y , which signifies the rate of hindering or enabling atomic-level energy 
transfers, i.e., microscale energy kinetics. The examples in Figure 1.5 are for T — 
300 K. As shown in Figure 1.5, the fastest processes are associated with photons and 
their interactions with electrons (or electric fields). An electron orbiting a hydrogen 
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Figure 1.4. Examples of typical energies for the four principal energy carriers. The highest 
phonon energies are in the optical phonons, the highest fluid particle energies are the elec- 
tronic energy, the highest electron energies are in electron emissions and in accelerated elec- 
trons, and the highest photon energies are in y-rays and cosmic radiations. Symbol R stands 
for a resonance phenomenon. 
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atom, for example, has an orbital period of about 2.42 x 10“ 17 s. The time it takes for 
particles to thermalize to their equilibrium distribution is around 10~ 12 s, which also 
corresponds to phonon-phonon interaction relaxation times. Collision time inter- 
vals (relaxation times) for gas molecules are around 10“ 10 s. There are also much 
slower times, such as the lifetime of excited electronic states of Yb +3 (a typical rare- 
earth ion in dielectric crystals), which is about 10 -6 s. 

As also emphasized in Figure 1.5, in transport, the process (scattering) rate that 
is the fastest (with the smallest Zj.j) dominates, because the resistances are additive 
[for independent scattering mechanisms as will be shown by the Matthiessen rule 
(4.111)]. There are also cases in which the conductances are additive, in which the 
slowest process dominates. For example, in solids both phonons and free electrons 
contribute to thermal conductivity and the transport with least scattering (as well as 
other desired attributes such as number density) dominates. Also, for energy con- 
versions (transitions) involving multiple processes, the slowest process dominates 
[such as the absorption time r p h- e - P in the laser cooling of ion doped solids (7.198)]. 
Also shown in Figure 1.5 is the process of energy absorption emission in a three 
level energy system, under nonequilibrium occupancy of the energy states occurs. 
This process of energy conversion involves four time constants with some relations 
among them (similar to the laser cooling of solids and gases in Sections 7.12 and 
7.13). 

As an example, in the thermoelectric material Bi 2 Te 3 (a semiconductor of the 
p-type, described in Section 5.17), electrons are scattered most rapidly by the polar 
optical phonons ( z e - p = 5xl0~ 14 s), and least rapidly by Coulombic scattering from 
the nucleus ( z e -c = 8xl0~ 13 s). 

1.6.4 Principal-Carrier Speed 

Three of the four carriers have speeds associated with the motion of atoms and free 
(conduction) electrons. For electrons, quantum effects persist to high temperatures, 
whereas for fluid particles and phonons, room temperature classical descriptions 
generally suffice. The speed of light in vacuum c Q is a physical constant, although 
it decreases during interactions with matter. Figure 1.6 gives examples of ther- 
mal speeds, starting with the Brownian motion of copper particles in water (with 
a dependence on the mass of the particle, Section 6.10), which is rather low. The 
lighter particles in thermal motion have higher thermal speeds. Electrons, travel- 
ling at the Fermi speed, have the highest speed of such particles. The highest speed 
achievable is the speed of light in a vacuum u P h , o = c Q , which is reached by photons 
(quasi-particles). 


1.7 Periodic Table of Elements 

The periodic table of elements, with their bulk and atomic properties, is given in 
Appendix A, Tables A.l and A. 2. The principal carrier energies and interactions 
determine their energy-storage and energy-transport properties, and some of these 
properties for elements are also listed in Tables A.l and A. 2. The properties listed 
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Figure 1.5. Kinetics of atomic-level energy transport and transition interaction. Examples of 
typical energy interaction (transition) times for various principal energy carrier pairs. The 
frequency (here defined as 1/r) is also shown. Unless specified, T = 300 K. Symbol R indi- 
cates resonance. Energy kinetics represented by time constants create nonequilibrium energy 
occupancy of carriers, and in order to proceed the kinetics should favor the increase/decrease 
in population. 
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Figure 1.6. Typical principal carrier speeds (when applicable, T = 300 K). For the electrons, 
the Fermi speed is used, whereas for the phonon and fluid particles, the thermal speed is used. 
For the photons, the speed of light is used. 


are for the state at T — 300 K and p — 1 atm, with the most common phase or a 
stated phase (the diamond phase of carbon, for example). An example is given in 
Figure 1.7, where the thermal conductivity of elements (Table A.l) is plotted ver- 
sus the atomic number. Among the high thermal conductivity elemental solids, the 
thermal conductivity of diamond (a crystalline solid phase of C) is almost entirely 
due to phonon transport k p , while those of metals such as Cu, Ag, and Au are dom- 
inated by electron transport k e . They are marked in Figure 1.7. Those elements in 
the gaseous phase have the lowest thermal conductivities kf. 

The transport of thermal energy in various phases and by various principal heat 
carriers is discussed in Chapters 3 to 7. The bulk properties of elements (Table 
A.l) include the molecular weight, specific heat capacity, density, thermal conduc- 
tivity, melting temperature, phase state, electrical conductivity, heat of fusion, heat 
of evaporation, and melting temperature. The atomic properties (Table A.2) include 
the electronic orbital structure, first ionization energy, crystal structure, electronega- 
tivity, cohesive energy, atomic radius, oxidation states, isotopes, lattice constant, and 
mean Debye temperature. Electronegativity is the potential of an atom to attract 
electrons to itself (fluorine is the most electronegative). The electronegativity ranges 
from 0.7 for Fr to 3.98 for F. The first ionization energy (the energy required to 
remove the outermost orbital electron from an atom) varies from 3.98 eV for C to 
24.58 eV for He. 

The group number (1 through 18) is the number assigned to the vertical columns 
of the periodic table, and elements within the same group all have the same number 
of electrons in their outer electron shells (Table A.2), as well as similar chemical 
properties. The group 18 elements have a full outer electronic shell and no tendency 
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Figure 1.7. Variation of thermal conductivity k of elements (Appendix A, and Table A.l) 
with respected to atomic number z. The experimental results are for T = 300 K (and p = 1 
atm, when relevant). Most elements are in the crystalline phase, but a few are in the gas 
phase and Hg is in the liquid phase. High k solids are also marked along with their electronic 
orbitals. 


to lose, gain, or share electrons. The elements in that group are thus chemically inert 
and gaseous under atmospheric conditions (0.1013 MPa and 288.15 K), leading to 
their being termed the noble gases. 

Group 1 alkali metals (highly active) on the left-hand side are followed by a col- 
umn of group 2 alkaline-earth metals (known for their oxides). These columns are 
followed by a block of 40 elements divided into ten columns of four elements each. 
This group collectively called the transition metals (have or can rise to an incom- 
plete d sub-shell). Groups 13 through 18 make up the right-hand side of the table. 
A diagonal dividing line separates the nonmetals in the upper-right-hand portion 
of this block, such as oxygen, carbon, and nitrogen, from the metals such as tin and 
lead in the lower-left portion. 

There is an additional block of 28 elements, divided into two rows of 14 ele- 
ments each, that is usually placed beneath the main table. These are the rare-earth 
metal elements, whose properties are all remarkably similar. This additional block 
belongs between the first block, consisting of groups 1 and 2, and the transition- 
metals-block. The chemical properties of the lanthanides (elements 57-71) and the 
actinides (elements 89-103) are also very similar to each other. 

Semiconductors are defined in the Glossary and have no conduction electrons 
at T — 0 K, but at higher temperatures become conductors. The elemental and 
compound semiconductors are made from elements in groups 12-16. Elemental 
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semiconductors (group 12) have increasing room-temperature electrical conductiv- 
ity o e with increasing atomic weight. 

Group 17 consists of halogens, which are nonmetals, and are highly reactive. 
Noble elements, group 18, are highly nonreactive (outer shell is full). 

The filling order of the quantum states (wave functions) of electrons, commonly 
known as orbitals, is [ s , p , d , and / are designations of the first four azimuthal quan- 
tum numbers (Section 2.6.6)] 


Is 




2s 

2 p 



3s 

3 P 

3d 


4s 

4 p 

4 d 

4/ 

5s 

5 P 

5 d 

5/ 

6s 

6 P 

6 d 


Is. 





The 5 orbitals have up to 2 electrons, p up to 6, d up to 10, and / up to 14. 
For example, Xe ( ls 2 2s 2 2p 6 3s 2 3p 6 3d U) 4s 2 4p 6 4d U) 5s 2 5p 6 ) has 54 electrons (atomic 
number 54). Note that the next element Cs has its 6s orbital occupied before 5d, and 
La is [Xe]5d 1 6s 2 and Hf is [Xe]4 f u 5d 2 6s 2 . 

We will discuss quantum numbers and electron wave functions in connection to 
the solution of the Schrodinger equation in Section 2.6. In the periodic table of the 
elements we also use the letter and number of the highest energy orbital to designate 
a group of elements, as shown in Table A. 2. The / block is divided into a lanthanide 
(La) series and an actinide (Ac) series. 

As the nuclear charge and the number of electrons increase, the electrons are 
pulled closer to the nucleus and the atomic diameter decreases. There is a screening 
effect by the inner electrons, so the outer electrons experience an effective nuclear 
charge. 

We will examine various chemical compounds (natural or synthesized) and in 
various phases, for their desired thermal energy storage, transport, and conversion. 
These are done by examination of their bonds and thermal motions (defining their 
temperature), their quantum energy states, and their interaction kinetics. 

1.8 Heat Transfer Physics: Atomic-Level Energy Kinetics 

Heat transfer physics describes the transport, storage, and transitions of principal 
energy carriers appearing in the macroscopic energy equation (Table 1.1), which is 
central to heat transfer analysis. 


1.8.1 Thermal Energy Storage 

Energy is stored in principal carriers both as kinetic (translational, rotational, and 
vibrational) and potential (positions of nuclei and electrons) energy. Depending on 
the degrees of freedom of motion and the extent of influence of other carriers (or 
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other entities in the system), these energies vary among the different carriers. Table 
1.6 shows how the specific heat capacity (at constant volume or pressure) describes 
energy storage (sensible heat) in each carrier. 

Internal motion enters into the carrier specific heat capacity through, for exam- 
ple, the frequency of vibration of atoms in a crystal (lattice). In the Debye model 
of solid specific heat capacity, the maximum frequency of vibration is designated as 
cod, called the Debye cut-off frequency or Debye frequency (a filtering parameter). 
We will show that, for monatomic crystals, cod is close to the maximum frequency 
obtained from the interatomic force constant and the atomic mass (Section 2.5.3). 
The temperature-dependent specific heat capacity of monatomic, crystalline solids 
is related to this frequency through (Section 4.7) 


q ksT fk B T\ 3 f 

c v ,p(T) = 9 n 

m \hco D J Jo 


hcon/kQT Y^e X 


dx, 


hcoD 


7d 

T 


e x - 1 k B T 
phonon specific heat of monatomic, crystalline solids, 


(1.13) 


where m is the mass of atom, n is the number of atoms per unit volume, co is the 
phonon angular frequency, and the scaled energy x =hco/k B T is integrated up to 
the Debye energy hcoD/k B T = 7b/ T, which defines the Debye temperature 7b- The 
higher the cut-off frequency, the higher the temperature needed to reach a constant 
specific heat (or the more temperature sensitive the heat capacity is at moderate 
temperatures). Here, the kinetics of phonon energy storage are contained in cod- 
In (1.13), the Debye frequency is related to the Debye temperature 7b , and 
for T » 7b we will show that per atom and per mass c v , p is equal to 3 &b, which 
represents 3 degrees of freedom for both the kinetic and potential energies. 


1.8.2 Thermal Energy Transport 

Transport of thermal energy by phonons and electrons is presented by the Fourier 
law and phonon and electron conductivities k p and k e . The magnitude of these con- 
ductivities is limited by carrier scattering (the diffusion limit), and when these resis- 
tances are not present, ballistic transport occurs. Fluid particles experiencing ther- 
mal motion while under an external force (i.e., pressure gradient) undergo a net 
motion. The thermal motion of fluid particles results in a similar Fourier conduction 
and conductivity kf. 

The microscopic (Boltzmann transport) heat transfer rate by carrier i having 
velocity w;, energy F, and energy occupancy deviation from equilibrium //, is given 
by (1.23) where a is the polarization, \i is the chemical potential and a:/ is the wave 
vector.. For the case of conduction this is set to the Fourier law, thus defining the 
thermal conductivity kj (assuming isotropy). 

The simplified form of the Boltzmann transport theory based on the relaxation 
time (Section 4.9.2), and also the kinetic theory of gases (Section 6.8.2) leads to the 


t (x.y) denotes it means Chapter x and Equation number y. 
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Table 1.6. Thermal energy storage (kinetic and potential) in principal carriers. The specific 
heat capacities are defined as, de/dT\ v = c v , dh/dT\ p = c p , c p — c v = Tft 2 / pic, where the 
volumetric thermal expansion coefficient and isothermal compressibility are ft = dv/dT \ p /v, 
and k = — dv/dp\ T /v. 


Carrier 

Kinetic energy 

Potential energy 
storage 

Temperature 
dependence of 
energy 
occupancy 

Quantum effects 

Phonon 

(lattice 

vibration) 

atoms vibrate 
about their 
equilibrium 
position, 
governed by 
interatomic 
potential; motion 
is anharmonic 
and three 
dimensional 

weak and strong 
interatomic 
forces, and 
potentials, for 
harmonic motion 
the kinetic and 
potential energies 
are equal 

boson 

at high temperatures 
(marked by the 
Debye temperature), 
anharmonic classical 
behavior is reached, 
but at low 
temperatures 
quantum effects and 
harmonic behavior 
are dominant 

Electron 
(free or 
bound) 

electrons move 
around nuclei in 
three-dimensional 
motion and 
depending on 
their orbits are 
divided into core, 
valence, and 
conduction 
electrons 

electric charge 
potential between 
electrons and 
nuclei 

fermion 

strong quantum 
behavior at all 
temperatures; heat 
capacity per electron 
is small at moderate 
temperatures 

Fluid particle 
(gas or liquid 
phase) 

nucleus-electron 
collective 
translational, 
vibrational and 
rotational 
motions 
(polyatomic) as 
well as electron 
motion around 
nuclei 

for gases the 
potential energy 
vanishes for ideal 
gas and increases 
as the 

thermodynamic 
critical point is 
approached 
(dense gas); for 
liquids the 
potential energy 
can reach the 
kinetic energy 

in additional to 
M-B distribution, 
vibrational and 
rotational 
energies are 
activated at 
certain transition 
temperatures 

strong quantum 
behavior, at high 
temperatures (above 
transition 
temperatures) heat 
capacity of 
polyatomic gas 
approaches the 
classical behavior 

Photon 

under diffusive 
photon transport 
(Table 1.7), 
specific heat 
capacity can be 
assigned to 
photons 

photon trapping 

boson 

significant quantum 
characteristics, 
although classical 
treatment (EM wave) 
is also used 
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following relation for the thermal conductivity, and we generalize it for all carriers 
as 

1 

kj — -njC v jUjki 

1 2 

= -njCyjiijZi, (1.14) 

where n t is the number of carriers per unit volume, w, is the carrier-average speed, A; 
is the carrier-average mean free path, and r, is the carrier-average scattering relax- 
ation time (t/ = kj/uj). 

In general, the carrier population will have a range of transport properties and 
here averages are used. For a carrier travelling in a medium of linear dimension 
L, ballistic motion refers to A, L and localization refers to A, « L. When fluid 
particle collisions are not present, collisions with the bounding surface determine 
energy transport (this happens in the molecular-flow regime, or Knudsen regime). 
The Knudsen number Kn^ = A,- /L, defines the molecular-flow regimes as Kn^ 1. 
In the viscous-flow regime (Kn^ 1, where the molecular collisions dominate), the 
net (macroscopic) motion can be laminar (ordered) or turbulent (chaotic fluctua- 
tions). Heat transfer by net motion is referred to here as convective heat transfer. 

Photons carry energy without any resistance in a vacuum and experience scat- 
tering, absorption, and emission when interacting with matter. When the absorp- 
tion is rather large, such that distant effects are negligible, the system exhibits the 
diffuse limit of photon transport. Table 1.7 summarizes some of these attributes 
of microscale transport. The radiative properties of matter include its spectral 
(wavelength-dependent) absorption and emission, which depend on its fine elec- 
tronic structure and their motions/displacements. 

Similar to the phonon specific heat capacity previously given, the Callaway 
model (single-mode relaxation time) of the phonon thermal conductivity of crys- 
talline solids is (Section 4.9.2) 



(487T 2 ) — 


1/3 1 kl t 3 r T °! T 


a hi T ] d 


L 


,(x) 


x 4 e x 


(e x - 1) ; 


dx 


phonon thermal conductivity, 


(1.15) 


where a is the lattice constant. Here r p is the effective phonon relaxation time. The 
longer the relaxation time, the larger the phonon thermal conductivity. The relax- 
ation time is related to the mean free path, through the carrier speed as, A, = w, r ; . 
The kinetics of phonon transport is represented in z p and co&. 


1.8.3 Thermal Energy Transformation 

From the macroscopic energy equation of Table 1.1, Thermal energy (which is 
related to the kinetic energy or motion) of systems is directly controlled in the 
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Table 1.7. Transport kinetics of thermal energy by principal carriers (e.g., k t thermal 


conductivity, i 

= P, e, f, ph). 



Carrier 

Transport regimes 

Transport mechanism 

Controlling kinetics 

Phonon 

diffusive (X p L, 
controlled by 
scattering) or ballistic 
(X p » L, no 
resistance, except at 
boundaries) 

phonons of energy hco p (or 
bulk heat capacity pc v , p ) 
travel at speed u p and 
encounter resistance (as 
represented by mean free 
path X p ) by conduction 
electrons, other phonons, 
impurities, and grain 
boundaries 

interphonon scattering 
rate, phonon-impurity, and 
phonon-grain boundary 
scattering rates 

Electron 

diffusive (controlled 
by scattering), 
tunnelling, or by 
electric field (drift) 

electrons of heat capacity 
n e c Vye travel at Fermi speed 
(wp) and encounter resistance 
(mean free path X e ) by 
phonons and impurities 

electron-phonon and 
electron-impurity 
scattering rates 

Fluid particle 

convective 

fluid particle transit, fluid 
flows with a net speed Ti f and 
travels distance L in time 
if = L/uf, in single-phase 
flow the fluid particle will 
have change in its sensible 
heat during this transit 

in laminar flow the fluid 
thermal conductivity is not 
altered, but in turbulent 
flow (containing chaotic 
velocity fluctuations) it is 
augmented by turbulent 
mixing (eddy) conductivity 


diffusive/viscous 
(controlled by 
collision), ballistic 
(molecular flow), 
transitional (moderate 
Knudsen number 
Kn/, = kf /L), and net 
(bulk) motion called 
convection 

fluid particles of energy 
Pfc v j travel at thermal 
speed (u /) and collide (mean 
free path Xf) with each other 
or with surfaces, when there 
is no collision the transport is 
ballistic 

interfluid particle 
collisions or fluid particle 
surface scattering rates 

Photon 

transparent (vacuum, 
no absorption or 
emission), 
semi-transparent, or 
diffusive (dominated 
by strong 

absorption/scattering, 
also called optically 
thick) 

photons of energy hco p h 
travel at speed u p h and are 
absorbed, scattered, and 
emitted (mean free path 
X . p h); the interaction is mostly 
through coupling of the 
photon as an electromagnetic 
wave with electric entities 
such as dipoles 

photon scattering and 
absorption (EM 
wave-electric entity 
interactions) rates, photon 
emission rate 


intended heating/cooling, or is altered as a result of the heat loss in energy con- 
version. So, the kinetics of absorption or addition of carrier kinetic energy relates to 
spectral excitation or de-excitation of phonons, electrons, and fluid particles. 

For example, the transport of photon through media involves absorption and for 
the case of a medium allowing for absorption of photons/excitation of free electrons 
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Table 1.8. Examples of volumetric Sj-j / V and surface Si-j/A thermal energy conversions 
(resulting in heating/cooling) and their kinetics relations. R stands for a resonance 
phenomenon. 


Thermal energy conversion 


Relation 


Phonon 

Ultrasonic heating (Section 4.18) 

Laser cooling of solids (R) (Section 7.12) 
Electron 

Joule heating (Section 5.13) 


Sn- 


V 

8 ph,e,p 

A~ 

8e-p, J 

V 


-v,p 


COT, 


P~P —O- j — o v 2 

p l ac — g n 2 2 2 lac 


2«V A 1 + 2« Tp 
-1 




il 

Op 


Vph-e-p 

= A 

ft-e,cCc Ue 


e~ph v 
_i _i Mphp 

UplU T e } ph + T e _ p 


Peltier cooling/heating (Section 5.16) 


Oe 
$e-p, P 

A 


8 71 1 


) 3/2 ^my 2 r e , 0 ( 


— ) I+3/2 metals 
kBT 1 


71 5 k B S + 3/2 
— -F WsTje, oi s — =F ~ ~ rj. 

3 3 Ef/kbT 


metals 


Fluid particle 

Exothermic or endothermic reaction 
(Section 6.5) 

Surface evaporation (R) (condensation) 
(Section 6.8.1) 


Sf-H 

V 


— ppAhrf 


c -AE a /knT 

T f-f 


Sf-fJg 

A 


-A hi g mf,i g , m f jg ,max 


1 , 8^b t 

-mn 

4 Tim 



Photon 

Laser cooling of atomic gases (R) 
(Section 7.13.2) 

Dielectric heating (Section 3.4) 


8 ph,e,p 

v 

8ph,e,p 

V 


— ft phfr A(0 0 Y ph-t-ph 


— CoC e ,cO) € e • 6 e 


Ultrasonic Heating, 

p : hcop , Vibrational Energy (Solid) <^> Upconversion, 

Downconversion 


Nuclear, Chemical 

e : A E e Electronic Transition Energy, <^> an d Physical Bond 
cp 0 Binding Energy Energy Release 


V 

A 


/: ftcQf'V, h 2 j(j+l)/2I f , n 2 h 2 n 2 /lmL 2 
Translational, Rotational, and 
Vibrational Energy (Fluid) 


Internal Energy 
< * = * > Conversion 


ph : PtcDpii, Electromagnetic Wave 
Energy 


<^> Up Conversion, V 
Down Conversion 


Thermoelectric 
Power, Peltier 
Cooling/Heating, 
Joule Heating, 
Barrier Transition 
Cooling, Thermionic 
Cooling 

Photoelectric, 
Radiative Decay 


k 

Laser Solid 
Cooling, 
Nonradiative 
^ Decay, Solar /, 
Photovoltaic, 
Light Emitting 
Diode 


V 


Laser Gas 

Cooling, 

Atmospheric 

Absorption, 

Nonradiative 

Decay 


(metals), we have (Section 7.8) 


& ph, co 


1 

hph,co 


1 


tt ph T- ph,a,co 



2n e , c e 2 c ((z e )}Q) 

€ 0 m e u 2 ph 



(1.16) 


where (7 p / hCO (l/m) is the spectral photon absorption coefficient (and is related to 
Sph-e, as listed in Table 1.8), r p h, a ,co is the spectral photon relaxation (absorption) 
time, {{r e )) is the energy-averaged electron relaxation time (Section 5.7), and co is 
the angular frequency of the photon. This energy in turn adds to the kinetic energy 
(i.e., temperature) of the carrier (s) of the medium. The natural and engineered 
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transformation of energy among principal energy carriers continues to be an impor- 
tant subject of study. In microscopic heat transfer there are many complex heating 
and cooling processes, and as our understanding of phenomena occurring at the 
atomic scale increases, we expand the possibilities for energy conversion. Table 1.8 
lists some relations of energy transformation rates involving the four principal car- 
riers as well as their heating or cooling effects. Table 1.9 gives examples of mecha- 
nisms of energy conversion with explanations of the kinetics. 

Some of the more novel energy-conversion methods being studied include the 
absorption of ultrasound in solids (which involves the interaction of forced external 
vibrations with phonons), thermoelectric cooling/heating, dielectric and Joule heat- 
ing, endothermic/exothermic phase changes and chemical reactions, laser cooling 
of gases, and various other photon-electron interaction-mediated heating-cooling 
processes in solids and fluids. 

In thermoelectricity, the thermoelectric figure of merit Z e is defined as 

a\o e T 

Z„T = ~ s (1.17) 


k e k i 


where a s is the junction Seebeck coefficient (Section 5.13.2), o e is the electrical con- 
ductivity, and k e + k p is the total (sum of phonon and electric) thermal conductiv- 
ity. In thermoelectric power generation and cooling, large Z e T is sought through 
reduced total thermal conductivity and enhanced as and o e , using atomic and nano- 
structure optimizations (Section 5.16.4). 

Cooperative processes (Glossary) are those in which more than one carrier 
assists in promotion (and decay) of an energy transition. This involves couplings 
among various carriers, these coupling kinetics are critical in such energy conver- 
sions. R stands for resonance, indicating an electronic for mechanical resonance 
energy match is needed or involved. For example, an electronic bandgap, or a bond 
energy, or a mechanical vibration frequency. 

The expressions given in Table 1.8, will be described in the related sections 
noted, and various variables will be discussed, and the relations developed. 

For example, similar to the preceding phonon specific heat and thermal con- 
ductivity examples, the acoustic absorption rate of ultrasound in crystals can be 
described as a volumetric heat source s p ( W/m 3 ) as (Section 4.18) 


Sp-p 
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S n- 
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2 U p A 1 + 2co x 


l ac 


acoustic wave absorption rate, 


(1.18) 


where yc is the Griineisen parameter (see Glossary), u p a is the average acoustic- 
phonon speed, co is the frequency of the external ultrasound wave, and I ac is the 
ultrasonic intensity of this wave. Again, the kinetics of the energy conversion rate 
involves the phonon relaxation time z p and frequency co. This energy excites the 
medium phonons (kinetic energy) and temperature (after phonon thermalization, 
i.e., equilibrium). 
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Table 1.9. Examples of microscale energy transformation (conversion) kinetics (from/to 
thermal energy), involving principal carriers, Sij. 


Carrier 

Energy conversion 
mechanism 

Cooling/heating 

Controlling kinetics 

Phonon 

phonon-assisted 
fluorescence emission in 
electronic transitions (R), 

Sph-f-p 

phonon emission or 
absorption 

relaxation rate of thermal 
phonons, coupling 
between photon 
(electromagnetic wave) 
and electric entity, 
coupling between 
electron and phonon, 
number density of these 
three carriers 


ultrasonic heating, s p - p 

absorption of ultrasound 
waves 

rate of inelastic relaxation 
of external sound waves 
by thermal phonons and 
inter-phonon relaxation 

Electron 

electrical resistivity 
(conduction electron), 

$e—p 

Joule resistive heating 

scattering of conduction 
electrons by phonons and 
impurities 


dielectrics: coupling of 
photon (electromagnetic 
wave) with electric dipoles 
(R) s p h— e — p 

dielectric (microwave) 
heating 

dielectric loss factor 
(imaginary part of electric 
permittivity) and 
frequency of EM wave 


semiconductors: 
thermoelectric coupling 

(R) s e - p 

Peltier cooling/heating 

bandgap, Fermi energy, 
electron relaxation rate, 
and temperature 

Fluid particle 

interparticle collision rate 
in gases, s 

endothermic and 
exothermic thermal 
reactions 

collision rate, particle 
concentration, and 
temperature 


physical adsorption and 
desorption of gas 
molecules on solid surfaces 
with or without 
photo-assist (R), s/-f , 
Sf-P' S f-e' Sph-f-f-p 

heating (e.g., physical 
adsorption) and cooling 
(e.g., physical 
desorption), chemisorbed 
vibrational energy 
transfer to a substrate 

attraction force between 
the gas and surface atoms, 
number of adsorbed 
atomic layers, 
temperature 

Photon 

conversion of valence 
electrons in 
semiconductors to 
conduction electrons by 
absorbed photon (R), 

Sph—e 

heating when some 
photon absorption leads 
to high kinetic energy 
(hot electrons) 

absorption rate of photon, 
lack of multiple-bandgap 
semiconductors, 
electron-phonon coupling 


photon emission by 
conversion of kinetic 
energy of excited gases 
(mixture of molecules in 
translational, vibrational, 
and rotational motion) 
(R), Sf- P h 

heating by nonradiative 
decays 

rate of collision between 
species, relaxation time 
for radiative and 
nonradiative decays 
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Heat transfer physics (the kinetics of microscale energy storage, transport, and 
transitions) addresses energy dynamics at the atomic scale. Examples of the time 
scales of these atomic-level dynamic interactions are given in Figure 1.5. In general, 
although shorter time scales are desirable in energy-storage and conversion rates, 
longer time scales are desirable for high transport rates. When multiple mechanisms 
are involved in the kinetics, the mechanism with the longest response time domi- 
nates the conversion rate, whereas the mechanism with the shortest response (scat- 
tering) time dominates the transport. This is evident in the acoustic wave absorption 
rate in (1.18) and in the phonon thermal conductivity in (1.15). We discuss the eval- 
uation of the various interaction rates, time constants, and relaxation times through- 
out the text. These are the central governors of the atomic-level heat transfer. 

We also discuss recycling of the kinetic energy generated otherwise as losses in 
energy conversion (e.g., excitation of phonons or vibrational modes of fluid parti- 
cles), before they are thermalized (turned into heat by collision/scattering with other 
phonons and fluid particles). This allows for atomic-level energy recycling for higher 
energy conversion efficiencies. 

1.9 Density of States and Carrier Density 

The energy state occupancy probability is given by /, and its equilibrium distribution 
by f°. However, the structure of matter limits and controls (determines) the energy 
states it can have. This property of atomic structure is the density of states D, and 
is given such that the carrier density n t is related to ft and through [an extended 
form of (1.2)] 

/>oo 

rii = / fi(Ei)Di(Ei)dEi i = p , e, ph, (1.19) 

Jo 

so Dj is given in the units of inverse of the product of energy and volume. 

Similarly the specific entropy (1.6) of carriers is given in terms of ft as [403] 

s = k B J A(£, ■)[(/;■ ± l)ln(/j ± 1) - fMf^dEi, + for p and ph, - for e. (1.20) 

Since fluids form to the volume of their container, Dj is not used for fluid particles. 

The kinetics are associated with some atomic-level energy resonances, which 
allow for the creation of desired spectral energy behavior in materials and devices. 
For example, crystalline Si has a relatively narrow optical-phonon bandwidth, as 
shown in Figure 1.8(a). The phonon density of states D p is the number of phonon 
energy states per unit volume and energy d E p . This material also has an electronic 
energy bandgap, which is shown in Figure 1.8(b) for its electron density of states D e . 

The photon density of states of Si, D ph (E ph ), is shown in Figure 1.81(c). This is 
based on emission (Section 7.10) and is a rough presentation. D ph has a peak near 
the electron bandgap energy (1.1 eV), which is in the near infrared regime. There is 
also a peak near the optical-phonon (R) regime. The blackbody emission density of 
states (called the Debye density of states, which is also used as a model for acoustic 
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(c) 

Figure 1.8. (a) Phonon density of states for Si (described in Section 4.6), (b) electron density 
of states for Si (described in Section 5.7), and (c) photon density of states for Si. Here R 
stands for resonance. E ex and E 6yV indicate conduction and valence electrons, respectively. 
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phonons) is also shown and has no resonance features. The total number of carriers 
is the integral of Dj fjdE h over all polarizations (and spins). 

The densities of states are atomic-structure properties (Sections 4.2 and 5.7). 
The resonant optical phonon (marked with R) has an energy much less than the 
electron bandgap energy, but does play a role in the absorption and emission of 
photons from Si (doping can charge the electronic bandgap). Heat transfer physics 
examines and exploits resonances in these and other carrier interactions. In Figures 
1.4 and 1.5, some carrier kinetics resonances are marked with (R). 


computational molecular dynamics (MD) simulations (this classical treatment is 
given in Table 2.5), the Boltzmann transport equation (BTE) (Table 3.1), and the 
macroscopic energy equation (including all carriers) (Table 1.1). 

The Schrodinger equation uses the atomic scale units of Table 1.5, in Section 
1.5.2 (rg for length and z a = m e r^/h for time). The time-independent Schrodinger 
equation provides the quantum energy states Ej of each carrier in a field (Hamilto- 
nian), and the time-dependent Schrodinger equation gives the kinetics of transition 
between these states (transition or relaxation time r,- y ). The heat flux vector for a 
molecular chain or wire connecting two photon reservoirs (L and R ) is from the 
master equation of quantum mechanics (Section 4.19.5), 


where E m — E n = hco mn is the transition energy, A is area, sj r is the unit vector con- 
necting L and R , f n is the normalized population, S npn is a quantum operator, and 
l/r n ^ m ,L and 1/r n ^ m ,R are the interaction rates with the reservoirs. For molecular 
junctions, the Landauer quantum transport based on the junction scattering is dis- 
cussed in Section 4.19.6. 

The MD uses interatomic interaction units that are r nn the distance between 
the nearest neighbor atoms, and r n = Tr/co n where co n is the natural frequency of 
atomic vibration (Section 2.5.3 and Table 2.7). The conduction heat flux vector in the 
classical MD is determined from the relative position and energies of the particles 
(in a multibody dynamic system) and is given as (Table 3.9) 


where N is the number of particles, V is the volume, and E k and E p are the particle 
kinetic and potential energy. For the two-body interaction force F/j this becomes 


1.10 Ab Initio/ MD/BTE/Macroscopic Treatments 
Figure 1.9 shows the regimes of application of the Schrodinger equation (Table 2.8), 



quantum, (1.21) 



( 1 . 22 ) 



MD, 


(1.23) 


where E t is the total energy and w, is the particle (atom) velocity. 
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The BTE uses the many (N-) atoms length scale N l/3 r nn and the particle colli- 
sion (scattering) relaxation time %i-j (Figure 1.5). The Boltzmann transport scales 
(Table 3.2) are discussed in Section 3.1.6. The heat flux vector in Boltzmann trans- 
port is given by (1.5) and is discussed in Section 3.1.4. A more general form of it is 
repeated here: 

?* = EE 2^3 

j 01 


J (E j — fi)u j fjdiCa, Boltzmann (or meso), (1-24) 


where f is the population deviation from equilibrium, k is the wave vector, p is 
chemical potential, u is velocity, and a designates polarization. The summation j is 
over the carrier (phonon, etc.). The wavevector and momentum vector are related 
through the de Broglie momentum p —Tik. 

The macroscopic energy equation (Table 1.1) and macroscopic fluid and 
elastic-solid mechanics (Tables 3.10 and 3.11) assume that the system dimen- 
sion and time resolutions are large enough that local and temporal variations in 
density, temperature, velocity, etc., can be represented by smooth (continuous) 
functions. This is marked by L A;, where A, is the mean free path of carrier i. The 
mean free path signifies how far a carrier travels before it undergoes an encounter 
with another carrier that significantly alters its momentum (Section 3.1.3). Similarly, 
the macroscopic time scale is t r,- 7 . The macroscopic length and time scales are 
given in Table 3.12. 

The heat flux vector in macroscopic transport (Table 1.1) is 

/•OO n 1 

q = qk+q u + q r = -kVT + pc p uT + 2: r J J s I phi(0 dpdco, macro, (1.25) 

where p = cosO , 6 is the polar angle, and s is the unit vector (Table 7.1). 

Note that the t axis in Figure 1.9 can be further marked by other kinetic times 
listed in Figure 1.5 for each of the carriers. For photons treated as EM waves, the 
Maxwell equations (Table 3.5) are used at length scales for which quantum effects 
are not important. The Maxwell equations are also used for describing electric and 
magnetic quantities and continue to be valid down to the atomic length scale. The 
Schrodinger-equation-based calculations are called ab initio (Latin for from the 
beginning) calculations and describe what is referred to as the fine structure of mat- 
ter. The ab initio calculations require the least amount of empiricism. 

The Schrodinger, Maxwell, Newton, Hamilton, Boltzmann, and macroscopic- 
energy (and a few other equations; e.g., Langevin, Navier-Stokes (fluid), Navier 
(elastic solid), Einstein (population rate)) equations are conservation expressions 
(also called the equations of change) in differential form (e.g., time, space, momen- 
tum), along with their related constitutive relations. These equations are special- 
ized for particular length scales and physical phenomena (e.g., classical particles, 
quasi-particles, fields, waves, continua, probabilities). They describe states or devia- 
tion/return to equilibria under various internal and external factors. The constitutive 
relations include the kinetics (rates), and among them is the Fermi golden rule for 
interaction rates involving quasi-particles. 
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Macroscopic Energy Equation (Tables 1.1, 3.10, and 3.11) 
(Length L » X j and Time t :» r,_y Scales) 

(Combines All Carriers) \ 


Hk 

y' <t 

Hr — r 






Boltzmann Transport Equation (Table 3.1) 
(Length > N l/3 r nn , and Time > Scales) 
(Phonon, Electron, Fluid Particle, and Photon) 




Maxwell Equations (Table 3.5) 
(Electric and Magnetic Entities 
and Photon as EM Wave) 



Molecular Dynamics Simulations 
(Classical) (Table 2.5) 

(Interatomic Length r nn and Time tt / co n Scales) 
(Phonon, Electron, Fluid Particle, and Photon) 


10 2 10 3 \10 4 10 5 10 6 
t, ps 


Ab Initio (Fine Structure) 

Schrodinger Equation (Table 2.8) 

(Atomic Length r B and Time t a Scales) 
(Phonon, Electron, Fluid Particle, and Photon) 




Figure 1.9. Length-time scale regimes for ab initio , MD, Boltzmann transport, and macro- 
scopic treatments of heat transfer. 


The Schrodinger equation is a continuum (allowing for smooth, spatial vari- 
ation) equation at the atomic scale, the BTE is a continuum equation at the 
mesoscale, and the macroscopic momentum and energy equations are continuum 
equations at larger scales. MD uses the Newton equations to treat multibody dynam- 
ics of atomic motion by tracking individual, interacting (through interatomic poten- 
tial) particles (atoms or molecules). 


1.11 Scope 

The transport and transitions of principal thermal energy carriers are rendered in 
Figure 1.10, and are discussed in the following chapters. As shown in Figure 1.10, 
size effects and the inclusion of various phonon, electron, fluid particle, and pho- 
ton energy transport/transition kinetics in the macroscopic energy equation, connect 
heat transfer physics to its applications at various length scales. 

In Chapter 2, atoms, their interactions (such as forming bonds), and their col- 
lective properties lead to the definition of temperature and other properties. The 
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Figure 1.10. A summary rendering of the four principal thermal energy carriers and their 
transport and interaction. Also shown are the size effects and the macroscopic energy 
equation. 


Schrodinger equation Newtonian and Hamiltonian mechanics (and energy rela- 
tions) are discussed in relation to molecular interactions and molecular dynamics. 

In Chapter 3, the principal energy carrier transport and kinetics theories are 
reviewed. These form the foundations for the treatments of each carrier in the sub- 
sequent four chapters. The Boltzmann transport equation used here for all principal 
carriers (phonons, electrons, fluid particles, and photons), the probability distribu- 
tion functions //, the stochastic transport equation, and the G-K autocorrelation 
equation are reviewed. There are also equations that are derived from these, such 
as the macroscopic energy equation, the equation of radiative transport, the Navier- 
Stokes equations, and the macroscopic elastic fluid mechanics equation. The unified 
treatment of transport phenomena by fluid particles, electrons, and phonons has 
been made in [440], and for all four principal carriers in [85]. 

Chapter 4 describes phonons, Chapter 5 covers electrons, Chapter 6 details fluid 
particles, and Chapter 7 explains photons. The unique energy transport (includ- 
ing various inter- and intra-carrier interactions) and storage characteristics of each 
carrier are described in each of these chapters. The common element unifying the 
coverage of all of these carriers is the use of the Boltzmann transport equation. 
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1.12 Problems 


Problem 1.1 

(a) Express the conductive heat flux vector as \q k \ — k s dT s /dx = k s AT/ Ax. 
Determine \q k \ for (i) a high-conductivity elemental solid (Table A.l) along with 
AT = T s — Tis, where 7/ s is the melting temperature, and Ajc = /, where / is the 
thickness along which T s — Ti g is applied (this is an approximation for a thin slab 
as part of a structure), (ii) Repeat using a high-melting-temperature elemental solid 
(Table A.l). Use T s = 300 K. 

(b) For the convective heat flux vector, determine \q u \ — ( pc p )fii fTf , using (i) 
a gas, and (ii) a liquid, moving at velocities equal to the speeds of sound and at 
Tf = 300 K. (iii) For the surface-convection heat flux vector, \q ku \ = (Nu )okf{T s — 
7/,oo)/D, for Nusselt number (Nu)o = 100, D — 10 -2 m, T s — Tf jOQ = 100 K, and kf 
of nitrogen at Tf — 300 K, at 1 atm pressure (Table A.l). 

(c) Determine the radiative heat flux vector, \q r \ — n p hu p h,Ji(o p h, for a typ- 
ical (i) continuous laser and (ii) pulsed laser, for A = 0.5 /xm. (iii) Also use the 
blackbody (thermal) radiation \q r \ = ctsbT 4 , for T = 300 K, where ctsb is the 
Stefan-Boltzmann constant (Table 1.4). 

Problem 1.2 

(a) Show that M-B energy probability distribution function ( 6 . 65 ), given by 


i.e., the average energy (in a M-B system) is equal to 3k#T /2. Use gamma functions 
given by (5.114). 

The integral of the other equilibrium probability distribution functions are also 
physically meaningful. For the bosons and fermions, the integral of /° (/° and f° h ) 



satisfies 



Superscript * indicates dimensionless quantity, 

(b) Show that the classical distribution 


ff(E}) = exp {-£)), 


also satisfies the preceding integration, 

(c) Show that 
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leads to the number densities, i.e., 
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- p, p/z (/U, = 0) 


This is the same as (1.19). 

Problem 1.3 

(a) Plot /° listed in Table 1.2, versus E e for copper (Fp listed in Table 5.2). Use 

(i) T — 0, (ii) T — 300 K, (iii) T — 1000 K, and (iv) T — 10,000 K, and use 0 < E e < 
1.5Fp. Note the rather abrupt change in fl for metals. 

(b) Indicate in the graph the region A E e — k^T on both sides of E e — E f, where 
/° changes the most. 

(c) For metals a constant Fermi energy is used, and the T — 0 K approximations 
of /°, i.e., /° = 1 for E e < Fp, and /° = 0 for E e > Fp, are used. Based on the 
results of parts (a) and (b), is this a good approximation? 

Problem 1.4 

(a) For Si, typical maximum E p for acoustic and optical phonons are 0.019 and 
0.062 eV, respectively. Using T — 300 and 1000 K, determine /° (boson) for these 
two energies. 

(b) Consider a conduction electron in Cu and use /x — Fp (Table 5.2), and for 
T — 300 and 1000 K, determine /° (fermion) for E e = 1 and 10 eV. 

(c) For an Ar gas, with the average thermal speed given by (6.63), determine 
the M-B energy distribution /°, given in Figure 1.1, for T = 300 K. 

(d) For a photon of energy E p h = fico p h , and for (i) X = 20 /xm (near infrared), 

(ii) X = 0.63 fim (red), (iii) X = 0.50 fim (blue), (iv) A = 0.30 /xm (ultraviolet), and 
(v) x — 0.001 /xm (X-rays), determine /° /? (boson) at T — 300 K. 

(e) Compare the results of part (a) with those of part (d). 

Note that these are equilibrium (thermalized or allowed to reach thermal 
equilibrium) distributions. For lasers, for example, a selective amplification of a 
narrow band of energy is used, so the photon distribution does not follow the 
equilibrium boson. The Fermi energy of semiconductors is temperature dependent. 

Problem 1.5 

Complete and unified derivation of /° is given in Appendix F, while a shorter 
derivation of f° h (or /°) i.e., B-E distribution, is possible and is outlined here for a 
quasi-particle having energy E n = nhco. 
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(a) Start with the classical probability (expected to be valid for large n, i.e., 
curves 4 and 6 in Figure 1.1 become the same) 

e -nh(i)/kuT 

P n = • 

e ~hho)/k B T 

n= 0 


Then use the expansion 


and show 
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1 — x 


oo 
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(b) Show that the mean energy is 
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(c) Then show that 
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B-E distribution. 


Problem 1.6 

(a) Verify the magnitude and unit of the atomic length, time, velocity, energy, 
and dipole moment given in Table 1.5. 

(b) Show that the atomic unit of energy is the product of the electron mass (at 
rest) and the square of the atomic velocity. 

(c) Compare the atomic energy unit with k^T (T = 300, 10 3 and 10 5 K), in eV. 


Problem 1.7 

Similar to Figure 1.7, plot electronegativity of elements versus the atomic num- 
ber. Electronegativity is a measure of atom attracting electrons (forming bonds). 
What trends are observed? 
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Problem 1.8 

(a) Using Table A.l, plot the scaled specific heat capacity ( c v m/k # ) versus 
atomic number z for the elements (at 300 K), where m is the mass of the atom 
(M/Na)- Note that here c v is per atom or molecule. Also, note that for a monatomic 
solid c v m/kft — 3 (Section 4.7), and for monatomic ideal gas c v m/k& = 3/2 (Section 

6.2). 

(b) Similarly, plot the scaled specific heat of phase change, Ah s im/ k^T s i and 
Ahi g m/ k^Tig, versus z, where T s / is the saturation solid-liquid temperature and T/ g 
is the saturation liquid-gas (vapor) temperature at p = 1 atm. 

(c) Comment on the trends (Figure 1.7 displays similar results for the thermal 
conductivity k). Note that Ah,-,- is scaled with respect to the specific energy ks Pj , 
which represents the kinetic energy. 
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Molecular Orbitals/Potentials/Dynamics, and 
Quantum Energy States 


Energy is stored within atoms (electrons and relativistic effects) and in the bonds 
among them when they form molecules, and also between these molecules when 
they form clusters and bulk materials. In this chapter we review the intraatomic 
and interatomic forces and energies (potentials). We examine electron orbitals of 
atoms and molecules and review ab initio computations of interatomic potentials 
and potential models. Then we discuss the dynamics (and scales) of molecular (or 
particle) interactions in classical (Newtonian and Hamiltonian) treatments of multi- 
body dynamics and the relationship between the microscopic and macroscopic states 
(particle ensembles). We also begin examining the quantum energy states of the sim- 
ple harmonic oscillator, free-electron gas, and electrons in hydrogen atom orbitals, 
by seeking exact solutions to the Schrodinger equation. 


2.1 Interatomic Forces and Potential Wells 

Atoms and molecules, at sufficiently low temperatures, can aggregate into linked 
structures that form what we know as the condensed phases of matter. What causes 
this aggregation behavior are the attractive forces generated by the opposite elec- 
trical charges of each particle (be it individual atom, ion, or polar molecule) in the 
system. These forces are in turn caused by the innate charges of the constituent sub- 
atomic particles of each atom, ion, or molecule. All physical and chemical bonding is 
the result of such molecular forces that are electrical in origin (the Coulomb forces). 
Intramolecular (or interatomic) forces keep atoms in a molecule (a compound of 
atoms) together, such as the H-O bond in a H 2 O molecule, whereas intermolecular 
forces keep neighboring molecules together, such as H 2 O molecules in the gas, liq- 
uid, or solid phase. The intramolecular forces are stronger than the intermolecular 
forces. The difference among solids, liquids, and gases is the degree to which the 
thermal energy of the particles k^T in the system can overcome the attractive forces 
holding them together. At a given temperature, substances that contain strong inter- 
atomic bonding are more likely to be solids (or liquids), whereas those that contain 
weak or no bonding will be gases. The interatomic potential <p, a form of energy 
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Interatomic and Intermolecular Forces 
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Figure 2.1. A classification of the interatomic and intermolecular forces, atomic structures, 
electric forces, ranges of their bond energy (potential), examples, and interatomic bond 
lengths. 


(which explains/describes interatomic and intermolecular integrations) and a mea- 
sure of bond strength, is generally expressed in electron volts (eV), which is the 
work required to displace an electron through an electric potential of 1 volt (1 V is 
1 J/C). Figure 2.1 gives a summary of the interatomic and intermolecular forces and 
bond length r e , and they are subsequently described. 
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2.1.1 Interatomic Forces 

These forces include ionic bonding forces, covalent bonding forces, and metallic 
bonding forces, and London dispersion (van der Waals) bonding forces. Ionic bond- 
ing forces are generated between oppositely charged ions. Ions themselves can arise 
from electron transfer that can occur when atoms of elements that have a large dif- 
ference in electronegativity (the tendency of an atom to draw electrons in a bond 
toward itself) come in close proximity to one another. Such bonding is frequently 
seen between a metal and a nonmetal (cation and anion), i.e., NaCl, MgF 2 . In ionic 
crystals, an array of ions are arranged at regular positions in a crystal lattice. 

Covalent bonding forces are formed by two atoms coming together and shar- 
ing one or more electrons. Neither atom is able to overcome the attractive 
forces of the nucleus of the other and completely take its electron(s) for itself. 
This results in a balance between the forces of attraction and repulsion that act 
between the nuclei and electrons of the atoms. In many cases, this electron sharing 
enables each atom to reach a noble gas configuration (i.e., a filled outer electron 
shell). 

Metallic bonding forces arise when metallic atoms (typically with two valence 
electrons each, Table 5.2) bond to one another. In the free-electron model of this 
type of bonding, the valence electrons of each atom are no longer restricted to a 
single atom but are delocalized, forming a sea of electrons that hold the positively 
charged nuclei together. Metals are easily deformed, due to the layers of positive 
ions (the nuclei) being able to slide over one another without disrupting the sea of 
electrons between them. It is also due to the delocalized behavior of the electrons 
in these bonds that metals are good electrical conductors. The greater the number 
of valence electrons (and the larger the positive charge of the nuclei), the stronger 
the metallic bonding forces. 


2.1.2 Intermolecular Forces 

The attractive forces between neutral molecules are usually ion-dipole forces, 
dipole-dipole forces, London dispersion forces, or hydrogen bonding forces. The 
dipole-dipole and dispersion varieties are grouped together and termed van der 
Waals forces (sometimes hydrogen bonding is also included with this group). The 
attractive forces between neutral and charged (ionic) molecules are called the ion- 
dipole forces. 

Ion-dipole forces arise between charged ions and polar molecules (molecules 
with an asymmetric charge distribution), where cations are attracted to the nega- 
tive end of a dipole, and anions are attracted to the positive end. The magnitude of 
the interaction potential (with the force being the negative gradient of the poten- 
tial) is directly proportional to the charge of the ion and the dipole moment of the 
molecule, and inversely proportional to the distance from the center of the ion to 
the midpoint of the dipole. Ion-dipole forces are important in solutions of ionic 
substances in polar solvents (e.g. a salt in an aqueous solvent). 
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Dipole-dipole forces exist between neutral or polar molecules and polar 
molecules. They attract one another when the partial positive charge (8+ in Fig- 
ure 2.1) on one molecule is near the partial negative charge (<$_) on the other. The 
molecules must be in relatively close proximity (a few A) for dipole-dipole forces 
to be significant. These forces are characteristically weaker than ion-dipole forces, 
and increase with an increase in the polarity of the molecules. 

Hydrogen bonds are special dipole-dipole forces between electronegative 
atoms and hydrogen atoms bonded to adjacent electronegative atoms. Their bond 
strength is weak covalent. The intermolecular hydrogen bond results in relatively 
high boiling temperature of H 2 O. 


2.1.3 Kinetic and Potential Energies and Potential Wells 


A system in which intramolecular and intermolecular forces act can possess two 
types of energy: kinetic energy E k and potential energy E p — <p. The magnitude of 
the kinetic energy is a function of temperature only. Potential energy arises from 
the action of the Coulombic forces previously mentioned. Although there are dif- 
ferences among the various forces, they all give rise to potential energy between 
the interacting particles. It is the relative difference between the kinetic and poten- 
tial energies of a system of particles that determines many of the properties of the 
substance. 

Kinetic energy is energy of motion. A body of mass m, moving with velocity u, 
has kinetic energy given by 


E k = 


mu 2 
~ 2 ~' 


( 2 . 1 ) 


The kinetic energy of atoms and molecules has a thermal origin and, from equipar- 
tition of energy [156], is related to the absolute temperature as follows: 


E k = 


cik^T 



( 2 . 2 ) 


where k b is the Boltzmann constant and a is related to the degrees of freedom of the 
atomic motion of the system. Potential energy cp is the energy of position. When a 
particle begins to move, potential energy is converted to kinetic energy. The oppo- 
site happens as a moving particle is affected by forces generated as it approaches 
another body. The total energy of any mechanical system is the sum of its kinetic 
and potential energies, and on a per-atom/molecule basis we have 


E = e = E k + E p = E k + <p, (2.3) 

where e is the specific (per-atom/molecule) internal energy. In addition to the grav- 
itational potential, there are three other potentials: the strong nuclear, electrostatic 
(or Coulombic), and weak nuclear potentials. As discussed, the Coulombic force is 
the force by which electrons are attracted to and held by the nucleus of an atom, and 
this force is responsible for all interactions between atoms and molecules. It is far 
stronger than the gravitational force, which may be neglected in discussing atomic 
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and molecular interactions (the electromagnetic force of repulsion between two 
electrons is 10 42 times stronger than the gravitational force of attraction between 
them). The magnitude of the electrical force is given by the Coulomb law [289] 

F \2 — — Coulomb law, (2.4) 

4tt6o r 2 v ' 

where q\ and q 2 are the sign-magnitudes of the two interacting electric charges 
(given in electron charge e c ), in coulombs (C), r is the distance between them, 
in meters and e Q is the free-space electric permittivity and has a value of 8.854 x 
10 -12 C 2 /N-m 2 = C 2 /J-m (also listed in Table 1.4). Here 1/4 tt 6 0 = 8.9876 x 10 9 
N-m 2 /C 2 = J-m/C 2 is called the Coulomb constant. The potential energy associ- 
ated with the Coulombic force is called the Coulomb potential energy. Because 
force is the negative derivative of potential energy with respect to distance (F 12 = 
—dcpn/drn), the Coulombic potential energy can be obtained by the integration of 
the Coulomb law 

<Pi 2 = PEte, F 12 — — —S 12 force-potential relation, (2.5) 

47T6 0 r dr 

where s u is the unit vector along r, connecting 1 and 2. Bold characters signify 
vectors (lowercase) or tensors (uppercase). When one of the charges is positive 
and the other negative, the potential energy is negative at all finite values of r J 
For a system of two or more particles (atoms, molecules, and/or ions), we 
assume that the interparticle forces are electrical and are attractive, except at very 
close distances, and described by the Coulomb law. The magnitude (strength) of 
the force between two particles varies with their distance of separation. The force is 
zero for an infinite separation, increases as the particles get closer, reaches a max- 
imum when the particles just touch, and becomes strongly repulsive when the cen- 
ters of the particles are separated by less than one particle diameter because of 
interpenetration and repulsion of electron clouds (Pauli exclusion principle). The 
force has two components, one repulsive and dominant at only very small distances, 
and the other attractive and acting at all distances. The sum of these forces between 


t The screened Coulomb potential is 


ip = 


4142 r /r 0 

4ne 0 r 


where r Q is the screening distance. 

* In the Bohr model of a hydrogen atom, the single electron is in the ground state has re = 
47 i€ 0 h 2 /m e e 2 = 5.292 x 10 -11 m (Bohr radius. Table 1.4), and the potential energy [for charge of 
unity on proton and electron, using (2.5)] is twice the kinetic energy m c ir e /2 (but negative), and this 
gives the total energy as 

_ lie 2 1 e 2 

E k +(p = 

2 47T6o /'B 47T6o /'B 


1 1 


— = —13.606 eV ground state for hydrogen atom. 


2 47T6o /'B 

Thus, to remove the electron from hydrogen, an ionization energy of 13.606 eV is needed. Note that 
this is for n = 1 (the ground state). For other principal quantum numbers, we have r^n 2 in place of 
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Figure 2.2. Interatomic forces Fjj acting on particle (atom or molecule) i and presentation 
of these forces by the interatomic potentials. The net effect of these forces determines the 
classical (Newton) dynamics of the particle /, while the electronic structure of atom i and its 
neighbors determine the interatomic potential (fine-structures from the Schrodinger equa- 
tion). {(p) is the effective potential and N{(p) is the total potential energy. 


two particles is thus 


F \2 = 2 — ^ ^ attractive and repulsive forces, (2.6) 

where b is a positive, repulsive force that noticeably acts at only very small distances. 

At distances greater than one particle diameter, intermolecular forces draw 
particles together as part of the natural tendency for the system to seek the lowest 
potential energy state possible for the pair (or collection) of particles. As mentioned, 
the attractive force becomes stronger until the particles nearly touch, which means 
the potential energy also keeps decreasing until this point. Figure 2.2 shows the 
interatomic forces acting on atom i and the resulting motion from the net force on 
this atom (particle). When the distance between atom/particle i and atom/particle 
j, r t j [called the normal coordinate (Glossary)], is less than one particle diameter, 
the force becomes repulsive and the potential energy begins to increase, meaning 
the system is again deviating from its ideal, lowest energy state. The interatomic 
potential is determined by solving the Schrodinger equation (Section 2.2.2). The 
force (spring) constant is related to the second derivative of the interatomic poten- 
tial along the normal coordinate (at equilibrium location), and the interatomic force 
is related to the first derivative. 
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L-J Potential in FCC Crystal 



Equilibrium Separation r nn>e ^lj 


Figure 2.3. Variation of the scaled L-J interatomic potential with respect to scaled separa- 
tion distance for Ar. The effective {(p) (per atom) potential indicating the cumulative potential 
that is due to presence of all neighboring atoms (FCC arrangement) is also shown. The hard- 
sphere and square-well approximations are also shown. The RMS displacement of each atom 
in the crystalline solid phase, at three different reduced temperatures T* = k^T/eu (scaled 
with € L] /k B = 120.7 K for Ar), are shown around the equilibrium (e) nearest-neighbor spac- 
ing r nihe , for solid Ar [320]. The constants eu and ou for noble gases are listed in Table 2.2 in 
Section 2.2. 

For all types of interatomic forces, the potential energy varies with distance 
between the interacting bodies r. An example of a typical potential energy (p(r ) 
curve (often called the potential energy well) is shown in Figure 2.3 for a FCC crys- 
tal, using the Lennar d-Jones (L-J) potential model. The depth of the well is the 
energy that must be added to increase the distance of separation between particles 
until the force between them is nearly zero. Most interatomic potentials are charac- 
terized by a potential well of similar shape. However, the depth of the well increases 
with the strength of the force. We discuss interatomic potentials in Section 2.2.3. The 
effective, or net, potential {(p) that a particle experiences when surrounded by many 
others is discussed in Section 2.5.3. Because the potential is shared by adjacent par- 
ticles, {(p) is the sum of the potentials between all interacting pairs divided by the 
total number of particles in the system N. 

The hard sphere model (potential) does not contain any field (potential) outside 
the radius a. This is used in ideal-gas kinetics (Secion 6.5). 

For a system in which there is a very large separation between atoms, molecules, 
or ions, there is a state of deaggregation. The gas phase of a pure substance is an 
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example of a deaggregated state. At the minimum level of separation distance, 
the particles nearly touch, and the attractive forces are maximized while potential 
energy is at a minimum. This is an aggregated state (e.g., the solid phase of a pure 
substance). In an ionic compound, such as KBr, this corresponds to a situation in 
which positive ions are surrounded by equally spaced negative ions. In a covalent 
compound, such as H 2 O, this state occurs when the hydrogen atoms are covalently 
bonded to the oxygen atom at a distance corresponding to the lowest point of the 
well and are separated from each other by an angle of 104°. 

A collection of atoms or molecules seeks to minimize potential energy by aggre- 
gating in such a way that a particular atom/molecule nearly touches as many of its 
neighbors as possible. This organization is referred to as close packing, and char- 
acterizes the solid state of a pure substance (not all solids are close packed, there 
is also an amorphous phase that has no long-range order). Note that the potential 
energy increases when an aggregated state is converted to a deaggregated state. The 
phases (solid, liquid, and gas) of a pure substance fit the aggregation/deaggregation 
model very well. In the solid phase, the fundamental units of a substance are packed 
together in an orderly, often repeating, arrangement (or lattice) that minimizes 
potential energy. In the gaseous phase, the fundamental units are widely separated 
and experience only very weak forces from one another. The liquid phase has dis- 
tances of molecular separation and potential energy only somewhat greater than 
those of the solid, but no long-range order. 

The inset in Figure 2.3 shows equilibrium separation (interatomic) distance at 
three different dimensionless temperatures. Note that the equilibrium interatomic 
distance increases with temperature. Also note that in the limit of T -> 0, the dis- 
placement becomes nearly symmetric. This is the harmonic limit of the displace- 
ments. In many analytical treatments (Sections 2.5.3, 2.6.4, and 4.4) this harmonic 
approximation is used. 

The fundamental forces are the strong and weak nuclear forces, the electro- 
magnetic force and the gravity force. The nuclear forces act over one fm (10 -5 A) 
distance and hold the nucleus together (for < 0.7 fm the forces become repulsive). 

Figure 2.4 gives examples of nuclear, intra-atomic and interatomic forces and 
distances. Referring to Figure 1.9, the L range here covers Ab initio , and MD treat- 
ments. For all cases shown, the gravitational force is less than 10 -33 N. The quantum 
chromodynamics and electroweak theories were mentioned in the footnote of Sec- 
tion 1.1.2. For electron-proton interactions shown, the weak nuclear force is 10 -37 
N, and the strong nuclear force is also negligible compared with that. Note that 
the atomic force microscopy techniques generate forces smaller than those holding 
together some solids, allowing them to be used without damaging those materials. 
For interatomic interactions, the length given is the nearest neighbor distance. The 
data for quartz and argon are obtained from the MD simulations. The calculation 
of the potential energy as cp = FL (force times separation) is a very rough approxi- 
mation of the potential energy for a pair of particles [based on (2.5)]. A calculation 
exhibiting better accuracy would need to consider how the force changes nonlinearly 
as a function of the separation [such as (2.6)]. For example, the energy required to 
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Figure 2.4. Forces at nuclear (strong and weak), intra-atomic, and interatomic and inter- 
molecular (electromagnetic) at the related lengths. The gravity force is also shown. For 
demonstration of the potential energy, a linear relation FL is used to show equipotential 
lines. 


remove the electron from a hydrogen atom is 13.6 eV, (compared with the value of 
FL , which is 312 eV.) 

The interatomic and intermolecular forces (electromagnetic forces) lead to 
binding energies which are generally below 50 eV (Figure 2.1), while the nuclear 
forces lead to MeV binding energies. The nuclear binding energy is from the strong 
nuclear force holding protons and neutrons together in the nucleus. The electron 
binding energy for inner orbital electrons is as high as 1400 eV. 

2.2 Orbitals and Interatomic Potential Models 

2.2.1 Atomic and Molecular Electron Orbitals 

The electronic orbitals are the wave-function solutions obtained from the 
Schrodinger equation (as will be discussed in Section 2.6.6) of the nucleus-electron 
electrodynamic (i.e., in motion) system. The arrangement of electrons in the orbitals 
of an atom (known as the electronic configuration) follows the Pauli exclusion 
principle. The configuration is specified by a combination of a letter and number for 
each sublevel, along with a superscript number to represent the number of electrons 
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(e) 4 f xz Orbital 


Figure 2.5. Three-dimensional angular part of probability (orbital) of the hydrogenlike atom 
electron wave function represented as \ jr e = R e (r)S e (6, 0), for (a) Is-, (b) 2 /?-, (c) 3J-, and 
(d), and (e) 4/- orbitals around the nucleus. 


contained in the sublevel. The periodic table (Section 1.7 and Appendix A) is 
arranged based on these electronic configurations within orbitals. For example, Is 1 
describes the state of the single electron in a hydrogen atom, which resides in the 
first s-orbital (a spherical shape). In geometric space, an orbital is the space having 
the highest probability of containing an electron. 

Figures 2.5(a) to (e) show typical s, p, d, and / (two) orbitals for hydrogenlike 
atoms, for principal quantum numbers n — 1, 2, 3, and 4. The four quantum num- 
bers are defined in Section 2.6.6. Every energy level has an s-sublevel (momentum 
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or azimuthal quantum number / = 0) containing one s orbital (magnetic quantum 
number m = 0). The fourth quantum number is the spin quantum number. The first 
energy level has a ls-orbital, the second a 2s orbital, etc. The geometry of s orbitals 
is spherical, and the higher the energy level, the larger the radius. The charge den- 
sity of the electron cloud generally increases the closer it is to the nucleus. Above 
the first energy level, s orbitals have radial nodes (regions inside the orbital with 
zero charge density). A 2s orbital has one radial node, a 3s orbital has two, etc. Each 
orbital has one less radial node than the number of energy levels. The second energy 
level and higher have p sublevels (azimuthal quantum number / = 1), each contain- 
ing three p orbitals. There are two lobes for each p orbital, separated from each 
other by a planar node passing through the nucleus. The three p orbitals are mutu- 
ally perpendicular and are denoted as p x , p y , and p z . The third and higher energy 
levels have d sublevels (quantum number 1 = 2), each containing five d orbitals 
(m = 0, +1, — 1, +2, and —2), and four of the five d orbitals are identical in shape, 
having four lobes. These orbitals are designated as d xy , d yz , d xz , and d x i_ y 2 . The fifth 
orbital consists of a torus with two lobes perpendicular to the plane of the torus. 
The fourth and higher energy level have / sublevels (magnetic quantum number 
/ = 3), each containing seven / orbitals (m = 0, +1, —1, +2, —2, +3, and —3). The 
geometries of the / orbitals are more complex, as shown in Figures 2.5(d) and (e). 
These figures in general represent the angular part of the hydrogen wave function 
@ e , where ifr e = R e (r)S e (0, 0). They show a probability for the specific orbital. We 
will discuss this further in Section 2.6.6. Table A. 2 (periodic table) in Appendix A 
gives the electron orbitals of the elements. 

Molecular orbitals represent electron positions in molecules (which contain 
more than one nucleus). The probability function shows that the electron density 
is the highest in the space between adjacent nuclei. 

When two atoms are brought close together, an electron can simultaneously 
experience a strong attraction to both nuclei, leading it to exist in a molecular orbital 
that is distributed between the two atoms, producing the chemical bond. A molec- 
ular orbital is modeled as a linear combination (overlap) of the wave functions for 
two (or more) atomic orbitals. If the two wave functions, 1/^,1 and 0^2, have the 
same sign in the region of overlap, a constructive interaction between the two wave 
functions occurs and a bonding orbital is produced. If the two wave functions have 
opposite signs in the region of overlap, a destructive interaction between the two 
wave functions occurs and an antibonding orbital is produced. For example, in H2, 
the sigma bond (i.e., a single lobe of one electron orbital overlaps a single lobe of 
the other electron orbital) is formed by the overlap of two Is orbitals. Pi bonds are 
formed where two lobes of one electron orbital overlap two lobes of the other elec- 
tron orbital (for example, B2H2). Pi bonds are weaker than sigma bonds. A single 
bond is always a sigma bond. A double bond (e.g., C2H4) is made up of a sigma bond 
and a pi bond. A triple bond (e.g., HCN) contains a sigma bond and two pi bonds. 

The C atom is versatile in the number of compounds it makes with single, dou- 
ble, and triple bonds, which involve hybridization. Bonding is with the valence shell 
electrons found in the incomplete, outermost shell. The ground carbon has four 
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valence electrons, two in the 2s subshell and two in the 2 p subshell, to hybridize 
from this ground state C forms two bonds by promoting one of its 2s electrons into 
its empty 2 p orbital. By forming this excited state, carbon will be able to form four 
bonds. Since both the 2s and 2p subshells are half-filled, the excited state is relatively 
stable. 

When four hybrid orbitals are formed for each C, i.e., four atomic orbitals are 
mixed, the s orbital and all three p are mixed, thus the hybridization is sp 3 . The four 
sp 3 hybrid orbitals arrange themselves in three-dimensional space to be as far apart 
as possible (to minimize repulsion). The geometry that achieves this is tetrahedral 
geometry, with the bond angle 109.5°, as in CH 4 bonds, each hybrid orbital con- 
tains 1 electron and a hydrogen Is overlaps with it forming a sigma bond (head-on 
overlap). 

When three hybrid orbitals are formed for each C, i.e., three atomic orbitals are 
mixed, the s orbital and two of the p orbitals for each carbon have been mixed, thus 
the hybridization for each carbon is sp 2 . The three sp 2 orbitals arrange themselves 
in trigonal plane geometry with the bond angle of 120°. The unmixed pure p orbital 
will be perpendicular to this plane. The head-on overlap of sp 2 orbitals forms a bond 
and the side-by-side overlap of pure p orbitals forms a pi bond between the carbon 
atoms, thus carbon-carbon double bond, as in C2H4. 

When two hybrid orbitals are formed for each C, i.e., two atomic orbitals are 
mixed, the two sp hybrid orbitals arrange themselves in the linear geometry with the 
bond angle of 180°. The two pure p orbitals which were not mixed are perpendicular 
to each other. The triple bond consists of one sigma bond and two pi bonds, as in 
C 2 H 4 . 


2.2.2 Ab Initio Computation of Interatomic Potentials 

The interaction between electrons, as atoms are brought in close contact, is treated 
by use of various approximations of the potential force appearing in the Schrodinger 
equation (electronic structure theory) [12]. As will be discussed in Section 2.6.4, 
the Schrodinger equation contains a potential energy that here is the Coulombic 
repulsion/attraction (2.6). For an electron the charge is — e c and for the nucleus it is 
ze c , where z is the atomic number. 

The ab initio calculations, such as those described in the Gaussian series of 
computational chemistry computer programs [144], determine the potential and 
electron cloud densities by using the Hartree-Fock self-consistent field algorithm. 


' The system potential energy (N e electrons and N n nuclei) electron-nuclear attraction, the electron- 
electron repulsion, and the nuclear-nuclear repulsion are given by [144] 

N e N n N e N e , N n N n 
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where z is the atomic number and A r is the absolute value of separation distance between the two 
charged entities. 
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The Hartree-Fock method is an approximation to the electronic Schrodinger equa- 
tion. In this approximation, the exact Hamiltonian (the sum of kinetic and potential 
energies) is replaced with the Fock operator. This is an approximation describing 
the interaction of each electron with the average electronic field (rather than with 
every other electron separately). We will discuss the solutions to the Schrodinger 
equation, including the density functional theory (DFT), in relation to electronic 
band structures in Section 5.4. 

The bond order is the number of pair electrons shared, i.e., single bond means 
one pair shared, double means share two pairs, etc. 0=0 shares two 2s and two 2 p 
electrons (two pairs). Figure 2.6(a) shows an 0=0 bond (The double bond exists at 
the bottom of the well.) calculated with the Gaussian. 1 As the separation distance 

o 

decreases, first a single and then a double bond is formed (r < 1.25 A). As discussed 
in Section 1.5.2, we use the atomic length unit, the Bohr radius rp = hp/4jr 2 m e e 2 = 
0.52917725 A, and energy unit e 2 /r^ (a hartree), 27.21 14eV = 4.35975 x 10 -18 J. 
Atomic oxygen has the electronic configuration ls 2 2s 2 2p 4 (Table A. 2). 

After obtaining the ab initio , results for cp(r) are obtained by use of several 
existing potential models. These contain constants that are fitted by the use of least- 
square fit. The models (from Table 2.1) considered here are the Morse, expanded 
harmonic, and 12-6 L-J potentials, i.e., 

Morse potential ip — (p Q {[ 1 — e~ ao ^~ r °^ — 1}, 


expanded harmonic potential 
12-6 L-J potential 


<P 

<P 


\ T a(r -r G ) 2 + jUi (r 


r °) + 12 ^ 2r 


A 

~12 


B 
~6 ‘ 


- r a ) 4 , 


(2.7) 


Here we have used T instead of k as the spring constant. Note that, compared 
with the L-J model given in Figure 2.2, here cry = ( B/A ) l/ 6 , and eu = A l /2B. 


t The input begins with the command line scan requested followed by a file title line. The third input 
line begins specification of particular species, beginning with the number of charge on the molecule 
(zero in this case) and then the spin multiplicity (one here). The fourth line sets oxygen as the first 
atom. In the fifth, the second atom is set as oxygen and is bonded to the first atom in the molecule 
“1” at a distance r from the first. This distance is variable as defined by the sixth (r as variable) 
and seventh (range of r starting from 0.8 A, with 37 steps of size 0.03 A) lines. The self energy 
is —150.12056 hartree (the inner-orbital electrons of O atoms have very large energy). Note that 
lhartree = 27.21 14eV. The input file () to Gaussian is listed subsequently (no entry implies blank 
line). 

1. # T B3LYP/6-311+=g(3df,3pd) scan test 

2 . 

3. OO scan 

4. 

5.01 

6.0 

7. Olr 

8. Variable 

9. r 0.8 37 0.03 

10. add a blank line 
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(a) 



(b) 

Figure 2.6. (a) Ab initio potential for dioxygen 0=0 covalent double (at well bottom) bond 
from Hartree-Fock approximation [144] and various potential models fitted to it. The exper- 
imental results for equilibrium potential and separation distance are also shown, (b) Wave 
function distribution along the 0=0 axis, for unchanged Is orbitals, and 5 -type and p-type 
orbitals in the 2s p shell. Atomic O has the electronic structure \s 2 2s 2 2p A . The sigma and pi 
bonds are also shown. 
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For the 0=0 bond considered here, we have 

Morse potential (p Q — 5.14228 eV, a Q = 2.87104 A \ r Q = 1.17618 A, 

° —2 

expanded harmonic potential V a — —1.1695 x 10 eV-A , 

h = 276.678 eV-A~ 3 , 
k 2 = 518.141 eV-A' 4 , r Q = 2.02355 A, 

L-J potential A = 2.7602 eV-A“ 12 , B = 5.79201 eV-A' 6 . (2.8) 

Figure 2.6(a) also shows the results for the preceding models. The experimental 

o 

result for the equilibrium bond length r e (1.21 A), and bond energy cp e (5.17 eV) are 
also shown and are in good agreement with the ab initio results (some other bonds 
are listed in Table 2.3 and will be discussed in Section 2.2.4). The closest fit to the ab 
initio data, over the entire range, is the Morse potential. In addition, this potential 
matches the magnitude and location of the potential well. 

Figure 2.6(b) shows the wave function distributions (Section 2.6) of the oxygen 
atomic orbits along the 0-0 axis.* The results are for the covalent, double-bond 


t 


In molecular physics, the atomic orbits are often described by a set of Gaussian-type orbitals 
(GTOs) for fast calculations, i.e., 

N 

i 


where the coefficients are called the contraction coefficients, and g ,• is a GTO. 

The GTO (also called the Cartesian Gaussian or Gaussian primitive function) is expressed as 


g(a, /, m, n, f;x,y,z) = ce 


— ^ t>~ a f 2r2 x l y m Z n . 


Here a is called the exponent, f is a scale factor (determined by the basis), and c is a normalization 
constant determined by / and a. Also a, y, z are Cartesian coordinates, and the summation of their 
exponents L = l + m + n is used to mark functions as 5-type (L = 0), p-type (L = 1), r/-type (L = 2), 
and so on. For example, the following GTOs are normally used 


2 p x =ce- a f 2rl x 


2 p y =ce- a f 2r2 y 

2 Pz = c e~ a f 2r2 z. 

Gaussian03 will output the components and contraction coefficients when the keyword “GFPrint” 
appears in the command line. The output of Gaussian with the basis of 6-31 G is as follows 


1 . 

Atom 

Ol Shell 1 S 6 



2. 


0.5484671660D+04 

0.1831074430D-02 


3. 


0.8252349460D+03 

0.1395017220D-01 


4. 


0.1 8804695 80D +03 

0.6844507810D-01 


5. 


0.5296450000D+02 

0.2327143360D+00 


6. 


0. 1689757040D+02 

0.4701928980D+00 


7. 


0.5799635340D+01 

0.3585208530D+00 


8. 

Atom 

Ol Shell 2 SP 3 



9. 


0.1553961625D+02 

-0.1107775495D+00 

0.7087426823D-01 

10. 


0.3599933586D+01 

-0.1480262627D+00 

0.3397528391D+00 

11. 


0.1013761750D+01 

0.1130767015D+01 

0.7271585773D+00 

12. 

Atom 

Ol Shell 3 SP 1 
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dioxygen equilibrium separation distance. The Is orbital is a core orbital and the 
overlap between the two Is orbitals is small. The 2s orbital has symmetry around the 
nucleus centers. However, the 2 p has an anti-symmetry around the nucleus centers. 
Thus the possibility of having an electron located between the two nuclei is high. 

The sigma (two) and pi (one) bonds and double bond 0=0 are also shown in 
Figure 2.6(b). 

2.2.3 Potential Models and Phases 

Table 2.1 lists some of the most commonly used interatomic potentials [152]. A 
review of various potentials is given in [90]. In addition to the motion along the bond 
axis shown in Figure 2.6, for a diatomic molecule, there are torsional and various 
other in-plane and out-of-plane motions. Figure 2.7 lists 11 such motions. These are 
bond stretching, angle, torsion, out-of-plane, bond-bond, angle-angle, bond-angle, 
electrostatic, angle-angle-torsion, out-of-plane-out-of-plane, and nonbonded. The 
complete interatomic potential (not the form always used) would contain the con- 
tribution from all of these motions, when applicable. 

The L-J potential is an effective potential that describes the interaction between 
two uncharged molecules or atoms (Figure 2.4). This potential is mildly attractive 
as two uncharged molecules or atoms approach one another from a distance, but 
strongly repulsive when they come too close to each other. At equilibrium, the pair 
of atoms or molecules tends to go toward a separation distance corresponding to the 
minimum of the L-J potential. 

The potential models represent the interatomic forces discussed in Section 2.1. 
The London dispersion forces exist between nonpolar molecules that would seem 
to have no basis for attractive interactions. However, gases of nonpolar molecules 
can be liquefied, indicating that, if the thermal (kinetic) energy is reduced to a suffi- 
ciently low level, an attractive force can dominate. The London forces arise from the 
motions of electrons within an atom or nonpolar molecule that can produce a fluctu- 
ating dipole moment. This causes neighboring atoms to be attracted to one another, 
but is significant only when the atoms are close together. The ease with which an 
external electric field can induce a dipole (alter the electron and charge distribution) 
within a molecule is referred to as the polarizability of that molecule. The greater 
the polarizability of a molecule, the easier it is to induce a momentary dipole and 
the stronger the dispersion forces. The larger molecules tend to have greater polar- 
izability because their electrons are farther away from the nucleus (any asymmetric 
distribution produces a larger dipole due to larger charge separation), and their 
number of electrons is greater (higher probability of asymmetric distribution). 

13. 0.2700058226D+00 0.1000000000D+01 0.1000000000D+01 

Here, lines 1, 8, and 12 start with the atom index, followed by the index of the electronic shell, shell 
type, and the number of primitive functions. In the lines following them, the first column shows the 
exponents, the second column shows the contraction coefficients for s-type GTOs, and the third 
column shows the contraction coefficients for p-type GTOs. The shell type “SP” means that the 
.v-type GTOs and p-type GTOs share the same exponents. The summation of the GTOs for an 
orbit gives the wave function of the orbit (note that the wave function should be normalized to 
make sure the integral of the square of it over the space is equal to 1.0) 
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Table 2.1. Some interatomic potential models (two, three, and four-body, including bond 
angles) [152]. 


Potential 

designation 

Model 

Units for parameters 

Buckingham 

Aexp(— r/r Q ) — Cr~ 6 

A in eV, r 0 in A, C in eV-A 6 

L-J 

(combinative rule 
permitted, Section 
4.11.2) 

Ar~ m - Br~ n 

or <?lj [ci(cr/r) m - c 2 (o u /r) n ] 
ci = [n/(m — n)](m / nf m 
c 2 = [m/(m - n)](rn/nf m ^ m - n ^ 

A in eV-A m , B in eV-A" 
c u in e V, a LJ in A 

Expanded 
harmonic 
(&3 and &4 
optional) 

(l/2)r fl (r - r Q ) 2 + (l/6)*i(r - r G ) 3 + 
(1/12 )k 2 (r - r Q ) 4 

V a in eV A -2 , r Q in A, k\ in 
eV-A -3 , k 2 in eV-A~ 4 

Born harmonic 

(l/2)r (r - 

r in &V-A- 2 

Morse 

¥>o«l - exp[— a 0 (r - r 0 )]} 2 - 1) 

(p Q in eV, a Q in A -1 , r Q in A 

Spring 

(core-shell) 

(l/2)r a r 2 + (l/24)A: lf ' 4 

r a in eV-A" 2 , h in eV-A“ 4 

General 

Aexp(— r/r 0 )r~ m — Cr~ n 

A in eV-A m , r a in A, C in eV- A" 

Two-body 

Stillinger-Weber 

Aexp[r 0 /(r - r max )](Br 4 - 1) 

A in eV-A, r Q in A, B in eV-A 4 

Three-body 

Stillinger-Weber 

<^ 0 exp[r 0 /(ri 2 - r max ) + r 0 /(r 13 - 
r max )] [COS(0 2 13 ) ~ COS (0 o )] 2 

(p Q in eV, r Q in A 

Expanded 

three-body 

harmonic 

( 1/2 )h(e - e 0 ) 2 + (i/6 )k 2 (e - e 0 y + 

(l/12)l- 3 (e - 6 0 ) 4 

k\ in eV-rad -2 , 0 o in degrees, k 2 
in eV-rad -3 , k 2 in eV-rad -4 

Expanded 
three-body 
harmonic 
+ exponential 

(l/2)h(82i3 - e 0 ) 2 X 
exp(-r 12 /r 0 )exp(-ri 3 /r 0 ) 

k\ in eV-rad -2 , Oo in degrees, 
r G in A 

Axilrod-Teller 

k[ 1 + 3C0S(6>213)C0S(G 2 3)C0S(G32)] 
/{rnrnr23) 

k in eV-A 9 

Three-body 

exponential 

<^ 0 exp(— n 2 / r 0 )exp(— ri 3 /r 0 )exp(— r 23 /r 0 ) 

(p Q in eV, r Q in A 

Urey-Bradley 

(l/2)r(r 23 - r 0 ) 2 

T in eV-A -2 , r Q in A 

Four-body 

(Po[l + cos (nO - 0 O )] 

(p Q eV, 0 o in degrees 

Ryckaert- 

Bellemans 

y^^„(cos <py 

n = 1 

(p n in eV 


Qijk represents the angle between the two interatomic vectors i-j and j-k and 0^* is the torsional angle 
between the planes i jk and jkl. We will use T instead of k for the spring constant, since k is used for the 
thermal conductivity. 


2.2 Orbitals and Interatomic Potential Models 


67 


Bond Stretching Angle Torsion Out-of-Plane 



Bond -Bond Angle -Angle Bond-Angle Electrostatic 



Angle -Angle-Torsion Out-of-Plane-Out-of-Plane Nonbonded 



Figure 2.7. Various atomic motions contributing to the interatomic potential. 

Hydrogen bonding forces arise when a hydrogen atom in a polar bond (e.g., H- 
F, H-O or H-N) experiences an attractive force with a neighboring electronegative 
molecule or ion that has an unshared pair of electrons (usually a F, O or N atom on 
another molecule). Hydrogen bonds are considered to be dipole-dipole-type inter- 
actions. The hydrogen atom has no inner core of electrons, so the side of the atom 
facing away from the bond represents a virtually naked nucleus (a proton). The pos- 
itive charge of this electron-deficient side is attracted to the negative charge of an 
electronegative atom in a nearby molecule. Water is unusual in its ability to form an 
extensive hydrogen bonding network. 

The simple interatomic potential (for van der Waals forces) of a pair of 
atoms/mole-cules following the 12-6 L-J potential model is given by [similar to that 
given in (2.7)] 

<Pu = 4e L j[( — ) 12 - ( — ) 6 ] L-J potential. 
r r 

repulsion attaction (2.9) 

In Figure 2.3, the effective L-J potential is that which results when interactions 
with all the atoms in a FCC lattice are taken into account. The inset of Figure 2.3 
shows the equilibrium position and the RMS displacement obtained by MD simu- 
lations for three temperatures. The maximum temperature is close to the melting 
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Table 2.2. L-J potential model constants for 
noble-gas element atomic pairs [12, 245]. 


Noble-gas pair 

m, eV 

o 

G LJ i A 

o 

r nn,ei A 

Ne-Ne 

0.0031 

2.74 

3.13 

Ar-Ar 

0.0104 

3.40 

3.76 

Kr-Kr 

0.0140 

3.65 

4.01 

Xe-Xe 

0.0200 

3.98 

4.35 


point (89.8 K for molecular dynamics). Note that, as the temperature increases, 
the solids generally expand (increasing the atomic spacing). The cutoff used is 
r/cru = 2.5, as shown in the figure. Values of the L-J scales for some noble gas 
element pairs are given in Table 2.2. Note that for example for Ar, in Table A.2 the 

o 

isolated atom has a radius of 1.88 A, and a LJ is 3.40 A, or nearly twice the atomic 
radius. Ne has a smaller atomic radius and Kr has a larger one. The atomic radius is 
found from the electron orbital probability obtained from the Schrodinger equation 
(Section 2.6.6). 

The temperature scale is eu/^B- More information on the L-J potential can be 
found in [12]. The hard-sphere and square-well potentials are not appropriate in MD 
simulations because they are not differentiable, as needed to calculate forces. They 
are more commonly used in Monte Carlo simulations, for which only energy cal- 
culations are required. The choice of the transition lengths in these potentials may 
depend on the system of interest. Here, they are chosen at r/ou values of 1 (hard 
sphere and square well) and 1.5 (square well). The distance to nearest neighbors in 
the FCC solid state is also listed. 

As another example of interatomic potential, consider a polyatomic molecule 
such as SiC> 2 . The van Beest-Krammer-van Staten (B-K-S) interatomic potential 
between atom i and j separated by a distance r is [474] 

<Pbks = + Ae~ r/r ° B-K-S potential, (2.10) 

r r b 

shown in Figure 2.8. To match the dynamic behavior and potential of SiC >2 crystals, 
further refinement to this potential is made to arrive at [318] 

<Pbks = ^erf(o'r) + Ae~ r/r ° + 4e [(— ) 24 — ( — ) 6 ] modified B-K-S potential. 

r r r 

( 2 . 11 ) 

This is a combined Wolf [496] and modified 12-6 L-J (2.9). Only the two-body term 
is shown in Figure 2.8 for the Stillenger-Weber (S-W) model (Table 2.1) for sili- 
con [450]. For the B-K-S silica curves [256, 474], the Wolf method [496] has been 
used to model the electrostatic interactions with an a value of 0.431 A -1 . The cutoff 
radius used is 6.44 A. The Si-O and 0-0 curves show nonphysical behavior below 
the minimum value of the distance plotted. However, this atomic separation falls 
below anything encountered in the solid state. If liquid silica is modeled, an L-J 
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Figure 2.8. Variation of the interatomic potential for silicon and silica (Si02) with respect to 
separation distance.The B-K-S potential model for Si-O, O-O, Si-Si, and the S-W two-body 
Si-Si potential model are shown. Typical equilibrium spacings are also shown [318]. 


24-6 potential must be added to the B-K-S potential to prevent the system from 
blowing up [174]. Note the different behaviors of the Si-Si curves. This is because 
the Si-Si interactions in silicon are covalent, whereas in silica they are ionic. The 
energies associated with the silicon and silica potentials are on the order of 100 
times greater than those encountered in the L-J potential. This is an indication of 
the large strength of covalent and ionic bonds compared with bonds that result from 
dipole fluctuations (i.e., London forces). 

Various solid silica structures can be constructed from the preceding potentials, 
and Figure 2.9(a) shows some of these [318]. Each Si, [Ne]3.s 2 3/? 2 , is linked to four 
O, [He]2s 2 2p 4 , and each O is linked to two Si. All electrons are used in the covalent 
bonds (no delocalized electrons), so this makes for an electrically nonconducting 
solid. Quartz is an anisotropic crystal ( a and c directions) and has an ordered tetra- 
hedral building block. Amorphous silica (glass) has a random structure made of 
such tetrahedrons. Zeolites have cages (crystal pores), and some silica zeolites have 
sodalite (SOD) cage building blocks. 

In Section 7.13.1, we list the Morse potential parameters for several bonds. No 
one potential can accurately represent arbitrary bonds, and in Section 4.11.2 we dis- 
cuss a general bond strength estimation using a general form of the Lennard-Jones 
potential. A combination of the formation process (from gas, liquid, or solid phase), 
atomic stoichiometry of the ingredients temperature and pressure, as well a pres- 
ence of mediating chemical and physical agents (e.g., catalysts), determines the par- 
ticular atomic arrangement. For example, Figure 2.9(b) shows the various solid-state 
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Figure 2.9. (a) Various solid-state phases (structures) of silica, and (b) various solid-state 
phases of carbon [320]. These include crystalline and amorphous phases. 
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Figure 2.9. (continue d)(c) Variations of thermal conductivity of carbon solids with respect 
to temperature. The experimental results for diamond, graphite (anisotropic), fullerene, and 
amorphous phase are shown. 



structures of carbon (e.g., diamond, graphite, carbon nanotube, graphene, fullerene 
carbon, and soot). With the [He]2s 2 2p 2 orbitals of C, single and double bonds are 
possible. In diamond the bonds are single and each C atom has four near neighbor 
C atoms (tetrahedral, bond angle 109.5°). In graphene there are three near neigh- 
bor C atoms, so the fourth electron is delocalized (conduction or free electron). 

o 

Graphene C-C average bond length is 1.42 A, and it is the basic structural element 
of graphite, carbon nanotubes and fullerenes. Due to the delocalized electron, these 
are all electrically conducting. The diameters d of a single-walled nanotube, Bucky- 
ball (e.g., carbon cage or fullerene carbon), and soot of the order of one nanometer 
conglomerates and become larger. 

Figure 2.9(c) shows the variation of phonon (equal to the total thermal con- 
ductivity, i.e., no electron contribution) thermal conductivity of carbon in diamond, 
graphite (which is an anisotropic crystal), Buckminister fullerene solid, and amor- 
phous solid phases, with respect to temperature [320]. Diamond has the overall 
tightest (smallest average interatomic spacing) packing among the crystalline phases 
shown, and has the highest thermal conductivity. These show the dominant role of 
molecular arrangement on the properties (including transport properties), and the 
ability to synthesize the desired structure (for function) from constituent atoms. 

The properties of a nanotube depend on the wall (single-, double-, or multiple 
layer), chirality (Glossary), and diameter. We will discuss the temperature depen- 
dence of the crystalline and amorphous phase phonon conductivities and the crys- 
talline atomic structures in Chapter 4. 
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Figure 2.10. (a) Examples of classifications of gaseous molecular structures, and (b) electron 
pairing and bond angles for the same gas molecules in (a). 


Figures 2.10(a) and (b) show the atomic structure of some gases. Figure 2.10(a) 
shows the linear, trigonal, tetrahedral, trigonal bipyramidal and octahedral molec- 
ular geometries. Figure 2.10(b) shows the electron pairing and the bond angles for 
some gas molecules. 


2.2.4 Examples of Atomic Bond Length and Energy 

Table 2.3 lists the bond length r e and energy cp e for some atom pairs appearing in 
compounds of common chemical reactions of interest [409]. The bond lengths range 

o 

from 1 to 3 A, and the bond energies range from 1 to 10 eV. The nitrogen triple 
bond in N2 is among the tightest and most energetic. Note that some of the bonds, 
for example C=C, can have different lengths and energy levels when they appear 
in different compounds. Examples of weaker bonds are the noble-gas elements, for 
which the pair bonding energies (same as 6 lj) are listed in Table 2.2, such as 0.0031 
eV for Ne-Ne. 

From Table 2.3, the energy released/absorbed during reactions can be calcu- 
lated. For example, the reaction of 2H2 and O2 resulting in 2H2O releases energy of 
4.99 eV/ O2, and when this is divided by the charge of four electrons it produces, it 
gives 1.248 V as the ideal electric potential produced (see end-of-chapter problem). 
It can be shown that oxidation of methane (CH4) results in release of 11.33 eV/CFL* 
(end-of-chapter problem). There are also endothermic reactions (where net energy 
is absorbed), in that case more energy is needed to break the reactant bonds than is 
formed by the reactant bonds. For example, in photosynthesis of glucose (6CO2 + 
H2O — > C6H12O6 + 6O2) energy input is needed (provided by photon absorption). 
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Table 2.3. Atomic pair bond length r e and bond energy cp e for some typical strong bonds and 
their compounds , as encountered in common chemical reactions [409]. 


Atom pairs 

Compound 

0 

r e , A 

<Pe, eV 

Atom pairs 

Compound 

0 

r e , A 

(Pe, eV 

Al-F 

A1F 

1.65 

6.86 

K-Br 

KBr 

2.82 

3.95 

Al-H 

A1H 

1.65 

2.95 

K-Cl 

KC1 

2.95 

4.41 

Al-O 

AlO 

1.62 

5.02 

K-I 

KI 

3.29 

3.37 

As-F 

AsF 3 

1.71 

5.04 

Mg-Cl 

MgCl 

2.18 

4.22 

B=0 

BOF 

1.23 

9.00 

Mg-F 

MgF 

1.75 

5.72 

B-Br 

BBr 

1.87 

4.32 

N=N 

n 2 

1.09 

9.80 

B-Cl 

BC 1 

1.76 

5.22 

N=0 

NO 

1.15 

6.55 

B-I 

BI 

2.1 

3.54 

Na-Br 

NaBr 

2.68 

3.85 

Br-Cl 

BrCl 

2.14 

2.22 

Na-Cl 

NaCl 

2.53 

4.29 

Br-F 

BrF 

1.76 

2.58 

N-F 

NF 

1.37 

2.99 

C=C 

C2H2 

1.2 

8.20 

N-F 

NOF 

1.52 

2.61 

c=o 

CO 

1.13 

11.34 

N-S 

NS 

1.5 

4.99 

C=C 

CH 2 CO 

1.31 

6.11 

0=0 

o 2 

1.21 

5.17 

C=C 

c 2 

1.31 

6.53 

O-F 

OF 

1.42 

2.00 

c=o 

co 2 

1.16 

8.34 

P=P 

P2 

1.89 

5.42 

Ca-F 

CaF 

2.02 

5.51 

Pb-F 

PbF 

2.11 

3.24 

Ca-O 

CaO 

1.82 

4.03 

P-Br 

PBr 

2.23 

2.75 

C-C 

CCI 3 CHO 

1.52 

3.11 

P-Cl 

PCI 

2.04 

3.26 

Cl-F 

C1F 

1.63 

2.60 

P-F 

PF 

1.59 

4.87 

Cl-O 

CIO 

1.55 

2.80 

P-H 

PH 

1.42 

3.14 

Cs-I 

Csl 

3.32 

3.25 

P-O 

PO 

1.45 

5.22 

Ga-H 

GaH 

1.58 

2.84 

P-S 

PS 

1.92 

5.36 

Ge-Br 

GeBr 

2.3 

2.62 

Rb-Br 

RbBr 

2.95 

3.92 

Ge-Cl 

GeCl 

2.08 

3.56 

Rb-F 

RbF 

2.87 

5.02 

Ge-F 

GeF 

1.68 

5.07 

Sb-Cl 

SbCl 3 

2.33 

9.76 

H-As 

AsH 3 

1.51 

3.07 

Si=S 

SiS 

1.93 

6.66 

H-C 

CH 2 CO 

1.08 

4.28 

Si-Si 

Si 2 

2.25 

3.29 

H-H 

h 2 

0.74 

4.52 

Si-Cl 

SiCl 

2.0 

4.02 

H-O 

h 2 o 

0.96 

4.80 

Si-Cl 

SiC 

1.65 

4.48 

H-O 

OH 

1.03 

4.44 

Si-F 

SiF 

1.6 

5.72 

H-S 

HS 

1.36 

3.78 

Si-N 

SiN 

1.57 

4.58 

I-Br 

IBr 

2.45 

1.84 

Sn-H 

SnH 

1.79 

3.21 

I-Cl 

IC1 

2.3 

2.18 

Te-Se 

TeSe 

2.5 

2.30 

I-F 

IF 

1.91 

2.91 

Tl-F 

T1F 

2.08 

4.60 

In-H 

InH 

1.84 

1.99 

Xe-O 

Xe0 3 

1.76 

1.31 


2.2.5 Radial Distribution of Atoms in Dense Phase 

The local density of a collection of particles (molecules) p(r) is given in terms of the 
radial distribution (RDF) function g(r) as 

P(r) = (p)g(r), (g(r)) = f f g(r)4itr 2 dr, (g(r)) -* 1 for r -* oo. (2.12) 

y Jo 

Here the radial location r is measured from the center of a reference particle. For 
ideal gases, g(r) = 1, everywhere, whereas for nonideal gases, liquids, and solids 
g{r) varies greatly over several intermolecular lengths (measured from the central 
particle). 


74 


Molecular Orbitals/Potentials/Dynamics, and Quantum Energy States 



Figure 2.11. Ar L-J potential radial distribution functions for (a) the FCC crystal at T - 20, 
40, 60, and 80 K, and (b) the amorphous phase at T - 10 K and the liquid phase at T = 70 and 
100 K [315]. 


The RDF describes the distribution of the atoms in a system from the stand- 
point of a fixed, central atom. Its numerical value at a position r is the probability of 
finding an atom in the region r — dr/2 < r < r + dr/2. The Fourier transform of the 
RDF is called the structure factor, which can be determined from scattering exper- 
iments. The RDFs for the Ar FCC crystal from MD simulations at temperatures of 
20, 40, 60, and 80 K, the amorphous phase at a temperature of 10 K, and the liq- 
uid phase at temperatures of 70 and 100 K are shown in Figure 2.11. The RDF can 
be determined only up to one half of the simulation cell size, which here is about 
3.25 au for the solid phases and slightly larger for the liquid. 

The RDF of the Ar FCC crystal phase shows well-defined peaks that broaden 
as the temperature increases and the atomic displacements increase. Each peak 
can be associated with a particular set of nearest-neighbor atoms. The locations 
of the peaks shift to higher values of r as the temperature increases and the crys- 
tal expands. In the amorphous phase, the first peak is well-defined, but after that, 
the disordered nature of the system leads to a much flatter RDF. There is no order 
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beyond a certain point. The splitting of the second peak is typical of amorphous 
phases, and consistent with the results for L-J Ar [280]. The presence of only short- 
range order is also seen in the liquid phase, in which only the first neighbor peak 
is well-defined. This is expected, because the physical size of the atoms defines the 
minimum distance over which they may be separated. 

2.3 Molecular Ensembles, Temperature, and Thermodynamic Relations 

2.3.1 Ensembles and Computational Molecular Dynamics 

The ensemble-average behavior of a collection of particles is used in statistical 
mechanics (Section 1.3) and allows for the determination of macroscopic proper- 
ties of the system. Each ensemble includes a collection of positions and velocities 
of a given number of particles at a given energy and volume (for NVE ensemble, 
discussed in Section 2.5.1). It is possible for these same particles to have different 
positions and velocities, but the same macroscopic properties. This means the par- 
ticles are allowed to differ microscopically, while retaining the same macroscopic, 
independent properties when looked at as a whole. 

Because of the way an ensemble is constructed, if snapshots of all the possible 
configurations (different particle positions and velocities) is taken at some instant 
in time, we will find that they differ in the instantaneous values of their bulk prop- 
erties. This phenomenon is called fluctuation. Thus the true value of any particular 
bulk property must be calculated as an average over all the possible microscopic 
arrangements of the ensemble. This is what is meant by an ensemble average, and 
the instantaneous values are said to fluctuate about the average value. 

MD proceeds by numerically integrating the equations of motion of these par- 
ticles. Each time step generates a new arrangement (or configuration) of the atoms 
and new instantaneous values for macroscopic properties such as temperature, pres- 
sure, and energy. Determining the thermodynamic values of these variables requires 
an ensemble average. In MD, this is achieved by finding the average over successive 
configurations generated by the simulation. It is assumed that an ensemble average 
(which relates to many configurations of the system) is the same as an average over 
time of one configuration (the system simulated). This assumption is known as the 
ergodic hypothesis and is generally true, provided a long enough time behavior is 
included in the average. The specifics of this hypothesis are given in Section 2.3.3. 
Other examples of properties that can be calculated as ensemble averages include 
the elastic properties of solids and time correlations. 

2.3.2 Energy Equipartition 

The energy equipartition theorem relates the temperature of an ensemble of atoms 
or molecules (treated as classical particles) with its average energy. Under thermal 
equilibrium (where the particles energy follows the energy occupation probability 
/°) this energy is shared equally among all of its various forms. This means the 
average kinetics energy per degree of freedom in the translational motion of particle 
should equal that of its rotational motion (we will use this in Section 4.7 for phonons 
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and in Section 6.2 for fluid particles). This energy per degree of freedom of each type 
of motion is equal to k^T /2. 

The equipartition theorem works well at relatively high temperatures, but at 
low temperatures the quantum effects become significant, since the thermal energy 
k^T becomes smaller than the quantum energy increments in a particular degree 
of freedom. For example the phonon average specific heat capacity per degree of 
freedom becomes less than that predicted by the classical equipartition as the tem- 
perature becomes less than the Debye temperature (Section 4.7.1). Phonon (atomic 
vibration) represent both the kinetic and potential energy and the energy equiparti- 
tion also applies to the potential energy (and for the harmonic oscillator, the average 
kinetic and potential energies are equal, Section 2.5.2). 

2.3.3 Thermodynamic Relations 

From the microscopic (statistical) perspective, temperature is the measure of the 
average kinetic energy of the molecules (or atoms) of a substance, i.e., the greater 
the translational kinetic energy, the higher the temperature. Note that this energy is 
solely due to thermal fluctuations of the constituent particles (the particular phase 
these particles assume is determined in part by their temperature). The absolute 
zero of temperature (0 K) is where the molecules have no motion in classical sys- 
tems (there is a zero point motion in quantum mechanics). This definition of tem- 
perature, for a system of N particles, with individual particles having mass ra; and 
instantaneous translational speed w/, as shown in Figure 2.2, is [460] 

N 

2 (J2 m iU*) 

T = — '-t— , each partitioned energy is -k^T (for TV 1) (2.13) 

-NfkB 2 

where Nf = 37V is the number of translational degrees of freedom of the system 
of particles. We will discuss vibrational and rotational motions in Section 6.1. This 
kinetic definition of temperature is an integral part of its relation to the entropy S 
(a measure of multiplicity) of the system. For the vibrational and rotational energy, 
these kinetic energies (and their occupancies) are represented with similar average 
as in (2.13). 

The equilibrium thermodynamic state of N particles in a volume V is given in 
terms of E — E(S, V , N), and T is also related to the derivatives of these functions. 
We defined S in terms of the partition function Z in (1.6), and Z in turn is related to 
the energy (Table 2.4), so we have 

E 00 e 

S = k B NlnZ+- = k B N In £ e El/kBT + (2.14) 

i = 0 

where each Ej (includes translational, vibrational, rotational, and electronic energy, 
Figure 1.1) is an individual micro energy state of the system and E is the total 
internal energy. These are repeated in Table 2.4, along with the definition of Nf. 
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In fluctuation theory, allowance is made for the anharmonic motions, and then the 
temperature is defined in terms of the anharmonicity parameter a(T). 

Thermal equilibrium in a system of particles corresponds to its maximum 
entropy, and the rate of approach to that state is proportional to the difference 
in temperature between parts of the system. The equilibrium state of a collection 
of particles then becomes the state of greatest multiplicity, and the temperature 
(and similarly pressure and chemical potential) defined in terms of this multiplicity 
(entropy) is [72] 


T = 


1 


dS 


dE 

V,N 


dE 


dE 


dE 

ds 

V,N 

p dv 

S,N 

11 - dN 


(2.15) 


where we have also included the definitions of pressure and chemical potential 
li. The macroscopic thermodynamic definition of temperature is expressed as the 
inverse of the rate of change of entropy with respect to internal energy, with the 
volume V and the number of particles N held constant. A few other useful thermo- 
dynamic relations are given in Table 2.4. 


2.4 Hamiltonian Mechanics 


2.4.1 Classical and Quantum Hamiltonians 


In Newtonian mechanics, the equation of motion of particle k , in a multibody system 
(subject to two- and three-body forces) is 


d 

dt 


(m k u k ) = 


dp k 
d t 


d m k x k 



(2.16) 


where m k is the mass, u k and x k are the velocity and position vector of particle k , 
and F k is the sum of all the external forces acting on it (Table 2.4). However, in 
statistical mechanics the equation of motion is not directly solved, and instead the 
total energy of the particle is tracked, i.e., the Hamiltonian (on its derivatives). 

In classical mechanics, the Hamiltonian H(x, p ) is a function describing the total 
energy state of a mechanical system. The Hamiltonian equations of motion are the 
relations between H and its derivatives of x, p , and their time derivatives (i.e., a 
generalized coordinate x and a generalized momentum p) are [323] 1 


dx 3H dp 3H 

dt dp dt dx ’ 


(2.17) 


t The total derivative of H is [323] 


, v— v 3H 3H 

dH = i~ dXi - 

V dp k “ d.Xi 


Then the equipartition of energy gives 


3H 3H 

(Pk ~ — ) = k B T, {Xi— ) = k B T , 
dp k dxi 


where ( ) indicates ensemble average. 
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Table 2.4. Microscopic ( statistical ) and macroscopic thermodynamic relations [460, 72]. 


Microscopic (statistical) thermodynamic relations include the following: 

Temperature, pressure and potential, and kinetic energy are related to individual particle (atom or 
molecule in translational motion) 


1 N N 


N i |2 
\pi\ 


T = 


i = 1 


/'=! 


mi 


2Ekj 


for translational 
(displacement) 


P = 


1 , 3(N-l)k B 3(N-l)k B , 

~N/k B kinetic energy only 

1 n N 

+ ' Fi i) 


2 

Nk B T 


i = 1 


£ = £/: + E p 

N 

2 


N N 


Ek,t = 22 - niju E p = (cp) = - y t y <p(xjj) for pair potentials 
2 2 
i=l i=l 

where N / is number of translational (displacement) degrees of freedom in the system [in translational or 
displacement-only MD, Nf = 3(N — 1), where N is the number of particles] for systems with N 1, and 
N — 1 is required for having zero momentum for the system. 

Entropy, internal energy, and pressure are related to the partition function Z (and Hamiltonian H) 

-H(x, p ) 


Z = 


Z = 


// exp[ 


k B T 


■]djt dp, H = 22 H/ partition of energies and partition function 


hp N N\ 


~ / ex P[ 


^ ]d 3yv x d 3N p integral grand (canonical) partition function 

k B T 


77 00 17 

S = k B N In Z + J = kzN In e Ei/k * T + ^ 




,-Ei/kQT 


E = 


= k B T 2 N 


9 In Z 


lw,v 


, 91nZ, 

p = k B l \t n- 

I a dy \ 1 ,Iy 


Thermal fluctuation theory uses energy deviations, and temperature is defined as 

„ r <( £ - < £ » 2 ) ,1/2 ™, r , 

E = [ ] ' , = a(T)N f k B 

k B c v 

where a (T) represents anharmonicity in the system. 


Macroscopic thermodynamic relations include: 
dE = TdS + fidN - pdV, n~T — \ p = h, T = 


1 


dE 


a _ 

ds 


de 

ds 

3E 

V,N 

ds 

V,N 

T ” 

dN 

E,V 

Cv ~ dT 


V 


E internal energy, J, e specific internal energy, J/kg 
h specific enthalpy, J/moleculae 

H Hamiltonian, J 

S entropy, J/K 

V volume (m 3 ), v specific volume, m 3 /kg 
Z partition function 

U chemical potential, J/molecule 

(p potential energy, J 


The quantum mechanical expectation value of temperature (kinetic energy) is based on the quasi-particle 
momentum and is [171] (derivation left as Chapter 5 problem) 


(E k ) = - 


n 2 


2m 


/ 


vk t V 2 vhdjr. 
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which is a set of first-order differential equations. Also, 3H/3 1 — 0. The dynamical 
states of a system of N particles is completely determined by 2 N vectors x and p , 
and the energy of the system is given by the Hamiltonian function (for 3 degrees of 
freedom) 


3N 2 N N 

E = H(x, p) = ^ H/ = ^2 — + ) + ^2 <Pij( x i — Xj)] classical Hamiltonian, 

. 2/77 

/ k= 1 i= 1 i<y 

(2.18) 

where is the external potential and <p is the interparticle pair potential (Sec- 
tion 2.2 and depends on particle position only). The Hamiltonian is the central func- 
tion in the theory of statical mechanics. The preceding relations are also listed in 
Table 2.5. 

As indicated in (2.18), the total Hamiltonian of a system contains the various 
energies (e.g., kinetic, electronic). Each of these can be further divided; the kinetic 
energy can be divided into translational, rotational, and vibrational, through the 
partition of energies. 

In (2.18) we have partitioned the energy into kinetic and potential, and further 
partitioned each one. Now using (2.13) we can relate the kinetic energy and tem- 
perature, and also by defining the partition function Z we relate thermodynamics 
properties to Z. The partition function is used to define the probability of a sys- 
tem (equilibrium) of particles to be found in a particular energy state P„, where n 
designates the energy eigenstate [156]. The grand canonical (for systems that can 
exchange both energy and particles with a much larger reservoir) partition function 
is also listed in Table 2.4. 

In quantum mechanics, the Hamiltonian operator (or observable) of the sys- 
tem is the sum of its kinetic and potential energy (p , but in an operator form also 
(operating on a quantum wave function): 


H = 


2m 


V 2 + <p(x) 


quantum Hamiltonian operator. 


(2.19) 


We discuss this in relation to the Schrodinger equation in Section 2.6. 


2.4.2 Probability and Partition Function 

The energy probability density of state n of the ensemble (assuming zero chemical 
potential, \± — 0) is given by 

P n (x, p ) = lexp[— H„(*, p)/knT], ^ P n = 1, (2.20) 


where H„(x, p) = E n (x, p) is the Hamiltonian of state n, and Z is the partition func- 
tion (dimensionless), introduced in (1.6), and is defined in the general form as 


Z = 


If exp[ 


~H (x,p) 
k B T 


]dxdp = 


hl N N\ 


exp[ H ( lj N ^ ]d 3N x d 3 ^ 
k B T 


P> 


( 2 . 21 ) 
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Table 2.5. Classical particle (molecular) dynamics equations (Newton and Hamiltonion 
equations). 


Newton particle momentum conservation equation: 


d d d x k ^ \ ^ — > 

— (m k u k ) = — (m k — ) = F k = 2 ^ F kj + ^ P kij + 


dr 


dr 


ij 


= 


d(p 3 (p . . . 

= — - — s k j interatomic force 


3x 


kj 


dr 


F kj — b kjdkj i r kj — 


d 2 (fikj 

K 


harmonic approximation 


r k j is force constant 


In terms of displacement vector d , 


d 2 d 


m k 



= F k 


Hamiltonian (energy) function: 

H = H(x, p) = ^ H / Hamiltonian, and partition of energies 

i 


= h (pi jc) = E k + E p = E( x, p) classical Hamiltonian 

2 m 

Hamilton equations of motion: 

3* 3H(jc, p) dE(x, p) 

3 r 3/7 3/7 

3/7 3H(jc, p) dE(x,p) 

3 r dx dx 

Hamiltonian function for a system of N particles: 

3N 2 N N 

e = h = yj + yy^xi) + - *.,•)] + . . . 

k = 1 i=l i < j 


E energy, J 

d k j displacement vector, m 

F k applied external force on particle k , N 

H Hamiltonian, J 

p particle momentum, N-s 

(p e external potential energy, J 

(pij interparticle potential energy, J 

r k j spring (force) constant, N/m 


where the grand canonical ensemble (Section 2.5.1) is a statistical ensemble in equi- 
librium with an external bath (particle and energy exchange) at fixed T, V, and /x. 
This integral is in turn represented as a summation, as given in Table 2.4, and is gen- 
erally extremely difficult to calculate because one must calculate all possible states 
of the system. In MD simulation, the points in the ensemble are calculated sequen- 
tially in time, so to calculate an ensemble average; the MD simulations must pass 
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through states corresponding to the particular thermodynamic constraints. To cover 
all possible states, simulations with different initial conditions are used. As shown 
in Appendix F, the energy occupancy distribution functions /° (i = p, e, f, ph ) are 
derived based on the partition function (and the scaled energy Ej/k^T). 

From (2.21), we note that the contribution from each component of the Hamil- 
tonian to the partition function is multiplicative, i.e., Z = 11/ Z/, where each Z 7 is for 
a Hamiltonian. We will use this in Chapter 6 for the fluid particles and its various 
energies. 


2.4.3 Ergodic Hypothesis in Theoretical Statistical Mechanics 

In statistical mechanics, average values are defined as ensemble averages. The 
ensemble average is given by 

(<t>)x.p = a 0(x, p)P(x, p)dx dp, (2.22) 

where 0 is the observable of interest and it is expressed as a function of the positions 
x and momenta p (or velocity u) of the system. The integration is over all possible 
values of x and p. 

Another way, as done in a MD simulations, is to determine a time average of 0, 
which is expressed as 

(0), = lim - f <p[x(t), p(t)]dt ~ 2 V </>[*(?), pit)], (2.23) 

r J t= o K ^ 

where r is the simulation time, K is the number of time steps in the simulation and 
0[x(f), p(t )] is the instantaneous value of 0. 

The ergodic hypothesis states that the phase-space (x, p) ensembles and time 
ensemble ( t ) are equal for ergodic systems, i.e., ergodic hypothesis: 

(0) x p = (0), ergodic hypothesis. (2.24) 

In an ergodic system, all points in phase space (x, p) are accessible from any starting 
point. 


2.5 Molecular Dynamics Simulations 

In a MD simulation [3, 148], the position and momentum space trajectories of a 
system of classical particles are predicted by the Newtonian laws of motion and 
an appropriate interatomic potential. By use of the positions and momenta, it is 
possible to investigate a variety of thermal transport problems at the atomic level. 
Below, we summarize key aspects of MD simulations. 

2.5.1 Ensemble and Discretization of Governing Equations 

MD [148] is concerned with molecular motion, i.e., conformational transitions (flu- 
ids) and local vibrations (solids), which are represented by changes in the positions 
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and velocities of molecules (or atoms/particles) with respect to time. The Newto- 
nian equations of motion are used in the MD formalism to simulate these particle 
motions as classical, multibody systems. The particles are generally considered hard 
spheres, but elastic particles can also be studied. The rate and direction of motion 
(velocity) are governed by the forces that the particles of the system exert on each 
other as described by the Newtonian momentum conservation equation. In prac- 
tice, the atoms are assigned initial velocities that conform to the total kinetic energy 
of the system (but this may not remain constant during simulation), which in turn 
is dictated by the desired simulation temperature. This can be carried out by slowly 
heating the system (initially at absolute zero) and then allowing the energy to equili- 
brate among the constituent particles. The basic elements of molecular dynamics are 
the calculation of the force on and (from that information) position of each particle 
throughout a specified period of time At (typically of the order of fs, 10 -15 s). The 
force on a particle can be calculated from the change in potential energy between its 
current position and its position a small distance away. This can be recognized as the 
derivative of the potential energy with respect to the change in position (Figure 2.2). 

The potential energies can be calculated by either molecular mechanics or quan- 
tum mechanical methods. Molecular-mechanic energies are limited to applications 
that do not involve drastic changes in electronic structure, such as bond making/ 
breaking. Quantum-mechanical energies can be used to study dynamic processes 
involving chemical changes, but computation time becomes intensive. Knowledge 
of the atomic forces and masses can then be used to solve for the positions of each 
atom along a series of extremely small time steps At. The resulting series of snap- 
shots of structural changes over time is called a trajectory. 

These particle motions, which are microscopic, are used in ensemble averages 
(statistical mechanics) to calculate macroscopic observable properties, including 
both static (e.g., pressure, energy, heat capacity) and kinetic-transport (e.g., thermal 
conductivity) properties. The thermodynamic state of a system is usually defined by 
a small set of parameters, for example, the temperature T, the pressure p, and the 
number of particles N. Other thermodynamic properties may be derived from the 
equations of state and other fundamental thermodynamic relations. 

(A) Ensembles 

The mechanical or microscopic state of a system is defined by the particle positions x 
and momenta p (or velocities m), and these can also be considered as coordinates in 
a multidimensional space called the phase space. For an N particle system, this space 
has 6 N dimensions. A single point in the phase space describes the state of the sys- 
tem. An ensemble is a collection of points in phase space satisfying the conditions of 
a particular thermodynamic state. A MD simulation generates a sequence of points 
in phase space as a function of time. These points belong to the same ensemble, and 
they correspond to the different conformations of the system and their respective 
momenta. 

Several different ensembles are used, including the microcanonical ensemble 
(NVE), where the thermodynamic state is characterized by a fixed number of 
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particles TV, a fixed volume V, and a fixed energy E , which corresponds to an isolated 
system. The canonical ensemble (NVT) is a collection of all systems whose thermo- 
dynamic state is characterized by a fixed TV, a fixed V, and a fixed temperature T 
(the system can exchange heat with an ambient reservoir). The isobaric-isothermal 
ensemble (NpT) is characterized by a fixed TV, a fixed pressure /?, and a fixed T. The 
grand canonical ensemble (/zVT) is characterized by a fixed chemical potential /z, a 
fixed V, and a fixed T (the system can exchange heat and particle with an ambient 
reservoir). 


(B) Ensemble- Aver aged Energy 


The average potential energy is 

1 K 

wr = — ( 2 - 25 ) 

i = 1 

where K is the number of configurations in the MD trajectory and cpi is the poten- 
tial energy of each configuration. The pair-potential version of this will be given in 
Section 2 . 5 . 3 . 

The average kinetic energy is 


. K N 

( E k ) K = j Y Ui ’ ( 2 - 26 ) 

7=1 i=l 

where TV is the number of configurations in the simulation, TV is the number of atoms 
in the system, m t is the mass of the particle /, and Uj is the velocity of particle i. 

Using the degeneracy g n (microstates having the same energy E n ), discrete 
canonical partition function ( 2 . 21 ) with = E n is defined as [ 73 ] 


oo 

Z = J5Sn eX P( 

n = 0 


f 

L -'n 


k B T 


with = E n , discrete canonical partition function, 


(2.27) 


where the summation is over all the energy levels. 

A degenerate state is that for which gn > 2 for an energy state E n . For the non- 
degenerate states, g n = 1 . 

Here we first proceed with the computational MD simulations, and in the fol- 
lowing chapters (in particular Chapters 4 and 6) we will make use of the preceding 
theoretical statistical mechanics (thermodynamics). A MD simulation must be per- 
formed over a sufficiently long elapsed time so sufficient representative configura- 
tions have been sampled (Section 2 . 4 . 3 ). 


(C) Computational Classical Particle Dynamics 

The MD simulation method is based on the Newton second law, F = ma , where F 
is the force exerted on the particle, m is its mass, and a is its acceleration. From a 
knowledge of the force on each atom/particle, it is possible to determine the accel- 
eration of each atom/particle in the system. Integration of the equations of motion 
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then yields a trajectory that describes the positions, velocities, and accelerations 
of the particles as they vary with time. From this trajectory, the average values of 
properties can be determined. The method is deterministic; once the positions and 
velocities of each atom/particle are known, the state of the system can be predicted 
at any time in the future or the past. MD simulations can become computationally 
extensive. 

The Newton equation of motion is given by 

Fj = mat, (2.28) 

where Fj is the force exerted on particle /, is the mass of particle i and is the 
acceleration of particle i. The force can also be expressed as the negative gradient 
of the potential energy <p, i.e., 

Fj = -Vjcp. (2.29) 


Combining the preceding two equations, and for a one-dimensional translation, we 
have 


dcp 

d Xj 



(2.30) 


Note that (p is the collective (or effective/average) potential energy that a par- 
ticle experiences. The Newtonian equation of motion can then relate the derivative 
of the potential energy to changes in position as a function of time. 

The Newton second law of motion is 

d Uj d 2 Xj 

Fj = miUj = mi — = mj — r- . (2.31) 

dr d t 2 

Taking the simple case in which the acceleration is constant, we have 


a t 


d Uj 

"dr"’ 


(2.32) 


we obtain an expression for the velocity after integration, 


Uj — Qj t ~\~ Mj,oi 


(2.33) 


and because 


Uj 


d Xj 

dr"’ 


we can once again integrate to obtain 


Xj = Ujt + X 


i,o • 


(2.34) 


(2.35) 


Combining this equation with the expression for the velocity, we obtain the follow- 
ing relation that gives the value of x at time t as a function of the acceleration a , the 
initial position, x G , and the initial velocity u Q : 

Xj = Ujt 2 + Ui' 0 t + *i> 


(2.36) 
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The acceleration is given as the derivative of the potential energy with respect to 
the position x, i.e., 


1 d ^ 

a i = ~r~ 

mj ax 


(2.37) 


Therefore, to calculate a trajectory, one needs only the initial positions of the 
atoms, an initial distribution of velocities and the acceleration, which is determined 
by the gradient of the potential energy function that is dependent on positions. The 
equations of motion are deterministic, e.g., the positions and the velocities at time 
zero determine the positions and velocities at all other times t. The initial positions 
can be obtained from experimental structures, such as the X-ray crystal structure 
of the protein or the solution structure determined by nuclear magnetic resonance 
(NMR) spectroscopy (or quantum calculations). 

The initial distributions of velocities are usually determined from a random 
distribution with the magnitudes conforming to the required temperature and cor- 
rected so there is no overall momentum, i.e., 


N 

( p ) = 52 m^i = o. 

;= l 


(2.38) 


This operation removes 3 degrees of freedom from the system and leads to 3(N — 1) 
degrees of freedom for the particles (Table 2.4). 


(D) Descretizcition Verlet Algorithm for MD Computation 


The potential energy of a system is a function of the positions of all of the parti- 
cles in the system. Because of the complicated nature of this function, there is no 
analytical solution to the equations of motion; they must be solved numerically. 
Numerous numerical algorithms have been developed for integrating the equations 
of motion. Among them are the leap-frog, position-Verlet, velocity- Verlet, and Bee- 
man algorithms [148]. These algorithms conserve energy and momentum, are com- 
putationally efficient, and permit a large time step for integration. All the integra- 
tion algorithms assume the position, velocity, and acceleration are expandable in 
Taylor series as 


1 7 

x{t + At) — x(t) + u(t)At + -a(t)At + 

jLj 

u(t + At) — u(t) + a(t)At + • • • 

F(t + At) 

a(j -\~ At) — H 


(2.39) 

(2.40) 

(2.41) 


m 

For example, to derive the position-Verlet algorithm, consider t db At, so we have 

x(t + At) = x(t) + u(t)At + - a(t)At 2 (2.42) 

2 

x(t — At) = v(?) — u(t)At + -a{t)At 2 , 

A 


(2.43) 
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and by summing these two equations, we have 

x(t + At) = 2 x(t) — x(t — At) + a(t)At 2 position- Verlet algorithm. (2.44) 

Then the velocity is [x(t + At) — x(t — AT)]/2At. The position- Verlet algorithm 
uses position and acceleration at time t and the position from time t — At to cal- 
culate the new position at time t + At. The Verlet algorithm uses no explicit veloc- 
ities. The advantages of the position- Verlet algorithm are that it is straightforward 
and the storage requirements are modest. The disadvantage is that the algorithm is 
of only moderate precision. 

Another approach is the velocity- Verlet algorithm, which yields position, veloc- 
ity, and acceleration at time t + At, so there is no compromise on precision. This 
uses (2.39) and an average acceleration (force), i.e., 

1 0 

x(t + At) — x(t) + u(t)At H F(t)At 2 (2.45) 

2m 

u(t + At) = u(t) + [F(f) + F(t + A^)]Ar velocity- Verlet algorithm, (2.46) 

2m 

where a(t + At) uses x(t + At). So, the new positions and forces (accelerations) are 
computed before the new velocities are calculated [148]. 


2.5.2 A Molecular Dynamics Simulation Case Study: L-J Ar FCC 


Choosing a simple system allows for the elucidation of results that may be difficult to 
resolve in more complex materials, in which multi-atom unit cells (and thus optical 
phonons) can generate additional effects. The L-J atomic interactions are described 
by the pair potential (2.9), i.e., 

VuM = 4e u [(— -) 12 - (— ) 6 ], (2.47) 

r U r U 


where <Pu,ij( r ij) is the potential energy associated with particles / and j (/ is not 
equal to j), which are separated by a distance r t j. The depth of the potential energy 
well is £lj, and corresponds to an equilibrium particle separation of 2 1/6 ctlj. 

The force acting between i and j is 


Fu,ij (pij ) 


dry 


246 LJ (2 


o 


.12 

LJ 


<7 


LJ 


r 13 

ij 


dj 


(2.48) 


Ar and its FCC crystal (Section 4.3 describes this crystal structure), amorphous, 
and liquid phases are considered. The 12 nearest neighbors of an atom in a FCC crys- 
tal and of a sample atom in an amorphous structure are shown in Figures 2.12(a) and 
2.12(b). In the FCC crystal, all atoms are at equivalent positions, and the atomic dis- 
placements are isotropic. In the amorphous phase, each atom has a unique environ- 
ment, with a range of neighbor orientations and bond lengths. The resulting atomic 
displacements are anisotropic. The plane formed by the [100] and [010] directions in 
the FCC crystal is shown in Figure 2.12(c). Both the lattice constant a and the size 




Figure 2.12. Local environment for an atom in (a) the FCC crystal, and (b) the amorphous 
structure. In the crystal, there are 12 nearest neighbors. For the amorphous phase, the 
12 nearest atoms are shown. Although the color of the center atom is a darker gray than the 
neighbors, all the atoms are the same. Also shown are representative atomic displacements 
(not to scale) for some of the neighbor atoms for each case. The motions in the FCC crystal 
are isotropic and equivalent between atoms, whereas those in the amorphous structure are 
not. (c) Notations in the FCC crystal. The atoms with black dots are equivalent through the 
use of periodic boundary conditions [319]. (d) Shows coordinate and atom designations used 
in dynamical analysis of lattice vibration (will be further discussed in Section 4.4). 
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of the simulation cell L are indicated. Note that the conventional unit cell, which is 
cubic, contains four atoms. The true FCC unit cell, containing one atom, is rhombo- 
hedral, and not as suitable for analysis. 

The simulations are run in the NVE ensemble at zero pressure with a time step 
At = 4.285 fs. The simulation cell is cubic and contains 256 atoms for the crystal and 
liquid phases, and 250 atoms for the amorphous phase. In similar simulations [226], 
good agreement has been found between the FCC crystal thermal conductivities 
predicted from cells containing 256 and 500 atoms [319]. This result indicates that 
256 atoms are sufficient to eliminate size effects. Periodic boundary conditions are 
imposed in all directions. The equations of motion are integrated with a Verlet leap- 
frog algorithm described above. Atomic interactions are truncated and shifted at a 
cutoff radius equal to 2.5ctlj (for computational economy). 

For the FCC crystal, temperatures between 10 and 80 K are considered in 10 K 
increments. Melting occurs at a temperature of about 87 K at 1 atm [Figure 2.13(a)]. 
The amorphous phase is generated by starting with the desired number of atoms 
placed in a FCC lattice, running at a temperature of 300 K for 10 4 time steps to 
eliminate any memory of the initial configuration, and then quenching at 8.5 x 10 11 
K/s back to a temperature of 10 K. Table 2.6 lists the results of the simulations. 
The amorphous phase is stable up to a temperature of 20 K. Above this point, the 
equilibrium thermal fluctuations in the system are large enough to return the atoms 
to a FCC crystal structure. Temperatures of 10, 15, and 20 K are considered. Three 
different amorphous phases (each with 250 atoms) have been formed to check if the 
systems are truly disordered, and cells with 500 and 1000 atoms have been created to 
investigate size effects. The liquid phase is obtained by first heating the crystal phase 
to a temperature of 100 K to induce melting, then lowering the temperature. When 
this approach is used, a stable liquid is found to exist at temperatures as low as 70 
K. As shown in Figure 2.13(a), the triple point of Ar is at 83.6 K, so this liquid state 
is not expected in experiments. Because of the small length and time scales used 
(necessary for reasonable computational times), the melting/solidifying temperature 
is not well-defined, and it is possible to have stable FCC crystal and liquid phases 
at the same temperature and pressure, although the densities differ. Temperatures 
of 70, 80, 90, and 100 K are considered for the liquid simulations. The time scale 
T nn e — 7T/co n , where co n is the natural frequency evaluated at equilibrium interatomic 
distance (next section). 

2.5.3 L-J FCC MD Scales in Classical Harmonic Oscillator 

When relaxed to zero temperature, the MD FCC crystal unit-cell parameter, a (the 
lattice constant), is 5.2686 A. The experimental value for Ar is 5.3033 A [12]. 

The lattice constant can also be predicted from the analytical form of the L-J 
potential. To do this, one must consider the total potential energy associated with 
one atom (<p). If the energy in each pair interaction is assumed to be equally dis- 
tributed between the two atoms, {(p) will be given by [245] 

1 ^ 

(<P) = ((Pi) = 2 Z^ u ’0- 


(2.49) 
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Table 2.6. Simulation cell parameters and equilibrium properties of the Ar FCC L-J phases. 
Note that the specific heat capacity is per atom and per degree of freedom [319]. 


Structure 

T, 

K 

a , 

A 

kg/m 3 

^ nn,et 

ps 

(<P)e, 

eV 

(1 A/I 2 ) 1 / 2 , 

A 

c v /k B 

FCC crystal 

0 

5.269 

1813 

— 

-0.0778 

0 

1 


10 

5.290 

1791 

0.240 

-0.0765 

0.117 

0.988 


20 

5.315 

1766 

0.270 

-0.0751 

0.180 

0.976 


30 

5.341 

1740 

0.278 

-0.0736 

0.244 

0.959 


40 

5.370 

1713 

0.278 

-0.0720 

0.309 

0.953 


50 

5.401 

1684 

0.278 

-0.0703 

0.383 

0.944 


60 

5.436 

1651 

0.283 

-0.0684 

0.464 

0.937 


70 

5.476 

1615 

0.291 

-0.0663 

0.560 

0.922 


80 

5.527 

1571 

0.296 

-0.0638 

0.682 

0.914 

Amorphous 

0 

- 

1717 

- 

-0.0719 

0 

1 


10 

- 

1694 

0.291 

-0.0706 

- 

0.976 


15 

— 

1682 

0.291 

-0.0699 

- 

0.979 


20 

- 

1669 

0.283 

-0.0691 

- 

0.970 

Liquid 

70 

— 

1432 

— 

-0.0562 

- 

0.857 


80 

- 

1363 

- 

-0.0527 

- 

0.826 


90 

— 

1287 

— 

-0.0491 

— 

0.803 


100 

- 

1202 

- 

-0.0453 

- 

0.758 


The equilibrium position-effective potential (per atom) for the FCC crystal lattice 
can be expressed as 

(cp) e = 2eu[Au( — ) n - Ag( — ) 6 ] = — 8.607e L j L-J FCC crystal, (2.50) 

^nn,e ^nn,e 

where A 12 = A& — J](Ari/ Ar,) 6 /?/, where n { is the number of i - th 

nearest neighbors, and Ar/ is the distance to the nearest neighbor. Using these for 
large /, A 12 and A 5 have values of 12.13 and 14.45, respectively (for FCC, other 
lattices are also reported in [12]), and r nn is the nearest neighbor ( nn ) separation. 
This effective L-J potential is plotted in Figure 2.3 alongside the pair potential, given 
by (2.47). By setting 


H<p) 

nn 


I nn,e 



the equilibrium value of r nn , e is found to be 


(2.51) 


2Ai? 

r m ,e = (— -) 1/6 ou = 1.090OU L-J FCC crystal. (2.52) 

A6 

The location of the minimum is slightly shifted from that in the pair potential, and 
the energy well is deeper and steeper. The value of r nn e for noble-gas elements are 
listed in Table 2.2. For Ar, the equilibrium separation (2.52) gives r nn e — 3.706 A, 
and corresponds to a unit-cell parameter (lattice constant a — 2 1/2 r ntue ) of a = 5.2411 
A, which agrees with the zero-temperature MD result to within 0.6%. 

In a simplified real-space model of atomic-level behavior, the energy transfer 
between neighboring atoms can be assumed to occur over one half of the period 
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Figure 2.13. (a) Ar solid-liquid-gas phase equilibrium diagram [219]. Temperature depen- 
dencies of the Ar L-J phase: (b) densities, and (c) per particle potential energies [320]. 


of oscillation of an atom [68, 69, 126]. The associated time constant td can be esti- 
mated from the Debye temperature (listed in Table A. 2 for elements and discussed 
in Sections 4.2 and 4.7) td as 


2nh 

rn = . 

2k B T D 


(2.53) 


The factor of 2 in the denominator is included because of the half period of oscil- 
lation that is used. By fitting the specific heat (as predicted by the MD zero- 
temperature phonon density of states) to the Debye model using a least squares 
method, the Debye temperature, is found to be 81.2 K. This compares well with the 
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experimental value of 85 K [12] listed in Table A.2 (Appendix A). The MD result is 
used in subsequent calculations and gives tp = 0.296 ps (~ 69 time steps). 

An estimate of this time constant can also be made with the L-J potential. The 
time constant is related to the curvature of the potential well that an atom experi- 
ences at its minimum energy. Assuming that the potential is harmonic at the mini- 
mum, then we can write the interatomic forces as —Td x (Table 2.5), where d x is the 
displacement in a one-dimensional motion along x. The natural angular frequency 
(for sinusoidal motion) co n of the atom is given by 


Q) n 

Tlj 


= «LJ = ( 


d 2 (<p) 


i 9 2 (?) 

m dr 2 . 


r 


-.,) 1/2 = (-) 1/2 = 22 . 88 (^ r ) 1 ' 2 , 

m fflrr.T 


nn — ' nn,e 


LJ 


dr 


nn 


= (22.88) 


2<TJ 


FCC structure, 


a 


* nn — I nn,e 


LJ 


(2.54) 


where m is the mass of one atom, which for Ar, m = 6.634 xlO -26 kg = 66.34 yg 
(yoctogram Table A.4), and (<p) and r nn e are taken from (2.50) and (2.52). Note 
that the larger the spring (or force) constant V (which in turn requires larger 6 lj) 
and the smaller the mass, the larger is co n . The value of V for some element pairs 
is given in Table 4.4, and for some compounds in Figure 4.29. For FCC Ar which 
T = r ArAr,FCC = 7.545 N/m, and co n = 1.068xl0 13 rad/s or 10.68 Trad/s. In contrast, 
the covalent bond O-H has Toh = 228 N/m [Table 7.5 and (7.307)]. For heteronu- 
clear pairs, the reduced mass m\m 2 /(m\ + m 2 ) is used in co n — (r /m\ 2 ) i/2 . In Section 
4.11.2, we will describe a general method for calculating r, 7 for any atomic pair. 

Note that for a paired atom (as in a molecule), the force constant is similarly 
found from (2.54) as is Tlj = (7.' 735 ) 2 6u/cry. We will list experimental T for atomic 
pairs in Table 4.4 and discuss the strength of their bonds. 

The second derivative of the potential is designated as T and has the role of 
a spring constant in that it relates force to displacement in the mechanical system 
(Figure 2.2). For an isotropic, cubic lattice, the relation between the spring constant 
and the bulk modulus E p (and the lattice constant a which is equal to 2 1/2 r e for FCC) 
is 

T = E p a = E p (2 1/2 r n „ e ), E p = k p — (2.55) 

k p p dp 

So, the stronger the force constant of a continuum, the larger the bulk modulus 
(and other moduli, Section 4.7.2), and the larger will be the bulk speed of sound 

( 3 p/dp)l /2 « ( E p / P y 2 . 


t In the simple classical harmonic oscillator F = — Tx (Table 2.5) and 

m d? = ~ rX ' X = X ° C0S (" nt + 0), OJ n = (^) 1/2 - 

The instantaneous kinetic and potential energies and their sum are 

E k (t)= jFxl sin 2 (a) n t + 0), E p (t) = <p(t) = \Txl cos 2 (co n t + 0), E k + cp = \Vxl- 

Also, in harmonic lattice vibration, (E k ) = (<p) = / 2, which is the expectation value in kinetic 

and potential energy here. The lattice energy for a linear chain of atoms is discussed in Section 4.1. 
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Table 2.7. MD scales , for L-J potential and for effective potential in gas and in FCC 
crystal [12]. 


Scale 


Relation (Gas) 


Relation (FCC) 


Length 

Flj 

= cr LJ 


Tlj = 

r nn ,e = 1.09a L j 



Mass 

m 



m 





Time 

T u ■ 

_ ( a h m 

K tu 

)l/2 

nj = 

g- = 0.137( 

<*>n V 

a is m 

)l/2 _ 

= 0.137(2" ) 1/2 

1 LJ 

Temperature 

T u 

— fLJ 

k b 


Tu = 

£lj 

kn 



Potential Energy 

<Tj 


(<P)e,LJ 

= (<p)lj — 2e L j[12.13( 

ff LJ yi 2 





14.45( CTlj ) 6 ] = 

'nn.e 

-8.6L L j 


Natural frequency 

wu 

-( V 

_)l/2 

^LJ = 

6 o n = 22.88( 

<?LJ 

2 

)l/2 = 

_ Tuy/2 
v m > 



G u m 


(22.88) 2 %I 

a u m 


Force constant 

Tlj 

_ tLJ 
“ 2 


r L j = 






°LJ 



G u 





The bulk modulus in a L-J FCC crystal is E p — 15.1Aeu/&u (end-of-chapter 
problem). We further discuss this in Section 4.7.2. One half of the period of oscilla- 
tion is then 

12jr ai^/ 6LJ r 1/2 

r L j = - — = 0.137( y) ’ (2.56) 

2* OJ n 777 G L j 

which gives tlj = 0.294 ps, or within 1% of r#. The temperature scale here is eu/k^T 
and for Ar crystal gives 7 lj = 120.7 K. The mean Debye temperature for Ar FCC is 
(Table A.2) 85 K. 

The physical significance of this time constant can be further investigated by 
considerations of the flow of energy between atoms in the MD simulation cell. 
As the atomic separation increases, it takes longer to transfer energy between two 
atoms. The time constants td, tlj, and r nn agree to within 10%, which supports the 
assumed link between the period of atomic oscillation and the time scale of the atom 
to atom energy transfer. 

Table 2.7 list the various scales derived from the L-J potential for these FCC 
crystals. Other crystal geometries are explained in [12]. For gases for which the 
potential energy vanishes, 6 lj and <jlj are used for scaling with similar results. It is 
also common to use m, <jlj, and 6lj to scale the quantities, then numerical constants 
appearing in Table 2.7 will be changed to unity. 

2.5.4 L-J Potential Phase Transformations 

The phase diagram for Ar is shown in Figure 2.13(a), along with its triple point 
[219]. The densities and potential energies per particle of the zero pressure L-J FCC 
crystal, liquid, and amorphous phases are plotted as functions of temperature in 
Figures 2.13(b) and 2.13(c), and are also given in Table 2.6. The energies correspond 
to the shifted potential that is used as a result of the application of the potential 
cutoff. As would be expected, the FCC phase has the lowest potential energy at a 
given temperature. Note the consistent trend between the amorphous and liquid 
phases in both density and potential energy. This is consistent with the idea of an 
amorphous phase being a fluid with a very high viscosity. 
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T, K 


Figure 2.14. MD predicted RMS atomic mean-square directional displacement for Ar FCC 
and comparison with Debye model, a quantum-mechanical prediction. The zero-point RMS 
atomic displacement value is (3h /4mco D ) 1/2 [320]. 


2.5.5 Atomic Displacement in Solids and Quantum Effects 

The RMS displacement, ( | A/ 1 2 ) 1/2 where A, is the displacement of atom in direc- 
tion i from its equilibrium position, of the atoms in the FCC crystal is shown as 
a function of temperature in Figure 2.14. The numerical values are given in Table 
2.6. The results presented are based on 10 5 time steps of NVE simulation, with 
data extracted every five time steps. The mean-square displacement (MSD) atomic 
displacement can be predicted from a quantum-mechanical description of the sys- 
tem under the Debye approximation (for isotropic lattice) in [29] (the more general 
Beni-Platzman-Debye model is derived in Section 4.8) 


A/ 1 2 ) 1/2 — {dj — d Q ) • s; = { 


3 h A 


l K )2 l 


Td/t xdx 


]} 


1/2 


mcoD 4 i n ./n e x — 1 

Debye model for mean-square directional displacement, (2.57) 


where d / and d Q are the displacement vector of the atom j and the central atom, s j 
is the equilibrium position unit vector of the atom j , 7b for elements for elements is 
given in Table A. 2 (Appendix A), and cod = ^ Ad and id is given by (2.53). 

This relation is also shown in Figure 2.14. Considering the minimal input 
required in the theoretical model (only the atomic mass and the Debye tempera- 
ture), the agreement between the two curves is fair because the anharmonicity is 
not included in the model (the model uses the dynamical matrix, which assumes 
a harmonic behavior and is valid as T -> 0 K). Note that although the quantum 
model predicts the finite zero-point motion (3h/4mcoD) l/2 , the MD results show a 
trend toward no motion at zero temperature. This is what one expects in a classical 
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system, as the phase space approaches a single point when motion ceases. The 
results for the classical harmonic oscillator is also shown in Figure 2.14. 

Also, from the Heisenberg uncertainty principles (1.7), and using the de Broglie 
momentum, we have (end-of-chapter problem) 

Ap x Ax > - or AEAt > -, — = «=—, (2.58) 

2 2 A t m 

where u 8 is the group velocity. After substitutions (including A E — Tun), we have 

Ax m i n = (7A 1/2 , (2.59) 

Am co 

where co is the maximum frequency (here cod). As expected, this is slightly smaller 
than the zero-point motion displacement ( 3h/4mcoD ) given in (2.57). 

The displacement (2.59) is used in the definition of quantum normal coordinate 
(Glossary), for atomic displacement and in relation to phonons. 


2.5.6 Specific Heat Capacity 


The specific heat is defined thermodynamically as the rate of change of the total 
system energy (kinetic and potential) as a function of temperature at constant vol- 
ume (Table 2.4) [12] Such a calculation can be explicitly performed by use of the 
results of the MD simulations. The predicted, scaled specific heats for the FCC crys- 
tal, amorphous, and liquid phases are plotted in Figure 2.15 and given in Table 2.6. 
The values given correspond to the specific heat per degree of freedom [there are 
3(N — 1), Table 2.4]. The calculation is performed by varying the temperature in 0.1 
K increments over a ±0.2 K range around the temperature of interest. 

The specific heat predicted from the MD simulations is a classical-anharmonic 
value. Also shown in Figure 2.15 are the classical-harmonic and the quantum- 
harmonic specific heats for the crystal phase. The classical-harmonic value, k b, is 
based on an assumption of equipartition of kinetic and potential energy between 
normal modes. The equipartition assumption is always valid for the kinetic energy 
(i.e., it contributes k b/ 2 to c v , which has been verified). For the potential energy, 
however, it is true only under the harmonic approximation, which itself is valid only 
at zero temperature. The deviations of the classical-anharmonic results from the 
classical-harmonic model (the Dulong-Petit limit) are significant. The quantum- 
harmonic specific heat that is based on the zero-temperature phonon density of 
states is discussed in Section 4.7.1 (the Dulong-Petit limit) and is given by 


_ 9(F) 

Cv.p dT 


Np x 2 e Xi 

ku ^ ^ quantum harmonic, 


(2.60) 


t The high-temperature (classical) limit of (2.57) is found from the simple, classical harmonic oscilla- 
tor of Section 2.5.3, as is 

(|A,-| 2 ) 1/2 = (dj - do) • Sj = X Q = (3k B T / mcoj 7 ) l/2 , 

where d j and d Q are the j atom and the central atom displacements and s j is the equilibrium posi- 
tion unit vector for atom j. (| A,- 1 2 ) shows a linear increase with temperature. 


2.5 Molecular Dynamics Simulations 


95 



Figure 2.15. The classical-anharmonic specific heat per degree of freedom predicted from 
the MD simulations, and the classical-harmonic and quantum-harmonic curves for the crystal 
phase (all scaled by &b), for Ar FCC. The theoretical predictions are stopped at T = 87 K, the 
melting point of the MD system [320]. 

where x t is Ticoi/k^T and the summation is over the normal modes (N p ) of the sys- 
tem. As expected, the classical and harmonic specific heats are significantly differ- 
ent at low temperatures, where quantum effects are important. Prediction of the 
quantum-anharmonic specific heat (as would be measured experimentally) would 
require taking into account the temperature dependence and coupling of the normal 
modes. The results would be expected to converge with the classical-anharmonic 
value at high temperatures (i.e., of the order of the Debye temperature). 

Not surprisingly, the FCC crystal and amorphous data are not significantly dif- 
ferent. The crystal structure should not have a significant effect on the specific heat, 
especially at low temperatures for which the harmonic approximation is still rea- 
sonable. There is a definite drop in the liquid values, and the specific heat would 
continue to drop as the temperature is increased. The lower limit for the specific 
heat is 0.5&b, when potential energy effects have been completely eliminated (i.e., 
an ideal gas). 

It should be noted that the MD simulations are clearly not harmonic in nature. 
It is sometimes assumed that the mode specific heat of solids in MD is equal to k b, 
which is not the case and can lead to errors at high temperatures. 

2.5.7 Heat Flux Vector 

The heat flux vector in MD for two-body interatomic potentials (Appendix B) is 

1 d 1 1 

q = y 52 + E P,i) x i = y 52 EiUi + 2 X3 F ‘j ' U i) x U< (2-61) 

/ i ij 

where E x is the sum of kinetic and potential energy of particle /, and F ^ and are 
interparticle (interatomic) force and separation vector. 
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With this, in equilibrium and nonequilibrium MD [206] the heat flux through 
any place can be calculated. In equilibrium MD, q — 0, while in nonequilibrium 
MD, q is nonzero and is either imposed (prescribed) or is a result of an imposed 
temperature difference across the computational domain. 

2.6 Schrodinger Equation and Quantum Energy States 

Referring to Figure 1.9, while MD applies to many-atom systems with their inter- 
actions modeled by empirical potential models, the Schrodinger equation allows 
for direct ( ab initio) study of the mechanics-dynamics of the intra- and interatomic 
interactions. Experiments show that atomic particles are also wavelike in nature 
(e.g., electrons give diffraction patterns when passed through a double slit in a sim- 
ilar way to light waves). The Schrodinger equation is a wave equation that explains 
the behavior of atomic particles. We consider the electromagnetic wave in Section 
3.3.1 and discuss some of its similarities and differences with the Schrodinger wave. 
The eigenvalues of the wave equation are the energy levels of the quantum mechan- 
ical system. This is used to find the energy levels of the hydrogen atom, and the 
energy levels are in good agreement with the Rydberg law. 

In quantum mechanics, the Schrodinger equation plays the role of the Newton 
laws of motion and the energy conservation in classical mechanics. This is a wave 
equation in terms of the wave function that predicts analytically (although limited 
to a few cases) and precisely the probability of events or outcome. The detailed out- 
come is not strictly determined, but given a large number of events, the Schrodinger 
equation will predict the distribution of the results. In this equation, the kinetic and 
potential energies are transformed into the Hamiltonian H that acts upon the wave 
function to generate the evolution of the wave function in time and space. 

In the Born-Oppenheimer approximation, the nuclear and electronic motions 
are separated (due to large mass for nuclear compared with electron). The electron 
distribution depends on the fixed positions of nuclei. 

The Schrodinger equation gives the quantized energies of the system and deter- 
mines everything that can be known about the system. The wave function (or wave- 
function) is a single-valued function of position and time, because that is sufficient 
to guarantee an unambiguous value of probability of finding the particle at a par- 
ticular position and time. The wave function may be a complex function, because 
it is a product with its complex conjugate that specifies the real physical probabil- 
ity of finding the particle in a particular state. Also, the wave number ( k = 2jv/X , 
where X is wavelength) is related to the wave momentum by equation p —Tik. The 
Schrodinger equation and its variables are listed in Table 2.8. We will discuss this 
equation next. Then we solve this equation for the simple quantum-harmonic oscil- 
lator, the electron gas, and the electron in hydrogenlike atoms. 

t The full Hamiltonian for the molecular system is (footnote of Section 2.2.2) 

H = Hf. + (p n - e + (p e - e + (fin-n , 
where e and n stand for electron and nucleus. 
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Table 2.8. Quantum (wave-particle) wave function dynamics equation (Schrodinger 
equation). 


9 vl/ h 2 ~ 

ih — = (— - — V + <p)v V = H\I/ time dependent 
3 1 2m 

h 2 

H = — - — V 2 + <p(x ) quantum Hamiltonian operator 
2m 

H 0 = Exf time independent 

(p = (p a + ip c + (p s + . . . various atomic-level potentials 

J vld\I/dV = J |vI/| 2 dV = 1 normalization condition (V contains the particle) 

f indicates complex conjugate (or in general Hermitian conjugate) 

Py = / |vI/| 2 dV probability of finding the particle in V 
Jv 

(0) = / v|/t 0 ^/(jy expectation value of quantity 0 in V 
Jv 

J vl/^Hvi/^dV = (vl/ m |H|vI/ n ) matrix element 


E energy eigenstates, J 

H quantum Hamiltonian operator, J 

vj/, 0 wave function (for matter wave), l/m 3/2 

cp total potential, J 

(p a applied potential, J 

(p c crystal potential, J 

(p s scattering (interaction) potential between carriers, J 

Note: The quantum electronic transition rates are determined based on a time-dependent perturbation 
theory as transition probabilities. This is referred to as the Fermi golden rule and is written as (derivation 
is given in Appendix E) 

2: t r. 

Yl-2 = — |Mi-2I - <5d(Ei — E 2 ±Tkd), 

Ti 

for transition between energy levels 1 and 2. Here M \-2 is called the interaction matrix element and 3 d 
is the Dirac delta function (has units of J -1 as defined in Glossary). We use this for phonon absorp- 
tion (-) and emission (+), in electron scattering (Section 5.10), and in photon absorption or emission in 
semiconductor (Section 7.8). 


2.6.1 Time-Dependent Schrodinger Equation and Wave Vector 
The time-dependent Schrodinger equation (also listed in Table 2.8) is 

9^ , Ti 2 7 

= H'l', <p = <p a + <p c + <p s + . . . , (2.62) 

and describes the x- and r-dependence of a quantum mechanical system described 
by H or tp. The Hamiltonian is the operator corresponding to total energy of the 
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system, for each such system there is a set of possible outcomes (wave functions). 
The first part of H is the momentum (kinetic) operator h 2 V 2 /2m and the second is 
the potential operator. Here the atomic-level potential energy <p has been decom- 
posed to applied potential cp a , crystal periodic potential cp c , scattering (interaction) 
potential <p s , etc. The applied potential can, for example, be an applied electric 
potential on free electrons. For example, in a periodic quantum harmonic oscilla- 
tor (Section 2.6.4) cp a — Tx 2 / 2, while for electron orbiting H atom we will use (Sec- 
tion 2.6.6) the Coulomb potential (2.5). For electron scattered by phonon (lattice 
displacement), cp s is given by (5.17). The quantum Hamiltonian operator was also 
defined in (2.19), but can have a more general form when multiple interactions (such 
as electronic-vibronic coupling) are considered. 

In Chapter 7 (e.g., Section 7.12.4), we will consider multiple carrier interac- 
tions, and we decompose the Hamiltonian with terms for each carrier (i.e., H,-) 
and each interaction (H/_ y ). So, the Hamiltonian not only determines the energy 
states, but also determines its energy-state transition rate (a form of time-dependent 
Schrodinger equation). So, the Hamiltonian is the cause of the states and its transi- 
tion kinetics, as the applied forces are to Newtonian mechanics-dynamics. 

Compared to the Helmholtz electromagnetic wave equation [given in Chapter 
3, as (3.35)], the Schrodinger equation is first-order differential in time. Using the de 
Broglie quantum particle momentum and wave function, the quantum Hamiltonian 
can be derived. 1 Using the separation of variables technique, the wave function (a 
complex quantity) is written as a product of time-dependent and spatial-dependent 
parts as, 


q/ — \J/(x)6(t). 


( 2 . 63 ) 


Then, inserting in (2.62) and separating variables, we have 

n 2 


do 1 i 

ih = E, — ( ^ 

dt 0 \[r 2m 


V 2 + (p)\j/ = E, 


( 2 . 64 ) 


' The de Broglie quantum wave function with momentum (and wave number) vector p =Tik and 
E = ftco, is 

^ = A exp[/(ic • x — cot)] = A exp[-(p • x — Et)]. 

? " 9 

Note that Tuc is based on E = mu ph = Tuo with m as mass at rest. Then mur h = hu p f r K or p = mu p h = 
Tik. Then the momentum is extracted from 

h h 2 v 2 2 2 

i r 

Similarly, the energy is extracted as ^ ^ 

—vl/ = EV. 

i 3 1 

Then, the classical Hamiltonian (Table 2.5) becomes the quantum Hamiltonian 

p 2 Ti 2 , 3 ^ 

H=- K (p = E, — - — v T + = ih , 

2m 2m dt 


which is (2.62). 
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where E is the eigenvalue. From the second and first equations, we have, respec- 
tively, 

h 2 7 

Ht/f = (— - — V" + (p)\[r — E\jf, (2.65) 

2m 

6{t) — exp(— iEt/h), exponential time dependence. (2.66) 

Since there are n eigenvalues, a linear combination of the solutions gives [171] 

oo 

q/ = ^2a n \l/ n (x)exp(-i E n t /h), (2.67) 

n=i 

where E n are the eigenvalues and \ j/ n are the eigenstates. 

The molecular Hamiltonian operator determines the dependence of the wave 
function on positions of electrons and the nuclei within the molecule. The potential 
energy ip portions of the Hamiltonian can for example be the Coulomb interaction 
between a pair of charged entities (2.5), where for electron q — —e c and for the 
nucleus it is ze c , where z is the atomic number. In Section 2.2.2 (footnote), examples 
of electrons-electrons, electrons-nuclei, and nuclei-nuclei potential energies were 
given. 


2.6.2 Bloch Wave Form 


Using the de Broglie momentum for quasi-particles E = p 2 /2m — Ti 2 k 2 /2m, and the 
wave vector ic, the spatial part of \j/ is expressed as exp(/ic • x), where k varies con- 
tinuously [171], so we can use an integral presentation. Then the wave function of a 
continuous wave packet takes the form (called the Bloch wave form) 


^ = 


( 2^/2 J_ 


/ °° TlK t 

g(/c)exp[i(ic ■ x )]d*r Bloch wave form, (2.68) 

-oo 2m 


where ( 2n)~ 1 / 2 g(ic)dic normalizes the wave packet. Here g(ic) is an inverse Fourier 
transform [171] that allows for a short-form presentation of (2.68). Using (2.68), 
time and spatial operators in the time-dependent Schrodinger equation (2.62), 


t If we neglect the kinetic energy term for the nuclei, the electronic Hamiltonian in atomic units 
becomes (adding H e to the Hamiltonian in footnote of Section 2 . 2 . 2 ) 


2m 
N e N e 


Ne N n 


H = H e + H e _„ + H e _ e + H„_„ = 4E V « + U-EE 3;/ 


i I 
N n N n 


Rr - r, 


1 * e 1 ’ e a 


zi zj 


i j<i 


\n-rj 


l J<I 


\R , - R 


\ 


where and r indicate position of electrons and R indicates the positions of nuclei. 
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become 


3 'I' 
~dt 


JlK' 




V 2 \|/ = 


2 m (2 jt) 
1 


—K 


(.271) 


1 r°° Tn< 2 t 

—m / «(*)exp[/(* • * - -z— )]d*> 

r ) 7 J — oo 

/ °° ft *7 a 

g(K)exp[/(/c ■ jt - — )]d/r. 

-OO 2 All 


(2.69) 

(2.70) 


We use the time-dependent Schroodinger for rate of transition of quantum states. 
This rate relation (called the Fermi golden rule) is derived in Appendix E. The time- 
independent Schrodinger equations is used to find the quantum energy states. 


2.6.3 Quantum-Mechanics Formalism, Bra-Ket and Matrix Element 

In quantum mechanics, the state of the physical system is identified with a vector 
designated by |0), in a Hilbert space H. Hilbert space is a (including all limits) inner 
product, complex vector space [171]. The inner product of two functions 0(x) and 
4>{x) is defined as (0|0) = / 0* (x)(j)(x)dx . The inner product of two vectors |0) and 
|0) is written as (010)- Each vector is called a ket, and written as |0). The bra-ket 
inner product, (0|0) is a complex quantity. 

Every ket has a dual bra, written as (0|, a continuous linear function on H 
defined as [along with its extension to include additional operator A(x)] 

(010)= J 0 t (x)0(*)dx = (10), 10)), 

(0 1 A |0) = J 0t(jt)A(jt)0( x)dx. (2.71) 

The bra-ket (Dirac notation) is the standard notation for the quantum-mechanical 
state. The name comes from the linear product of two states denoted by a bracket 
(0|0) consisting of a left part (0| bra and a right part 1 0) ket. 

The commutator operator, operating on a function /(*), is defined as 

[A, B]f(x) = ( AB - BA) f{x ), (2.72) 

and if [A, B] = 0, then A and B commute, and otherwise they do not. 

This is used in the uncertainty principle, for example, 

[x,p] = ih, (2.73) 

t For distinguishable (separable) particles we have for particles A and B, using the joint wave function 
ty AB and individual states and 

|vh) A € H a , |vh) B e H b , 

|vj/ AB ) = |VI/) A |VI/) B . 

For indistinguishable (tangled) particles, we have 

I Vp AB ) ^ I vj/) A I Vj/) B . 

Some properties of the Hilbert space are complex conjugate: (y,x) = linearity: (ax i + 

bx 2 ,y)=a{xi,y) + b(x 2 ,y), and inner product (a-,x)> 0. These will be further discussed in 
Appendix I. 
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(end-of-chapter problem), which states that position and momentum cannot be 
given precisely and simultaneously at a given time. 

The matrix element i, f of the operator H (Hamiltonian) is defined as 
(V'VlHIV''/). Here the operator represents the physical interaction that couples the 
initial and final states of the same carrier. This is a linear transformation and i and 
/ are the matrix elements of operator H [171]. Examples are given in Sections 3.2.3, 
4.9.4, 4.15, 5.10, 5.15, 7.8.1, and 7.12, and in Appendix E. In Section 2.2.2 we briefly 
discussed the numerical solution of the Schrodinger equation by Gaussian series, 
and we will use the numerical solvers again in Chapters 5, 6, and 7. 

We now discuss solutions to (2.62) for the simple harmonic oscillator, electron 
gas, and electron in hydrogenlike atoms. We also discuss the perturbation and again 
the numerical techniques and for solving the Schrodinger equation. 


2.6.4 Quantum Mechanical, Harmonic Oscillator 

We begin with the quantum-harmonic oscillator to demonstrate the eigenvalue 
nature of quantum energy and the probability nature of the quantum-particle loca- 
tion. Consider a particle of mass m moving in one direction along v (taken to be the 
same as displacement d) and connected to a fixed point with a spring constant T, 
with its potential energy {F — —dcp/dx = —Yd — — Tx, when we place x = 0 at the 
equilibrium position) given by 

1 f 2 

(p — Vx 2 = -mco 2 x 2 , H = - 1 — mco 2 x 2 , (2.74) 

2 2 2m 2 

where co — (r/m) 1/2 is its natural angular frequency given by (2.54). 

In the classical treatment based on the Newton law described in Section 2.5.3, 
this oscillator experienced sinusoidal motion with natural frequency given by (2.54). 
For this simple (potential is proportional to displacement squared) harmonic sys- 
tem, the maximum kinetic and potential energies are equal and each is equal to 
3k B T/2. 

The quantum-mechanical description of a simple harmonic oscillation begins 
with the Schrodinger equation giving the probability of finding the atom at a given 
location x. The solution gives the eigenvalue E n and \// n ( x) for the energy and the 
wave function, where n is the quantum number. Here we review the solution to the 
Schrodinger equation for this simple case. 

Using the time-independent Schrodinger equation (Table 2.8), in one dimen- 
sion, we have 


2m dx 1 2 


+ -mco 2 x 2 )\l/ = E\j/ 


1 


for ip — -mo/x 2 . 


We write this in dimensionless form as 


d 2 



2 2 
m co 


h‘ 


x 2 w 


2m E 


iff. 


(2.75) 


( 


(2.76) 
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Two solution methods are available [171], the power-series expansion and the lad- 
der operators. The ladder operators are reviewed in Appendix I. 

Here we use the power series solution, and begin by writing (2.76) as 


d 2 ^ 


+ (E* - x* 2 )x/s = 0, 


dx 


*2 


where the dimensionless energy and coordinate are defined as 

2 E ^ ,mo)^ n 

E* = — , x*=x( ) 1/2 . 

hen v h 2 

Now, consider a solution to (2.77) in the form 

*2 

ijf — X(x*) exp(— 2— ). 


Substituting this solution into (2.77), we have 


(2.77) 


(2.78) 


(2.79) 


X" + x*X' + (E* - 1)X = 0. 


(2.80) 


t The ladder operators (at is the raising or creation operator and a is the lowering or annihilation 
operator), are defined as (in one dimension x) and the Hamiltonian operator is related to these as 


cd = 


a = 


1 ,h d . 

7T7 T-\--J-+ ima > x h 
2 l/z m i doc 

1 Ti d . 

, n ( t i imaix) 

2 1/2 m i d.v 


H = hco(cfa H — ). 


1 


The commentator operator (2.72) is used to find H from [171] 


+ 1 1 d . o 

ra = H--hco, H=- — [(- — ) 2 + (marx) 2 ]. 

2 2m LV i doc J J J 


Using these, Schrodinger equation (2.75) becomes 

H \]/ = hco(cda + -)^r = E\jr. 

Using the ket notation, we have from the property of ladder operators, 

E\ in) -* Wn+l) 


aWn) l^n-l)- 

Here we use ( a , cd) for electron, ( b , P) for phonon, and (c, P) for photon. 

The number of carriers is related to operators, for example 

N P = J2 b * b <” 

a 

a is the mode. 

The action of operators are given by 

ba\fp,l • • • f p,a-lf p,a f p,a+l ' - ' ) — f p[a\ I 7 p,l • • • fp,a-l fp,a+l ’ ’ ’) 

hot I fp,l - - ' f p,a-lf p,a f p,a+l ' - ' ) — f p,a I fpA * * - fp,a-lfp,a+l ’ ’ ’ )• 
Note that Appendix I gives more details about these operators. 
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This is the harmonic differential equation and with X = E* — 1, and the solution 
is 

X(x*) = A H x/ 2 (x*) + B iFi(-1a; 1; x* 2 ), (2.81) 

where A and 5 are constants, H n (x*) is a Hermite polynomial [1], and 
i/q(— X/\\ 1/2; ;t* 2 ) is a confluent hypergeometric function [1] of the first kind and is 
given as a series in x* with the leading term being unity and the second term being 
(— X/4)x* /(1/2). The first few terms of H n (x*) are given in [1, 171] (for example, 
H 0 = l,Hi= 2jc*, H 2 = 4x* - 2, H 3 = 8x* 3 - 12x*). 

The solution to the original differential equation is 

lK**) = e-"* 2/2 [A H x/ 2 {x*) + « iF!(-h; 1; x* 2 )]. (2.82) 

Because for jc* -> oo the wave function should diminish, the coefficient B 
should then be set to zero. Then we have 

f(x*) = Ae- x * 2/2 H x/2 (x*). (2.83) 


This solution always converges, but in order for the wave function to be square 
integrable, X must be an even integer, i.e., 

2 E 

X n = 1 = 2 n, n = 0, 1, 2, ... , (2.84) 

hco 

which gives allowed energies as 


E n =hco(n + -), 


n — 0, 1, 2 . . . 


fundamental quantization condition. (2.85) 


The ground state is designated as n — 0 and is populated at T — 0 K. Then/zw/2 
is called the zero-point energy (motion) and is a quantum-mechanical phenomenon 
[related to the Heisenberg uncertainty (2.58)]. Then from (2.83) the eigenfunctions 
(wave functions) are 

f n = CH n (x*)e- x * 1/2 . (2.86) 


Here, C is the normalization constant that is determined by the orthogonality 
of \lf n and the final solution (dimensionless form by dividing by the first term or 
dimensional form) is 


t. = (^) 1/4 (=A;) 1/2 H.(^)«-' -I/2 

Tin 2 n\ 




1 


mco 


mcox 


2 h 




(2.87) 


The first four dimensionless wave functions xj/*, are listed in Table 2.9, where x//* = 
x// . 

These are plotted (qualitatively) in Figure 2.16. For higher quantum numbers, 
the wave function extends to higher values of x*, which allow for the probability 
of the particles to be found outside of \x*\ = 1. From (2.78), this would be x > 
(Ti/mco) l/2 = [/i/(mr) 1/2 ] 1/2 , where T is the spring constant given in (2.54). The 
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Table 2.9. The first four dimensionless wave functions for the 
quantum-harmonic oscillator, x* = x(mco/h) l/ 2 [324]. 

Quantum Number Wave Function 

0 if/* = ir~ 1/4 exp(— x* 2 /2) 

1 = (A) 1 / 4 ** exp(— x* 2 /2) 

2 if/* = (4tt)- 1 / 4 (2jc* 2 - 1) exp(— x* 2 /2) 

3 if/* = (97t) _1/4 (2x* 3 — 3x*) exp(— x* 2 /2) 


dimensionless potential energy cp* is also shown. Further graphical presentation of 
the wave function can be found in [58]. For the classical oscillator, \x*\ is limited to 
< 1 (end-of-chapter problem). 

Although the calculation of \f n (x) requires evaluation of H n (examples given 
in [171]), a general result can be derived based on (2.87). The partition function 
(2.27) for this simple harmonic oscillator (with degeneracy g n — 1) is 


oo 


2 exp[- 


n = 0 


(n + 1/2 )hco 

fof 


] = exp( 


hoj 


oo 


2 k B T 


)J][ ex p(- 


hco 


n = 0 


k B T 


)]" 


exp( 


hco 

2 k^T 


) 


ex p( 


hco 


knT 


1 “ exp (-r/) 

k B T 


exp( 




hco 

k^T 


)-i 


so 


( 2 . 88 ) 


In Z = 


hco 

2k B T 


— ln[l — exp( 


hco 

k^T 


)]■ 


(2.89) 


Relation (2.88) gives the Bose-Einstein (boson) distribution function given in 
Table 1.2 (a more detailed derivation of /° is given in Appendix F). This is char- 
acteristic of phonons and photons. Finally, using Table 2.4, we have for the mean 


Figure 2.16. Qualitative distribution of the 
dimensionless harmonic-oscillator wave 
function with respect to the dimensionless 
distance along the force direction for 
the first four quantum numbers [324]. 
Also shown is the dimensionless potential 
energy. 
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energy 


(£> 

N 


= k B T 


, dlnZ A 

V = S< “ [ 2 + 


l 


exp(^) - 1 


]=m/;+^) 


k B T 


mean energy of quantum oscillator. 


(2.90) 


Note that in comparison the mean energy of the classical oscillator (potential and 
kinetic energy) is 3 &bT. 


2.6.5 Periodic, Free Electron (Gas) Model for Metals 

The simplest electron system (structure) is the periodic, free (conduction) electron 
gas, where there is no potential, i.e., cp — 0. This is applicable to solid metals and 
is called the Drude-Sommerfeld electron gas model. If there are n e c electrons per 
volume and the electrons do not interact (are prescribed within a periodic, three- 
dimensional space), then the ground state of the electron energy is found by exam- 
ining a single electron in a volume V and the additional free electrons, while fol- 
lowing the Pauli exclusion principle (two electrons per energy level). This volume is 
found from the number of free electrons per unit volume n e , c , which in turn is found 
from the properties of metallic elements (valence electrons that are the outermost 
orbitals in Table A.2) and their densities in solid state. Then from the solution of the 
Schrodinger equation for a free electron in a box, we will also related this number 
density n e c with the number of quantum states (and through this define the Fermi 
energy). 

The wave function \/s e (x) with two possible spins and energy E e satisfies the 
time-independent Schrodinger equation (Table 2.8), i.e., 

h 2 

-- — V 2 \j/ e (x) = E e \j/ e (x) for <p = 0. (2.91) 

2m e 

The periodic boundary conditions on a cube L 3 = V is 

Vu(-U y, z) = ir e (x, y,z + L), (2.92) 

etc. The solution is 

\l/ e K (x) = L~ 3/2 e l ^' x ^ standing plane (Bloch) wave, (2.93) 


t Using (2.93) in (2.91), we have 

-(E + + fa 0) 

dx dy 3 z 

k 2 = k\ + / c } 2 + k}. 

Then separating the variables, we have 

3 2 l/r v-r(x) 9 . x 

— + K 2 xf/ KjX (x) = 0, etc. 

dx 

The solution is xfr K (x) = A exp [i(ic x x + K y y + k z z )] = A exp [i(ic ■ jc)]. Then A is determined from the 
normalization condition (Table 2.8), which gives A = V -1 / 2 = L~ 3 / 2 (end-of-chapter problem). 
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with the electron energy (kinetic energy) given by 

Ti 2 k 2 

E e = E e , k ( K ) = — . (2.94) 

Zm e 

This relation between E e and k is called the dispersion relation and this k 2 form is 
called the parabolic relation. 

The electron wave function \j/ e ^ satisfies the normalization condition 
(Table 2.8). Applying the boundary condition (at L and at 0 for all three directions) 
gives (this is called the particle-in-box solution) 

e iK * L = e iK ? L = e iK * L = e° = 1, (2.95) 


which shows that /c,- has discrete (quantized) values 


K r = 


2nn 

17 


Ky = 


2nn 

17 


Ky — 


2nn- 

~~L 


, m = 0, 1, 2, 3, • • • . 


(2.96) 


Figure 2.17(a) shows the one-dimensional (v -direction) wave function (sine 
function) that satisfies ty e ,n{ 0) = \ ls e ,n(L) = 0 for n — 1, 2, and 3. The correspond- 
ing one-dimensional energy E e , n is also shown. 

In these dimensions, we have k 2 — k 2 + k 2 + k 2 . An electron in the level \lr etK (x) 
has a momentum, velocity, and energy given by the de Broglie momentum relation 
for quasi-particles, i.e., 


Pe — htC , U e 


htc 

m e 


E e 


f 2 2 

n k 

2m e 



1 2 

-m e u e 


dispersion relation. 


(2.97) 


Free electron dispersion relation E e (k) is the parabolic dispersion. This con- 
structs the a: - space or wave-vector space, noting that the wave number is 2n /X, 
where X is the wavelength. Figure 2.17(b) shows the two-dimensional Cartesian k x - 
K y space, with the coordinates k x — 2nn x /L and K y — 2nn y /L. Then in the three- 
dimensional a: - space of unit {2i r/L) 3 , the number of allowed k values per unit 
k space is (L/2n) 3 = V/Sn 3 . This also means that there is one distinct triplet 
quantum-numbers set (k x , K y , k z ) for volume (2i r/L 3 ) in the a: - space. Now, for very 
large N e , we can consider the volume to be spherical and referring to the radius of 
this sphere in the A>space as ky (having a volume 47r/Cp/3), the number of allowed 
values of k (or orbitals) within this sphere is [Figure 2.17(b)] 


4jtk 3 /3 4jt k 3 F k ^ 

E— = — — — — - = -E-V number of allowed k points in kv volume. (2.98) 

(2 tt/L 3 ) 3 8tt 3 6tt 2 f r v ; 

Below, we will show that V depends on the number of free electrons in metallic 
solids. The wave number and energy based electron density of states D e (x ) and 
D e (E e ) (Glossary) are found based on Figure 2.17(b) as 

47TK 2 dK 

D e (K)dK = , electron density of states, 

V 7 (2tt) 3 y 


D e (E e )f°(E e )dE e = d n e , c , D e (E e )dE e = 4ttk 


die 2 1 / 2 m 3 / 2 

2 d E. = ^-£ e 1/2 d£ e , (2.99) 


dE, 


— 2-T.3 

Tt n 



Real Space 




(C) 

Figure 2.17. (a) Real-space distribution of the one-dimensional (x direction) free-electron 
wave function ^r e , Kx (v), standing waves, and its energy, for n x = 1, 2, and 3. (b) k -space shown 
in two dimensions, where each k point occupies a space (2tt/L) 3 = 8tt 3 / V [12, 245]. (c) Vari- 
ation of electron density of states, as a function of electron energy for Cu at T = 10 3 K. 


108 


Molecular Orbitals/Potentials/Dynamics, and Quantum Energy States 


and D 6 (k) is the number of electronic states per unit volume (allowed k values) in 
the increment d k of a sphere of radius k. Note that the spherical symmetry allows 
for using a spherical shell die = \ix\c 2 dic. Figure 2.17(c) shows the variation of energy 
density of states D e (E e ) for Cu electron gas, at T — 10 3 K. As shown in the figure, it 
is common to assume that /°(F e ) — 1 for E e < Fp, and zero beyond that. 

The density of states represents the atomic structure of the matter influencing 
the carrier and in general can contain forbidden energy regimes (bandgaps) where 
the carrier of that energy range can not exist [e.g., Figures 1.8(a) and (b) for phonons 
and semiconductor conduction electrons]. Because each allowed k is for two one- 
electron levels (for each spin), then using (2.98) or performing the integration over 
d E e in (2.99), up to Fp, we have 


N, tC = 2V f 
Jo 


D e {E e )f°dE e = 2V f ' D e (E e )dE e = 2^V, D e (E e ) 

Jo 


d n 


e,c 


6tt 


1 J2 mp \'x/o 

n e ,c = — = — ~ — Ef)~ , 


N e /Cp 


V 3n 2 3 tt 2 h 2 
where the Fermi energy is found from (2.97) as 

h 2 Kp (37 T 2 n e ^ c ) 2 ^h 2 


d E e 

( 2 . 100 ) 

( 2 . 101 ) 


E F = 


2m, 


2m, 


( 2 . 102 ) 


So, the Fermi energy is related to the number density of the free electrons. For 
conduction electrons, n c%c is also given by 


n e ,c = — pz e , (2.103) 

where p is the density, and is the number of free (conduction) electrons (i.e., 
valence electrons, outermost orbitals in Table A.2, in metallic bond) per atom. This 
is also listed as one of the oxidation states in Table A.2. These conduction (delo- 
calized) electrons are due to the electronic band overlaps (Section 5.6). These leave 
the outermost orbital electrons to be free. For example, Cu has one 4? electron in 
its outermost orbital while A1 has three, two in 3s and one in 3 p. Then 

= (37T 2 ^pz e ) 1/3 . (2.104) 

Equations (2.103) and (2.104) show that the Fermi energy and the number density 
of free electrons are related. The tabulated results for solid metals will be given in 
Table 5.2; for example, for copper, = 1, n e c = 8.47 x 10 22 1/cm 3 , and Fp = 7.00 
eV. For metals n e c and Fp (which is also closely related to the chemical potential /x) 
are directly related and are independent of temperature, and n e c in semiconductors 
is temperature dependent (zero at T — 0 K, and increasing with increase in T). We 
will discuss these in Sections 5.6 and 5.7. 

By defining a radius r s containing a conduction electron, i.e., 


1 4ttf 3 



(2.105) 
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we have 


k ¥ = 


(T* 1 ' 3 


1.92 


r s r s 

The Fermi velocity is found from the momentum, i.e., 


Wp = 


h 


m, 


K F- 


The energy density of the electron gas is (for two spins) [12] 

(Ee) 2 


V 


(27T) 3 

= 4 hi 


J E e f e °dK 

Ti 2 k 2 


2m. 


die — 


1 Tv 


4 TT 3 2 m, 


PKF 

/ 47T AT 4 dAT 

Jo 


i n 2 4 

tt 2 10 m e 


(2.106) 


(2.107) 


(2.108) 


We will further discuss this integral over d/c in Chapters 3 and 4. 

Using (2.101), N e /V = k^/3tt 2 , the energy per electron, in ground state, is 


(E e ) 3 Ti 2 kI 3 


N. 


e,c 


10 2m. 


3 E f 

= ^Fp = -^bTf, T f = — 

J J Kq 


Fermi temperature. (2.109) 


This constant (E e ) is one of the limitations of the Drude-Sommerfeld model. We 
will further discuss the free-electron gas model for metals in Section 5.6. This simple 
model again allows for an analytical solution to the Schrodinger equation and the 
resulting discretization of energy. Note that the density of states is based on energy 
packets in k space, while the electron density is in real space x. We will now do 
another analytical solution. 


2.6.6 Electron Orbitals in Hydrogenlike Atoms 


In the hydrogen atom model, the electron interacts with a stationary proton 
(nucleus), through the Coulombic potential (2.5), i.e., 


{ Pe — H^_ n 


4-jt 6 0 r 


(2.110) 


Then, using the spherical coordinates (r, 6,<p), the time-independent Schrodinger 
equation (Table 2.8) becomes [324] 

.2 


, n L j x n 2 r l a , , a N l a , . a 

—V +VeHe = 2 . 

2m e 2m e r or dr r sm6 ov o 0 


1 

+ -7T 


i a- 


r 2 sin“ 9 d(p z 4jre 0 r 


]^e 


— E e i// e - 


( 2 . 111 ) 
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Then variables are separated by use of 

\/r e (r , 0, 0) = R e (r)® e (0 , 0) radial angular decomposition. (2.112) 


Then when this is substituted, the equation for R e (r) is called the radial equa- 
tion. The equation for P e is called the angular equation. The general form of the 
wave function (in terms of the first three quantum numbers /?, /, and m) is [solution 

to (2.111)] [171, 324] 


,/, _ \( ^ >^3 ( n l 1)* il/2„-r7«/^ r *\/T 2/+1 /'*w (a a.\ 

ye,nlm — {( ''ITS , i \i V ^ (■ /^-/-lv )*/, m ((9,0), 

2n[(« + 1) ! J n n 


(2.113) 


where L is the associated Laguerre (orthogonal confluent hypergeometric) polyno- 
mial, and Y is a spherical harmonic function [1]. 

There are four quantum numbers, n, /, m, and 5. The first one n, is called the 
principal quantum number and describes the electron shell such that (it does not 
include the fine-structure that is due to spin). So, the discrete (quantized) energy 
states are 


F — 

L - , e,n — 


87t€ 0 r B n‘ 


n — 1, 2, 3, . . . , 


(2.114) 


where r B is the Bohr radius defined in Section 1.5.2 and Table 1.4. This is the kinetic 
energy given in Section 2.1.3 (footnote). The total energy (kinetic and potential, 
which is — e^. / An e 0 r B n 2 , is also given there. 

The second one, /, is the azimuthal quantum number (angular momentum) and 
describes the subshell, and / = 0, 1,..., n — 1. Also, 


/ = 0 is designated by s, 

/ = 1 is designated by p, 
l — 2 is designated by d , 

/ = 3 is designated by /, (2.115) 


followed by g, h, /, etc. Here s stands for sharp, p for principal, d for diffuse, and / 
for fundamental. Then for n — 1 and / = 0, we have Is, and for n = 2, l = 0, we have 
2s, etc. 

The third quantum number, m, is called the magnetic quantum number and 
describes the orbital (cloud) within a subshell, and it takes on values of 21 + 1, i.e., 
m — 0, i 1, db 2, . . . , =b /. 

The fourth quantum number is the spin quantum number, 5, describing the 
direction of electron spin (Section 1.1.1). The first electron is designated 5 = +1/2 
(spin) and the next are —1/2 (opposite spin), and then repeated. 

The lowest energy state for H is Is and the radial function is 


Re,ls(r ) 



e~ r/r B 


1 


(2.116) 
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and the complete Is wave function is 

i'e.uir) = (2.117) 

* ' r B 

The local probability of having a Is electron between r and r+dr is (Table 2.8) 

rr+dr a 

P(r) = 4tt / \//j ls (r)r 2 dr = —rr 2 e~ 2r/, ' B dr local probability. (2.118) 

Jr r B 

Then local probability P(r = 0) = P(r -> oo) = 0, with a peak near r/r B = 1.5. 
Note that in Table 2.8 the probability P v is integrated over the entire volume V. 

The electron wave functions for n — 1, 2, and 3 for hydrogenlike atomic wave 
functions (where z is atomic number) and r* = zr/r B , are listed in Table 2.10 [324]. 

The possibility distribution P e of some of the hydrogen atom electron orbitals 
shown in Figures 2.5(a)-(e). Note that in Figure 2.5(c), the x-y plane is used showing 
3 d xy instead of 3 d xz shown in Table 2.10 (the choice of plane is arbitrary). 

Figures 2.18(a) and (b) show the variation of the projected angular function 
of the 3 d xy wave function and the electron orbital (probability). Figure 2.19 shows 
radial variation of angular integral of the V^,3</* v with respect to r*. For the 
latter, the probability Py (Table 2.8) of finding the 3 d xy electron within some radial 
locations are also shown (the 99% probability is for r* = 21.9). 

In Sections 2.6.4, 2.6.5, and 2.6.6, we reviewed three exact, analytical solutions 
to the Schrodinger equation; we now proceed to discuss perturbation and numerical 
solution methods. 


2.6.7 Perturbation and Numerical Solutions to Schrodinger Equation 

In addition to the preceding three exact solutions, we review the exact solutions to 
the Schrodinger equation for the case of an electron in a one-dimensional, periodic, 
ionic potential in Section 5.1 and for the translational motion of an ideal gas in a 
box in Section 6.1. These are other exact (analytic) solutions as discussed in [58, 171]. 
Because the electron-nuclei interactions are strong and the practical ones are many- 
body systems, the exact solutions are not possible and practical. There are also 
approximate (including numerical) solutions, including the perturbation theory, the 
variational principle, quantum Monte Carlo, DFT, Wentzel-Kramers-Brillouin (W- 
K-B) approximation, discrete delta-potential method, pseudo-potential method, 
etc. [432]. 

The development of the DFT and the accuracy of the local density approxi- 
mation (LDA) and generalized gradient approximation (GGA) have allowed for 
useful quantum mechanics calculations. 

The perturbation theory approximates the solution to the Schrodinger equation 
assuming the external disturbance to be a small perturbation, then by using solutions 
to simpler systems (i.e., simpler or weaker Hamiltonians). In the time-independent 
perturbation theory, the perturbation Hamiltonian is static. The solution begins with 
an unperturbed Hamiltonian H 0 giving a set of discrete energy levels E OJl from the 


Table 2.10. Hydrogenlike atom, electron wave functions for the principal quantum numbers, 
1, 2, and 3, where z is the atomic number, and the dimensionless radial position is r * = zr/r B 
[324]. The spin number s is +1/2 for first electron and —1/2 for the next, and then repeated. 
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d v )y = 

Q -> , sin 0 sin 0 

c,jci xv 
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Charged Nucleus x 9 



(Aidjz = 

i' o - sin ^ cos 0 
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VK 0 ' 5 = 

^ 3d cose 
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4ne n r 


(a) Projected Variation of 3 d xr Wave Function^/? = cos 2 0 sin 20 


15-i 



(b) Constant Probability Surface of 3 d xy Electron Orbital 

Figure 2.18. (a) Projected, three-dimensional variation of 3 d xy wave function, and (b) three- 
dimensional electron orbital showing the surface of a constant probability. 
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Figure 2.19. Distribution of the probability-related function with respect to dimensionless 
radial position for 3 d xy orbital, z is the atomic number. 

Schrodinger equation written as 

Hol^o) = E 0%n \n 0 ), n = 1, 2, 3, (2.119) 

Then the perturbation Hamiltonian H is introduced, which represents a weak dis- 
turbance, along with a perturbation parameter e (0 < e < 1), such that 

H = H 0 + H' = H 0 + eHj + e 2 H 2 + • • • 

(H 0 + eH')\n) = E„\n), first-order perturbation in n . (2.120) 

In the perturbation approximation, instead of solving the preceding Schrodinger 
equation, a power-series solution is used for E n , i.e., 

E n — E 0?n + € Hi ;7 + 6 H2 jW + • • • , 

I n) = \n Q ) + e\n\) + e 2 \n 2 ) H . (2.121) 

Now using these expansions in (2.119) and sorting the terms with the same power of 
6, a series of equations emerges. The first one is the first-order energy shift: 

E\ ytl = (tt 0 |Hi iW |flo) expectation value of H r . (2.122) 

The perturbation changes the average energy of the state by E\, n . There are higher- 
order terms that can be indicated. 

We have discussed and will discuss again numerical solutions to the Schrodinger 
equation in Section 2.2.2 (Hartree-Fock approximation), Section 5.3 (tight-binding 
approximation), Section 5.4 (DFT), and Section 7.12.6 (time-dependent DFT). 
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The time-dependent perturbation theory (given in Appendix E) includes H'(f). 
This leads to the Fermi golden rule, which we use often (Sections 3.2.3, 4.9.4, 5.10, 
5.15, 5.17.3, 7.8, and 7.12) in determining the various transition rates (atomic-level 
kinetics). 


2.7 Problems 


Problem 2.1 

Using an available computer program for ab initio calculation of the inter- 
atomic potential (e.g., Gaussian), reproduce the 0-0 bond potential shown in 
Figure 2.6(a). After obtaining the ab initio potential, using a least-squares method, 
find the constants in the three interatomic potential models shown in Figure 2.6 and 
discussed in Section 2.2.2. 

Problem 2.2 

(a) In a polymer electrolyte membrane fuel cell (PEMFC), the interatomic bond 
energy from hydrogen fuel is converted to electric potential energy. The chemical 
reactions that occur throughout the membrane are 

hydrogen is oxidized 2 H 2 ^ 4 H + + 4 e~ 
oxygen is reduced 02 + 4 e _ ^ 20 2 ~ 

net reaction 2 H 2 +C> 2 ^ 2 H 20 . 

In this reaction, the oxidation of two hydrogen gas molecules releases four 
electrons, which later recombine to reduce the oxygen in the formation of two H 2 O 
molecules. Use Table 2.3 for the bond energies and show that the maximum electric 
potential for this reaction is 1.248 V. 

(b) Calculate the energy released per molecule of CH 4 , in the one-step reaction 

CH 4 + 20 2 -* C0 2 + 2H 2 0. 

Compare this with the experimental value of 5.553 x 10 7 J/kg-CH 4 . Note that we 
have not included any kinetic energy (temperature dependence), while the experi- 
ments include that. We will discuss the kinetic energy of solids in Chapter 4 and of 
fluids in Chapter 6 . 

Problem 2.3 

(a) Show that the equilibrium separation distance is r nn , e — 1.090ctlj, and 
the effective equilibrium potential for the F-J FCC atomic structure is (<p) e — 
— 8.60676lj. These are marked in Figure 2.1.3. 

(b) Show that the isothermal bulk modulus E p — — v(dp/ dv)j — vd 2 e/d 2 v = 
vd/dv(d(cp)/dv) [where p = —(de/dv) T =o is used] is equal to 75.14€u/^lj’ f° r 
L-J FCC atomic structure. Note that per particle, v = a 3 / 4 = r 3 / 2 1/2 (r is the 
interatomic spacing and a is the lattice constant) and use this to relate d/dv to d/dr. 
Also note that at r nn ^ e , d(<p) /dr = 0. 
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Problem 2.4 

(a) Energy broadening occurs in high scattering rates or atomic vibration phe- 
nomena. Calculate the energy uncertainty associated with vibration of Ar-Ar [use 
r LJ = At, in (2.58)]. 

(b) Using Ar again, determine A x min (2.59) for interatomic vibration displace- 
ment uncertainty and the associated uncertainty in x-direction momentum A p x . Use 
the natural frequency co n . 

(c) Compare A x m i n in (b) with the zero-point atomic displacement, which is the 
leading term in (2.57). 

Problem 2.5 

Using the L-J potential given by (2.9), the L-J constants for Xe given in (Ta- 
ble 2.2), and the Debye temperature given in Table A.2, determine the equilibrium 
nearest-neighbor location r mhe , the total potential energy (<p) at r nthe , the natural 
angular frequency co n , the Debye time constant td, and the L-J time constant 
tlj. Note that MD scales are given in Table 2.7. Comment on their magnitudes. 
Compare with any similar length, energy, frequency, and time scales you have 
experience with. Use SI units. 

Problem 2.6 

Using the two-dimensional MD Matlab code, choose a simulation unit-cell 
size (dimension) and the number of particles in it. Use the dimensionless form 
of the variables as they are in the code. Since the L-J potential is used, it can 
apply to noble-gas elements (Table 2.2), but computation is done for dimensionless 
variable. 

(a) Then plot, as a function of time, the variation in the kinetic energy, poten- 
tial energy, total energy, temperature, and pressure by taking the proper ensemble 
averages over this simulation (Table 2.4, in dimensionless forms). Note that for this 
simulation volume is replaced with area. (Add code lines to compute these quanti- 
ties.) 

(b) Comment on your observations about fluctuations. Would these fluctu- 
ations disappear as the simulation size (both the dimension and the number of 
particles, but in the same proportion) is increased? (Try doubling these values a 
few times.) Note that using m Q , eu, and ctlj, the dimensionless quantities become, 
x* - x/a L j, m* = m/m Q = 1 , E* = E/e L j, w* = u/(e LJ /m 0 ) 1/2 , t* = r/(rao<x£j/e L j) 1/2 , 
etc., similar to those in Table 2.7 (where we use the effective FCC potential). 

Problem 2.7 

(a) Plot the MSD atomic displacement (|A, | 2 ) 1/2 for Xe as a function of tem- 
perature for 0 < T < 150 K. This is similar to Figure 2.14 given for Ar. Comment 
on the zero Kelvin motion predicted by the quantum mechanical treatment of the 
atomic motion. 

(b) In the same graph, plot the classical atomic displacement = 
(3 k B T /mcol) l/2 , using co n given by (2.54). 
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Problem 2.8 

Complete the steps in deriving the expression for Ax m [ n from the Heisenberg 
uncertainty principle (2.58). 

Problem 2.9 

Show that the wave function solution to the time-independent Schrodinger 
equation for free-electron gas in a volume V = L 3 is (Section 2.6.5 footnote) 

■fe,K = L ~ 3/1 exp[i(ic - at )]. 

This is for a free quasi-particle in a box. Show the separation of variables 
and the exponential solutions, and evaluate the single proportionality constant of 
integration (which becomes L~ 3/2 when the normalization condition is used). 

Problem 2.10 

For the free-electron-gas model, determine the electron number density, 
equivalent radius, the Fermi wave number, Fermi energy, Fermi velocity, and 
Fermi temperature for Li, Cu, and Bi. Check with the values available in Table 5.2. 

Problem 2.11 

(a) Using the dimensionless form of the solution for the wave function of quan- 
tum harmonic oscillator (2.87), plot 4 versus x* (—5 < x* < + 5 ), for 

n — 0, 1, 2 and 3. Compare the results with those shown in Figure 2.16. 

(b) Comment on the trend with increasing n. 

(c) What does \j/ n indicate about the probability of finding the particle at a 
given location v*? 

Problem 2.12 

Compare the behavior of the classical and quantum simple harmonic oscillators. 

(a) Show that the classical harmonic oscillator (Section 2.5.3) extends to jc 0 = 
(< h/mco y/ 2 only (use mco 2 x 2 / 2 = E Q — Tico/2). 

(b) Using the definition for finding a particle in jc g < x < oo given in Table 2.8, 
show that this probability for a one-dimensional motion and for the ground state 
(ji — 0 ) is 0.157 (need to determine the error function for the interval 1 to oo). 

(c) Repeat (b) for n — 1. 

Problem 2.13 

For the quantum simple harmonic oscillator plot 

(a) Py versus jc*, and dimensionless potential energy cp* versus dimensionless 
distance x* (quantitative), for the first four quantum numbers. 

(b) Comment on the trends and particle existance probability. 

Problem 2.14 

(a) For the 3 d xy orbital, reproduce the graph angular distribution of the wave 
function, Figure 2.18(a). Note that the 3 projections are x = i sin 6 cos 0, y — 
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i//^ d sin 0 sin 0, and z = cos $> the standard transformation from spherical to 

xy xy 

Cartesian coordinate. Here 03 d xy — sin 2 0 sin 20. 

(b) Also, reproduce Figure 2.19 showing the function related to the probability 
distribution (as a function of the dimensionless radial position) for finding the 3 d xy 
electron with the volume of radius r*. 

(c) What is the volume of r* at which the probability Py = 0.5? 

(d) What is the energy of the hydrogen-like 3 d xy electron in eV? 


Problem 2.15 

The commutator operator [ A , B] has the property [A, B] = AB — BA. 

Using momentum and Hamiltonian operators (footnote of Section 2.6.1), we 
have 


h 

P = tV 
1 


and 


H = ih — . 
dt 


Show that 

(a) [. x , p] — ih , and 

(b) [*. R ] = ~m„P- 


3 


Carrier Energy Transport and 
Transformation Theories 


The Boltzmann transport equation (BTE) is based on classical Hamiltonian- 
statistical mechanics, as discussed in Section 6.10.1. This describes the state of a 
particle by its x and p and relates their time derivatives appearing in the equation 
of motion to their derivatives of the Hamiltonian H, through (2.17). The BTE also 
identifies the particle and its energy (in a system of particles) in terms of its position 
and momentum (x, p ), and also allows for the determination of a nonequilibrium 
probability distribution of particles // under an applied force (on a return to equi- 
librium, after an initial nonequilibrium state). These distributions are used in deter- 
mining transport coefficients under the influence of driving forces in cases of local 
nonequilibria. 

The Maxwell equations describe the propagation of EM waves and their 
interactions with electronic entities. These are among the most useful fundamental 
equations (including the laws/relations of Gauss, Faraday, Ampere, and Ohm). 

In treating carriers as particles, the fluctuation-dissipation transport theory 
associated with Green and Kubo [323] gives general expressions for the transport 
coefficients, valid at all times and densities, in terms of correlation or autocorre- 
lation functions calculated from a system at equilibrium. The kinetic-theory-based 
transport coefficients require, as observed in experiments, imposition of an external 
gradient. These gradients lead to a breakdown of the correlation. Computer simu- 
lations (i.e., many-body problems, such as MD simulations) have provided equilib- 
rium results, which are used in the G-K fluctuation dissipation theory, as well as in 
nonequilibrium theory. The nonequilibrium (imposed gradient) simulations require 
extrapolation to large systems, as well as having the complications of steep gradients 
and boundary conditions. 

Stochastic transport processes can be described by stochastic particle dynam- 
ics equations, which are used for Brownian motion/diffusion and other transport 
phenomena. 

In this chapter, these transport theories are reviewed to predict properties of the 
microscale carriers and their interaction rates. Macroscopic (continuum) equations 
for Newtonian fluid mechanics and elastic solid mechanics are also reviewed. 
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3.1 Boltzmann Transport Equation 

3.1.1 Particle Probability Distribution (Occupancy) Function 

In Sections 6.10.1 and 2.5 (also Appendix F) on classical particle dynamics, we dis- 
cussed describing particles in a system by using particle position and momentum 
space (i.e., phase space). In a dilute gas, the fluid particles (atoms or molecules) are 
in free linear flight most of the time, and only in rare instances will their flight be 
interrupted by a collision with another particle. The result of such an event, which 
in general may be treated as a classical elastic collision, is a change in the speeds and 
directions of both particles. Boltzmann derived, in the kinetic theory of gases [49], a 
statistical treatment of such binary collisions, as well as predicting the macroscopic 
properties of gases. He defined a particle probability distribution (occupancy) func- 
tion f f that denotes the fraction of particles, at time t , are situated at a location x 
and have a given momentum p (in phase space). This BTE is also used for phonons, 
electrons, and photons, as well as their associated probability distribution func- 
tions f p , f e , and f p h. Recall that the equilibrium occupancy can be expressed as 
(Table 1.2) f? = [exp(£/ — /x)/&b + y] _1 , where y = +1 for fermions, —1 for 
boson, and 0 for classical particles. We begin by noting that in classical mechanics 
(Section 6.10.1), particles are described by their position and momentum, to which 
we now add time. Thus we have x , p , and t as the independent variables (i.e., seven- 
dimensional space). 


3.1.2 A Simple Derivation of BTE 

The equation governing the evolution (nonequilibrium in time and space) of / 
is the BTE and its derivation starts with f(x,p,t) being the fraction of parti- 
cles whose positions and momenta are x and p at time t. If there were no colli- 
sions, then a short time At later, each particle would move from x to x + uAt , and 
each particle momentum would change from p to p + F At, where F is the sum 
of the external forces on a particle at time t. Any difference between f(x,u,t) 
and f(x + uAt, p + F At, t + At) is thus due to collisions. The collision term is 
set with respect to a collision rate df/dt\ s (this is not a formal derivative, but 
represents change) involving particles of positions x' and momenta p' over the 
time interval At entering (x, p). Figure 3.1(a) gives a one-dimensional presenta- 
tion of the balance on / in the x-p x space. Putting these terms together, we have 
[49, 291] 


[f(x + uAt, p + F At, t + At) — f{x, p, t)]dxdp = ‘^-\ s dx'dp' At, (3.1) 

3 1 

where df/dt\ s is the time rate of change of / that is due to collisions (it does not 
create or remove particles, but changes their momentum). Expanding the first term 
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(a) 



Figure 3.1. (a) Simple, infinitesimal (Ax — > 0, A p x — >■ 0) balance on conserved property /, 
in single-space x and single-momentum p x coordinates. The storage, scattering, and source 
terms are also shown, (b) Two-dimensional (x, p x ) rendering of particle scattering that results 
in a change in the particle momentum. In-scattering adds particles to state (x, p x ), whereas 
out-scattering removes particles from it. 


on the left as a Taylor series about f(x,p,t), we have 


a/ , a/ 


9/ 


fix + u At, p + F At, t + At) — f(x, p, t) + (- — u j + - — Fj + — )A t 


dXj 


d P, 


8 1 


9 / 


= fix* P > t) + [(V,/) • u + iS? f) ■ F + — ]A t 

at 


(3.2) 
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Table 3.1. Probability particle transport equation (BTE) for particle treatment of principal 
energy carrier i, i = p, e, f, ph [294]. 


dfi df 

— + ui ■ W x fi + Fi • V p f = -H, + Sfj, i = P,e, f ph 
at at 

F[ applied force, N 

fi i particle probability distribution function 

Sfj i carrier source rate, 1/s 

V* spatial gradient, 1/m 

V p momentum gradient, 1/N-s 


Taking the limit as At -> 0, and by adding a sink/source term s/, we have 


df df df 
— — |- u ; — — |- Fj —— 
dt J dxj J d Pj 


V 

dt 


+ «-(V,/) + F-(V^/) 






BTE. 


(3.3) 


The velocity term in BTE is the group velocity (the speed of propagation of the 
energy of the carrier), which is further defined in Section 4.1. 

In (3.1), we have used unity for the determinant of the Jacobian matrix J for the 
transformation dx'dp' = \3\dxdp, where J is the 6x6 matrix written as [49] 


d(x, y, z, Px, Py , Pz ) 
d(x , y , z , p x , Py, p z ) 


(3.4) 


to indicate no change in the coordinates. To extend (3.3) to phonons, electrons, 
and photons, we have also introduced a source/sink rate term s/, and (3.3) is also 
repeated in Table 3.1 for carrier /. 

Examples of the force F include gravitational force mg for fluid particles, 
Coulombic force e c e e for electrons, and thermoelectric coupling force — VEf + 
T(E e — E f )VT~\ where Ef is the Fermi Energy. Derivation of equilibrium distri- 
bution fP include thermodynamics consideration and is given in Appendix E. For 
/°, we will also use the equilibrium BTE discussed below, and use symmetry to 
arrive at the M-B distribution in Section 6.4.2. 

The main feature of BTE is the return from nonequilibrium distribution / 
to equilibrium distribution /°, through scattering df/dt\ s . From Table 1.2, / = 
f[E(x,p,t), T(x,t)], so the derivatives df/dt , df/dxj, Fjdf/dpj respond to scat- 
tering events (and source/sink or generation Sf) in return to the equilibrium popu- 
lation. Also since the energy transport is related to / — /°, the slower the rate of 
scattering the more effective is the transport. 
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3.1.3 In- and Out-Scattering 

The particles represented by a probability distribution (occupancy) function fj (gov- 
erned by the BTE) can have their positions and momenta (x, p) altered after col- 
lisions (scattering) with each other or with other microscale energy carriers. The 
instantaneous position of a colliding particle at time to does not change, but its 
momentum does. This is shown in Figure 3.1(b). 

For no scattering, where df,/dt\ s = 0, the particle continues on its trajectory 
(dashed curve) and the probability of occupying an energy state f.° does not change, 
i.e., 

f,°(x - uAt , p - F At, t - At) = f?(x, p, t ) 

= /°( x + uAt, p + F At, t + At), (3.5) 


or 


D 9 

— — = ( u • V* + F • V p )f° = 0 equlibrium distribution. (3.6) 

D t dt 


This means that, if a given energy state is occupied, it remains occupied (and vice 
versa). 

As shown in Figure 3.1(b) for particle B , as a result of collision (scattering), a 
particle can move out of its state ( x , p) into (, x , p'), thus decreasing the probability 
of occupation of this state. This is called out-scattering. Scattering can also cause 
a particle (jc, p') to enter a state (x, p), as shown in Figure 3.1(b) for particle C, a 
phenomenon called in-scattering (joining the state shared with particle A). 

The right-hand side of the BTE allows for this change in f t through 



Dt 



nonequilibrium distribution, 


(3.7) 


where s/j would account for any other source/sink not included in dfi/dt \ s . Again, 
note that dfj/dt \ s is not a formal derivative, while dfi/dt is. 

Deviation from equilibrium can be due to a force, a field, or a source. For exam- 
ple, an electric force on an electron for f e , or a temperature field in a solid, fluid, 
or gas for f p and f f, or emission of photons for f ph . The return to equilibrium is 
through collisions (scattering) ]>/ . 

Let’s represent the full occupancy of a state by unity. Then the sum of in- and 
out-scattering from ( p ' to p and from p to p') is represented in df/dt \ s as 


jr\s = F - Mp)]Mp'< p)-J 2 fi(p)i l - fi(p')]Yi(P’ p')> 

p' p' 


in-scattering out-scattering 


(3.8) 


where the first term is for in-scattering, fi(p') gives the probability that p' is occu- 
pied, and [1 — fi(p)\ is the probability that p is empty (so it can be occupied). In the 
second term, fi(p) and [1 — fi(p')\ are the probabilities that p is occupied and p' is 
empty, respectively. 
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Here ]>/(//, p) is the transition-probability rate, or the probability of transition 
per unit time (1/s) that particle at state p' scatters to state p. Note that we have also 
used Yi as the scattering rate. This is the generalized symbol used throughout the 
book, which will be further discussed in Section 3.2. 

For nondegenerate states (low occupancy, as shown in Figure 1.1) fi(p) <£ 1, 
and (3.8) becomes 

0 f 

jr\s = E Mp')Mp '> P)~E Mp)Mp> P '). nondegenerate particles. (3.9) 

P' P' 


The sum of the collisions presented in df/dt\ s does not create or destroy carriers 
(particles), leading to 



overall balance equation. 


(3.10) 


This indicates that in-scattering originates from out-scattering of another state, and 
when adding all exchanges the net result is zero. The summation implies that inte- 
gration for quasi-particles (including electrons) is taken over the momentum space 
(for isotropic behavior) by use of a spherical volume of radius p. 

Because we will apply the BTE to both classical and quantum-particles, here 
we make a preparation for making averages. We note that the integral (of any 
quantity ip) over momentum space dp follows (2.108) we had for d k, i.e., by using 
(2.97) p —hK (the de Broglie relation, describing the parabolic energy depen- 
dence on k. Glossary) and for isotropic behavior (spherical symmetry) noting that 
dp = \np 2 dp, we have the average of quantity 0 per unit volume as 

{<p) = <p= [ (pdic = — [ (pdp = — f ip \np 2 dp. (3.11) 

^ 8tt 3 J 8n 3 h 3 J 8 jz\ 3 J p 

For electrons, allowing for two spins, we use An 3 instead of 8tt 3 . Thus, assuming 
isotropic behavior, the integral is over a radius p in momentum space. 

Also, note that by allowing for the azimuthal angle 0 and polar angle 6 depen- 
dence (nonspherical symmetry), the integral (3.11) can be written as 


(<P) 




1 

8n 3 h 3 



ip p 2 dp sin#d0d0, 


(3.12) 


where for isotropic behavior the integral over the angles gives 47 t. 


3.1.4 Relaxation-Time Approximation of Scattering and Transport Properties 

The scattering term in the BTE describes the elastic- (in which the energy of prin- 
cipal carrier groups is conserved) or inelastic- (energy exchange between principal 
carriers) scattering rate of particles as they collide with each other or different car- 
riers. In Section 3.2, examples are given of such collisions involving phonons, elec- 
trons, fluid particles, and photons. These scattering events return the distribution 
to f°. 
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The phonon scattering is mostly by other phonons. In a three-phonon-scattering 
event, a phonon of wave number tc p can split its energy and create two other 
phonons (which keeps the energy and momentum conserved). These are generally 
inelastic scattering events. 

The electron scattering is mostly by phonons, and again, it conserves total 
energy and momentum. Most electron collisions (scattering) are assumed to be 
elastic. 

The fluid particle collision is mostly with other fluid particles, and while the 
total momentum and energy of the two particles are conserved (elastic collision), 
the particle trajectories undergo changes. 

The inelastic photon interaction can for example be for a photon interact- 
ing with dipole moment of charge-unbalanced, vibrating atoms in a lattice. These 
can lead to absorption, emission, and/or elastic scattering of photons by lattice 
atoms. 

Examples of expressions for the scattering rates is given in Section 3.2. These are 
generally in integral form, with the integral taken over the energy of the final (post- 
collision) state and the energy of the other participating particle. We will discuss 
these later in their appropriate chapters. 

A more general treatment of fP (the equilibrium distribution) uses symmetric 
and antisymmetric decomposition, both with respect to p. The integrals of the p- 
moments of the symmetric and antisymmetric portions of / z and /) /r, may then 
vanish, depending on the even or odd integrand [294]. 

As will be discussed in the following chapters, it is also customary to represent 
the collision rate by using a relaxation-time r z approximation, i.e.,' 




s Tti + • • • 



dt 


s 




(3.13) 


This is based on Taylor series expansion in r z and taking the leading term only 
(Section 6.8.1). It shows the smaller r z , the faster f t returns to equilibrium. This 
approximation is generally valid for a small force field and under elastic or isotropic 
scattering (collisions). 

Equation (3.13) represents a return to the equilibrium distribution fP at a rate 
proportional to the deviation // = — fP and to the inverse of the collision rate t z 

(r / is in turn equal to l/y z , where y z is the transition probability rate). 


' Considering time dependence only, and with s/j = 0, (3.7) and (3.13) give 

dm = dj L fj(t) - fp 

dt dt S Tj 

Using fi(t = 0) = fi( 0), the solution to this equation is 

This shows that within a few (say 4) time constants r z , the equilibrium distribution fP is restored. 
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As an example consider the force electron mobility (transport property). For 
conduction electrons in semiconductors, under a steady-state and uniform electric 
field along the x direction e e x , we have df e /dt — 0 and V*/ e = 0. Then, using the 
relaxation-time approximation (F x = —e c e etX ), we find that (3.3) becomes 


^c^e, x 


yfe_ 

3 Px 



(3.14) 


Furthermore, under the low-field approximation it is assumed that df e /dp x = 
df?/dPx - Then 


dfe° _ fe 
h d k x r e ’ 

where from (2.97) p x — Tik x . Then 



^e.x^e 

Tl 




(3.15) 


(3.16) 


where in general z e — z € (k). Then, with /°(/c) from Table 1.1, f e is determined, and 
e e , x is shown to cause departure from the equilibrium. 

For example, consider a nondegenerate (so we can drop the unity from the 
denominator of /°) electron energy distribution, which is used for semiconductors. 
Assume a one-dimensional electron motion, in which the total energy (represented 
as E e — /x in Table 1.1) can be divided into the potential and kinetic energy as 


Ee = E e ,p(x) + E e , k (p x ). 

Then (this will be further explained in Section 5.7) 

1 


(3.17) 


L° = 


exp (E e - E f - 1) 


exp[— exp[— ^^(z 7 -*) ] nondegenerate/ 0 . 


k B T 


k B T 


(3.18) 

The nondegenerate electrons do not obey the Pauli exclusion principle (low n e c 
semiconductors). Using (2.97) again, E e ^ — p 2 /2m e — h 2 K 2 x /2m e , and we have 


9/Cv 


h Z K , 


m e k B T 


exp[- 


E e ,p(x) - E f 
k B T 


2.2 


] ex P( 


Tl K 


2m e k B T 


)■ 


(3.19) 


Finally, 


fe = 


fe°( 1 
fe°( 1 


Tl£ c ^e,x 

m e k B T 


Kx) 


^c^e,x U 


= fe( 1 - 


m e k B T 
e r e 


Px) 


2 ^ ^c^e,x^e 


m 


p}! 1 

l /2 knT e ' k 


) 


(3.20) 


This shows that f e is shifted on the E e ^ axis when compared with the equilibrium 
distribution /°. 
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E e *> eV 


0.0 0.0624 0.125 0.187 0.250 0.312 




Figure 3.2. (a) Variations of f e with respect to the kinetic energy for nondegenerate electrons 
in a one-dimensional electric field, (b) Variations of f p for Ar FCC solid under a temperature 
gradient. 


Figure 3.2(a) shows the variation f e with respect to E e ^ for E e p — E? — 0.3 eV, 
x e — 10 -10 s, T — 1000 K, and a range of e e (0, 10 2 , and 10 3 V/m). This is character- 
istic of high-temperature thermoelectric semiconductors. Note that for the smaller 
electric fields (e.g., e e%x — 0), the deviation from equilibrium is not noticeable. This 
response to an electric field determines the transport properties. In Section 5.11 we 
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use (3.20) to find the directional electron drift velocity u e x , the electron mobility 
p, e x , and electrical conductivity o ex , which are defined as 


^ ^ ^e,x fe 

__ {^e,x) 1 P 

Te,x — — . ■» 5 &e,x — ^e,c^cTe,x •> 

-e e , x -e e , x J2fe 

P 


(3.21) 


where n ex is the conduction electron density, and e c is the electron charge. Through 
(3.20), x e and other properties enter into /i e , x . 

The relaxation time x e represents the inverse of the transition rate y e . This indi- 
cates that for a very large transition rate, in which the scattering drives the distribu- 
tion toward equilibrium, the relaxation time tends to zero. This was also previously 
found for x e —> 0. 

Similarly, as is shown in Section 4.9.2, the thermal conductivity tensor Ki and 
the conduction heat flux (diffusive as compared to convective transport) for 
carrier i are given by 


qk,i = E f E‘ u ifi'dic a = - Ki ■ V7\ Ki = f CvjTiUiUidiCa, 

a J a J 


(3.22) 


where a is the polarization of the carrier i (for electrons 8n 3 is replaced with 47r 3 to 
account for the two spins). Similar to (3.16), the deviation // is related to the driv- 
ing potential VT by use of BTE (as was previously done for electrons in an electric 
field). In Section 4.9, we will show that for phonons under a temperature gradient, 
dr /cbc, where f = f Q — x p E p u p dT /dx/[exp(E p / k^T) — 1]~ 2 . This is plotted in Fig- 
ure 3.2(b) for dT /dx = — 10 8 , 0, 10 7 , 10 8 K/m, and for phonon properties of solid Ar 
at 50 K. The high-energy phonon population is most affected by the presence of 
a temperature gradient. Note that equation (3.22) can also be written in terms of 
ff + f[ — fi ; however, the integral involving f? is zero due to the symmetry. 

As just demonstrated, the BTE is also used to determine macroscopic transport 
properties. We use it in Chapters 4 to 7 for all four microscale energy carriers. 


3.1.5 Boltzmann Transport Scales 

The relaxation time of principal carrier /, r /, signifies the time between encounter 
(scattering) events that alter the particle momentum /?/. Examples are given in 
Figure 1.5, ranging from fs to ms. The particle momentum is in turn affected by 
the external force F t . The velocity of the particle m, is related to its momentum. 
Then the time, length, and momentum scales of Boltzmann transport, x A, , and /?, , 
respectively signify how long and how far the particle can retain its identity before 
the next scattering event. This length scale is the mean free path A, as introduced in 
(1.14). 

Table 3.2 summarizes the Boltzmann transport scales. These can be compared 
with Table 1.5 which shows the ab initio (fine-structure) scales, and Table 2.7 which 
shows the MD scales. We also note that the macroscopic treatment scales are L A, 
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Table 3.2. Boltzmann transport scales (time, length, 
momentum, and force), based on relaxation time. 


Scale 


Relation 


Time (relaxation time) 
Length (mean free path) 
Momentum 
Force 


Ti 

hi — U[ T i 

Pi = mu i = F j Tj 

Fi 


and t 77 , where the continuum theories are valid. The four levels of length and 
time scales were presented together in Figure 1.9. When A/ is larger than the consid- 
ered system length, i.e., A/ L, the transport is said to be ballistic (no momentum 
altering event during the transport). 


Various approximations are used for the relaxation time. The simplest treatment 
assumes a constant r /. However, in most cases, this does not lead to accurate predic- 
tions. 

The scattering rate y(p , p') is the rate at which carriers with specific momentum 
p scatter to p'. The relaxation time is the average time between such collisions, or 
the lifetime of state p. Some scattering processes are not isotropic, such as small 
angle-momentum deflections, and using the angle 6 between p and p f , a momentum 
relaxation time r, (momentum) is defined as [294] 


where ±pi indicates added/lost momentum, and 6 is the polar angle between the 
incident and the scattered (initial and final) momenta. This shows the momen- 
tum relaxation time accounts for the change in direction of momentum. Only sev- 
eral relaxation times are needed to randomize the momentum. When the direc- 
tion and magnitude of the particles do not change in the collision (scattering), then 
ij (momentum)^ oo, as expected. 

In Chapter 5, for electron-phonon scattering, we will also be interested in the 
rate of electron energy scattering by phonons. The energy relaxation time weighs 
each collision by the fractional change in the energy [294] 


3.1.6 Momentum, Energy, and Average Relaxation Times 



p p' 


(3.23) 



where ±Ej indicates added/lost energy (inelastic). This is the time required to 
dissipate or exchange carrier energy. For elastic scattering, E(p') — E(p), and 
r, (energy)^ oo (Section 5.10), as expected. 
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There are also simple models for energy-dependent relaxation times. Among 
them is the power-law energy-dependent relaxation time, which is used for electron 
scattering [294] and is given by 

E 

r e (E e ) = r eo ( — —) s energy-dependent electron relaxation time, (3.25) 
k B T 

where s is the power-law constant. For example, for electron-phonon (acoustic) 
scattering 5 = —1/2 (Table 5.3). 

Using r e (E e ), the energy-averaged relaxation time, we find the energy-averaged 
{{r e )) (end-of-chapter problem). The double brackets indicates that the average is 
not a simple average, but actually a particularly weighted average (Section 5.11). 
We will apply this model to the electron scattering by phonons and impurities. 


3.1.7 Moments of BTE 


Within the particle treatment model, each microscale BTE can be used for deriving 
conservation equations involving the moments of /, with respect to the power n of its 
momentum p'J . This moment is then averaged over the entire momentum (or wave 
vector) space to arrive at the average conservation equations. When this procedure 
is applied to fluid particles, it gives the conservation of mass (continuity) equation 
for p°f, the momentum conservation equation (the Navier-Stokes equations, Table 
3.10, Section 3.7) for p^, and the mechanical energy equation for \pf\ 2 = p 2 . Sim- 
ilarly, we will arrive at the electron conservation (drift-diffusion) equation for p° 
and the energy conservation equation for \p e \ 2 - A similar set of equations can be 
developed for phonons. We will discuss the electron and phonon conservation equa- 
tions in Section 5.18. For photons, the energy equation is developed from the BTE 
by use of the photon energy hco, which is called the equation of radiative transfer 
(Section 7.6). 

As an example, following (1.2) to (1.4), the nth moment p n e of the electron dis- 
tribution function f e averaged over the momentum space (allowing for two spins) 

(3.12) is 


{n e ,c) = 



1 




{ n e,c e e u e) — ije) — 3 ^ ' 

Pe 


Pefe 

m e 


(E e ) 

V 



(3.26) 


where we have used p e —htc e to turn summation that over tc e to that over p e . 
The integral of the zeroth-moment gives the carrier density {n ex ), that of the first- 
moment gives the drift current density vector j e , and that of the second-moment 
gives the average energy density (E e ) (these lead to the carrier continuity, momen- 
tum, and energy equations. An example is given in Section 5.18). Then, BTE (3.3) is 
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accordingly multiplied by pj and averaged. The wave number vector /c, and momen- 
tum vector pi are related through (2.98). 

When the relaxation-time approximation is used, the momentum and energy 
equations will contain the moment-averaged relaxation times. As mentioned in Sec- 
tion 3.1.6, these are designated as t* (momentum) and r, (energy), and examples are 
given in Section 5.18. 


3.1.8 Numerical Solution to BTE 

There are two classes of computational techniques that are used to solve the BTE for 
energy carriers (/?, e , /, ph): the deterministic method and the Monte Carlo method 
[428]. In the first method, the BTE is discretized by use of a variety of methods 
and then solved directly or iteratively. The discretization techniques include the dis- 
crete ordinates S^, spherical harmonics P#, collision probabilities, nodal methods, 
and others. In Section 7.7.3 we discuss an approximate discrete ordinate method 
using only two ordinates, one forward and one backward. This is called the two-flux 
method and is able to reveal much about the solution and the role of scattering. 

The Monte Carlo method constructs a stochastic model in which the expected 
value of a certain random variable is equivalent to the value of a physical quantity 
to be determined. The expected value is estimated by the average of many inde- 
pendent samples representing the random variable. Random numbers, following 
the distributions of the variable to be estimated, are used to construct these inde- 
pendent samples. There are two different options to choose from in constructing a 
stochastic model for the Monte Carlo computations. In the first case, the physical 
process is stochastic and the Monte Carlo computation involves a simulation of the 
real physical process. In the other case, a stochastic model is constructed artificially, 
such as the solution of the deterministic equations, by the Monte Carlo method. 
Both the deterministic and the Monte Carlo methods have errors, but their source 
is different for each method. In the deterministic computational method, the com- 
puting errors are systematic. They arise from the discretization of the time-space- 
angle-energy phase space and the approximate geometry. The errors in the Monte 
Carlo method are from stochastic uncertainties. A review of Monte Carlo method 
used for phonon, electron, fluid particle, and photon is given in Appendix H. 

3.2 Energy Transition Kinetics and Fermi Golden Rule 

Central to heat transfer is the rate (time) of change of energy to and from thermal 
energy Si-j, as given in Table 1.1. These rates (energy transformation kinetics) are 
governed by the slowest of the processes involved (in a multiprocess energy con- 
version). For example, in laser cooling of solids, the photon-electron interactions 

' Note that the equation of radiative transfer (for photon transport), given in Section 7.6.1, is derived 
from the BTE, and therefore, in its most general form is similar to the BTE. Many numerical meth- 
ods used for the solution of the equation of radiative transfer, as described in [428], apply in general 
to solving the BTE. 
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(absorption), the electronic transition, the coupling of this transition with phonons 
(absorption of phonons), and luminescence (photon emission), are all encountered 
in the processes. Each of these processes, in which a carrier undergoes interaction 
with the same or different carrier, has an interaction/transition time. 

Energy conversion is an inelastic carrier interaction. In Figure 1.5, examples 
of various interaction times r = l/y,- 7 - were listed. In semiconductors, for exam- 
ple, the presence of holes results in electron-hole radiative recombination, which 
depends strongly on dopant concentration. 

We also consider the rate of return to equilibrium in particle interactions. An 
isolated, many-particle system will eventually reach equilibrium, irrespective of its 
initial state. The typical time for this is called the thermalization time, and depends 
on the nature of the interparticle interactions. 

Because carrier energy distribution is temperature dependent (Table 1.2), all 
interaction and transition rates are temperature dependent. This gives rise to change 
in the dominant (slowest) process as temperature changes, in addition to a strong 
dependence of the rates. 

A general qualitative discussion of the various interactions encountered by the 
carriers is given in subsequent sections. Then, in the following chapters, quantita- 
tive treatments of these rates are given while considering a central (e.g., source of 
energy) carrier. 


3.2.1 Elastic and Inelastic Scattering 

In classical particle collisions, an ideally elastic collision is one in which there is no 
loss of kinetic energy in the collisions; in an inelastic collision, part of the kinetic 
energy is changed to some other form of energy (e.g., internal energy). Collisions 
between hard spheres are considered elastic (the other extreme is that in which the 
colliding particles coalesce). In addition to energy, momentum conservation is also 
imposed in some treatments. 

Therefore, an inelastic event is one in which part of the energy is “lost” in the 
scatter, giving rise to internal energy, and thus requiring additional independent 
variables. 

In interaction among the same principal carriers (e.g., phonon-phonon), while 
energy (and momentum) is exchanged between them, such scattering is consid- 
ered elastic. In scattering between different carriers (e.g., photons and electrons), 
although total energy (and in some analysis the momentum) conservation holds 
among them, the energy exchange between these carriers is considered inelastic. 
Table 3.3 gives examples of intracarrier and intercarrier scatterings. In many cases, 
idealized elastic scattering can be assumed. 

In addition to energy, particle momentum conservation may also be included in 
the interaction analysis. In electron-phonon and phonon-phonon scattering events, 
this conservation is also imposed, with the added complexity of the analysis. In 
binary fluid particle collision, momentum conservation is readily imposed. 
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Table 3.3. Some carrier scatterings of significance in heat transfer and 
thermal energy conversion. 


Carrier 

Scattered by 

Elastic or inelastic scattering 

Phonon 

phonon 
impurity 
vacancy 
electron 
grain boundary 

elastic or inelastic 

elastic 

elastic 

elastic or inelastic 
elastic 

Electron 

phonon 

ionized impurity 

piezoelectric 

photon 

elastic or inelastic 

elastic 

elastic 

elastic or inelastic 

Fluid particle 

electron and ion 
fluid particle 
solid surface 

inelastic 
mostly elastic 
inelastic 

Photon 

electron and ion 
oscillating dipole 
fluid particle 
solid particles 
gas plasma 

elastic or inelastic 
elastic or inelastic 
elastic or inelastic 
elastic or inelastic 
inelastic 


An example of elastic scattering is the Rayleigh scattering of light by air 
molecules resulting in the blue sky color. An example of inelastic scattering is 
the discriminate absorption of light by liquid water molecules (high absorption of 
infrared and red) resulting in blue water color. Another inelastic example is the 
Raman scattering where the kinetic energy of the solid or fluid medium changes the 
energy of the incoming photon (when the outgoing photon has higher energy it is 
called an anti-Stokes process). 


3.2.2 Phonon Interaction and Transition Rates 

Phonons interact with each other, electrons, impurity molecule sites, grain bound- 
aries, and dislocations. A phonon’s energy, manifested as lattice vibration, is pro- 
portional to k^T , and its distribution also depends on temperature. This tempera- 
ture dependence also creates a very strong temperature dependence for the specific 
heat capacity and interactions involving phonons. At high temperatures, inter- 
phonon interactions dominate others, whereas close to absolute zero, impurity and 
boundary interactions dominate. Also, as the melting temperature is reached and 
large atomic displacements occur, the ordered behavior of lattice vibration breaks 
down, leading to the disorder of the amorphous and liquid phases. 

Liquid crystals are intermediates between liquids and crystals. The molecules 
are typically rod-shaped organic moieties (about 25 A) and their order is temper- 
ature dependent. The nematic phase, for example, is characterized by the orien- 
tational order of the constituent molecules and can be controlled with an applied 
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electric field. The smectic phases are found at lower temperatures and form well- 
defined layers that can slide over one another. Among such molecules are the chiral 
molecules that possess permanent polarizations, are ferroelectric, and whose time 
constant (relaxation time) in an applied field can be very small. 

Figure 3.3 entry (a) and Table 3.4 entry (a), show interphonon scattering r~} = 
dfp/dt\ s and these will be discussed in Chapter 4, including Section 4.13. 

In some cases, the relaxation time is either directly or indirectly measured and 
is used as an empirical constant in the BTE. Examples of the magnitude of some 
time constant for each of the carriers are shown in Figure 1.5. 


3.2.3 Electron (and Hole) Interaction and Transition Rates 

Quantum theory gives an explanation for the probability of electronic transitions 
(interactions with other carriers, such as phonons and photons) in terms of the wave 
functions; this applies for transition probabilities (rates) that are time invariant, and 
it is generally expressed in a relationship referred to as the Fermi golden rule (FGR). 

The transition rate depends on the strength of the coupling between the initial 
and the final state of a system and on the number of ways the transition may occur 
(i.e., the density of the final states). This transition probability is discussed in Section 
5.10, and the derivation of the FGR is given in Appendix E. When the wave vector 
k (which is more suitable for electrons) is used, the modal (k') form of (E.24) is 

Ye-iir > ^0 = 7 / t = I M K ' k \~8y)(^E k ' E k =F h coi ) 

T e -i(K,lc) h 

FGR for transition probability rate, (3.27) 

where if) is transition probability rate, M K ^ K is the interaction matrix element 

for the interaction (for transition from state k to state ic'), and the energy Dirac 
delta function <5 d(£) [291] (as compared to the Kronecker delta function) has a unit 
of J -1 (see Glossary). Here coi is the angular frequency of carrier /, which causes the 
transition. The integral of <5 d over /E-space (Section 5.7) gives the energy density of 
states, (5.65) as 

D e (E) = V<5 d (£*' - Ek =F heat) = — i -3 [ 8d(E k ’ - E K ^hco^&K, (3.28) 
K ' (2?r ) Jk' 

where from (3.11), d/c' = 4nic r2 dK (bold designation indicate three-dimensional 
integration, or here a spherical volume). ' 

t Alternatively, (3.27) is written as 

Ye-i — ~z~ \M k / k \ D e (E), 

Ti 


where D e (E) is per unit volume or per unit-cell volume. Since D e represents the electronic structure 
of matter, it determines which interactions are physically allowed to occur. 
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Multi-Phonon Scattering 



K p,y co p, 3 


K p,2> CO p,2 


Energy Conservation: hco p 1 = hco p 2 + hot) 3 
Momentum Conservation: PiK p j = hK p 2 + PiK p 3 + hg 
g is Reciprocal Lattice Vector 

W 2 > 3;i) = U*. f v 2 ' Vs- 


Four-Phonon 





y p .p = ® 


L *V 


^p-2’ 0J p-2> K p-y 00 p- 3 ) 


(b) Electron 

0 * 


(c) Fluid Particle 

o ► 

Pf 


Electron -Phonon Scattering 





Fluid Particle-Fluid Particle Collision 



Collision Diamter of Particle 2 


(d) Photon 

0/W> 

C0 P h 


Photon Scattering, Emission, and Absorption 



(i) Scattering (ii) Emission (iii) Absorption 
by Electron (Dipole Vibration) (Dipole Vibration) 


Figure 3.3. Carrier presentation icons, and inter- and intraparticle (carrier) interactions, (a) 
Three- and four-phonon, (b) electron-phonon, (c) binary fluid particle, and (d) various pho- 
ton interactions. 
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Table 3.4. Examples of intercarrier and intracarrier scattering rates and relaxation times 
(in BTE) [408, 440, 445]. 


(a) Phonon r p - p : 


Hf P , i) 


(b) Electron 


T-e-p 


Wei*) 


dt 


(c) Fluid particle 

3//(p) 

T f-f ■ 


y y '0 ' yai,Q!2.0!3(^l’ *-2i K 3){fp,3{fp,2 + l)(/p, 1 + 1) 

K 2 C <2 «3 

~(fp,3 + 1)/p,2/p,i}<Sd(<^i + - ^ 3 ) 

^ ' Ycti,a 2 ,(X3 ( — ^1 5 ^3)((/p,l T l)/p,2/p,3 — 

«3 

/p,l(/p,2 + l)(/p,3 + 1))<5 d(^1 - (02 ~ <^3)] 

(three-phonon scattering, Section 4.15) 

-^{y e (ic, ic)f e (ic')[ 1 - f e (ic)] - 

Ye{K > O/*0O[l - /*(*')] 1 

(conduction-electron binary scattering, including 
electron-impurity and electron-phonon scattering, 
Section 5.11) 

- [ f P r . 3 [K/(p' p)ff(p) - Yf(p ■ p')ff(p')] 

J (Inhy 

(fluid particle classical binary collision, Section 6.5) 


(d) Photon 


rph-eox p 


df p h^(p 7 s) 


dt 



a phdpjj 

(2 nh) 3 


dAp/ Ji&) (/7/ j , (o , s 


Pi,k , &2, S 2 ) X 


fi,j(Pij)[l ± fi,k(Pi,k)]{fphA s )[ l + fph,co 2 (s 2 )\ ~ 


{ f ph,(o (^ ) [1 T f ph,a>(y[\ X 


[1± fi,j(Pij)]fi,k(Pi,k) 
[1 ± fi,k(Pi,k)]fi,j(Pi,j) 


[photon binary scattering by boson (+) and fermion (-) 
carrier i, Section 7.5] 


A p h,co phonon-scattering cross-section area with initial state j and final state k , m 2 

p particle momentum, N-s 

Uj polarization of particle i 

k wave vector, 1/m 

s unit vector 

i type of particle 

j initial state 

/ final state 

co angular frequency, rad/s 

u p h speed of light, m/s 

Yi(p f , p) scattering transition rate from p r to p , 1/s 
r i-j relaxation time in scattering between carrier i and j, s 
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In some cases, (3.27) is expanded to include momentum conservation, and in 
that case, the right-hand side is also multiplied by 8d(ic' — k - f £,•). Because the FGR 
is a regular perturbation derivation, it applies to weak interactions. The transition- 
probability rate, also called the decay-probability rate, is related to the mean life- 
time t e -i of the state by y e ~i — 1/r e -i- The general form of the FGR can apply to 
atomic transitions, nuclear decay, scattering, and some other transitions. 

A transition will proceed more rapidly if the coupling between the initial and the 
final states is stronger. The coupling term is the matrix element M K > K for the transi- 
tion (emphasizing the formulation of quantum mechanics in terms of matrices rather 
than the differential equations of the Schrodinger equation). The matrix element is 
an integral, in which the interaction that causes the transition is expressed as an 
interaction Hamiltonian that operates on the initial-state wave function. (For exam- 
ple, the scattering of electrons by acoustic phonons is through the scattering Hamil- 
tonian H' = cpd. aV • d , where cpd . a is the scattering potential and d is the atomic 
displacement vector (Table E.l).) The transition-probability rate is proportional 
to the square of the integral of this interaction over all of the appropriate space, 
i.e., 



V^H>*dV interaction matrix element, 


( 3 . 29 ) 


where i/C, is the conjugate wave function for the final state, t/t* is the wave function 
for the initial state, and H' is the scattering operator (perturbation Hamiltonian) 
for the physical interaction that couples the initial and final states of the system 
(for example, the scattering potential in electron-phonon interaction). Here M K ^ K 
has units of J, D e (E ) has units of 1/J-m 3 , and <5 d has units of 1/J. In Section E.4 
(Appendix E), we give examples of the perturbation Hamiltonian for some scatter- 
ings and couplings, involving the principal carriers. 

The transition-probability rate is also proportional to the final density of states, 
which may be composed of several states with the same energy (i.e., degenerate 
states). This degeneracy is expressed as a statistical weight in the transition proba- 
bility. For continuum final states, this final density of states is expressed as a function 
of energy. 

Figure 3.3 entry (b) and Table 3.4 entry (b) show an electron-phonon scattering 
event, which will be discussed further in Chapter 5, including Sections 5.10, 5.11, and 
5.15. 

An example of nonradiative (no photon emission) coupling of transitions 
(decay) of excited electrons to the ground state and the vibrational/rotational 
(vibronic) energy of molecules is given in [181] and also in Chapter 7. These cou- 
plings (energy conversions) are referred to as internal conversions. The interaction 
matrix thus contains both the electronic and vibronic wave functions (from the 
Schrodinger equation). This involves the interaction Hamiltonian, as will be dis- 
cussed in Appendix E. 

A more general description of the FGR will be given in Section 5.7. 
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3.2.4 Fluid Particle Interaction and Transition Rates 

Fluid particles in thermal motion constantly collide (in their translational motion) 
with each other and with their container wall, and this collision rate is central in 
gas kinetic theory. In addition, fluid particles can rotate and vibrate, and these have 
their own respective time constants. These are all temperature dependent. 

Solids interact with fluid particles through surface forces, which cause physi- 
cal phenomena such as gas adsorption (a thin layer of the condensed fluid phase) 
or physiochemical adsorption, as in surface-mediated (catalytic) reactions. These 
adsorbed fluid particles move about, and in and out of the adsorbed layer, because 
of thermal motion. Under equilibrium, these in and out flow rates balance, and 
as their kinetic energy (and temperature) increases beyond a threshold, they 
desorb. 

Figure 3.3 entry (c) and Table 3.4 entry (c) show a binary, interfluid particle 
collision r /-/. This will be further discussed in Section 6.5. 


3.2.5 Photon Interaction and Transition Rates 

As propagating electromagnetic waves, photons interact with electric fields (static 
and dynamic) in matter. This has been previously mentioned in regard to electron 
interactions with photons (radiation). Both classical (Maxwell) and quantum theory 
treatments of these interactions have been addressed. Photons can also participate 
in a mechanical interaction with fluid particles, as in photophoresis of nanoparticle 
and microparticles in rarefied gases. 

Figure 3.3 entry (d) and Table 3.4 entry (d) show a phonon-electron scattering 
z p h-e • This will be discussed in Chapter 7, including Sections 7.3, 7.4 and 7.10. 

The photon interaction with electric entities (such as oscillating dipoles) can be 
assisted by phonons. The most fundamental approach uses the FGR (3.27). In gen- 
eral, photonic interactions with matter are the central phenomena in many energy- 
conversion processes (including photovoltaic, discussed in Chapter 7). 


3.3 Maxwell Equations and Electromagnetic Waves 
3.3.1 Maxwell Equations 

Two of the microscale energy carriers, electrons (along with holes) and photons, 
can (in some cases) be treated by the Maxwell equations, which represent the fun- 
damentals of classical electricity and magnetism. The heat transfer (energy equation 
in Table 1.1), includes the radiative heat flux vector q r which is related to the photon 
(or EM wave) transport through the radiation intensity I ph . Conduction includes 
electric thermal conductivity k e , and the energy conversion term contains many 
electron or photon related phenomena. The Maxwell equation play roles in all of 
these. In their dynamical form, the Maxwell equations describe the propagation of 
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EM waves in a medium, which is called the wave treatment of photons. Here, the dif- 
ferential (pointwise, as compared to integral) form of these equations is presented. 
These equations are compilations of various electrical and magnetic laws (includ- 
ing those of Ampere, Faraday, and Gauss, and here we add Ohm), and are listed in 
Table 3.5 [289]. 

The continuum properties of a medium that influence the propagation of elec- 
tromagnetic waves are the electrical conductivity cr e — o ep . — icr e , c , the relative com- 
plex electric permittivity (or relative dielectric function) e e — e ej — i € e , c , and the 
complex relative magnetic permeability (i e — ti e ,r — i^e,c (which are wavelength X 
and temperature dependent, and can be complex quantities).' The electric suscep- 
tivity is defined as 1 — € e , and we will discuss e e for different materials in Section 
3.3.5. For vacuum, e e — fi e = 1, and the electric susceptivity Xe is zero. The speed of 
light is c — (ix 0 ix e € 0 e e )~ l/2 , where e 0 and /x G are the free-space permittivity and per- 
meability (Table 1.4). For ideal insulators, o e — 0, and we will discuss o e for metals 
and semiconductors in Chapter 5 (experimental data in Section 5.16). 

In the quantum treatment, these in turn depend on the molecular properties of 
the medium. In solids, for example, these depend on the electronic band structure, 
magnetism, the scattering rates (electron by phonon, etc.), the conduction electron 
density, etc. We will discuss these in Chapter 5. 

Figure 3.4 shows the progression of representing EM-related properties of mat- 
ter, starting from quantum mechanics, to the Maxwell equations, to optical proper- 
ties, and finally the surface properties. 

The optical properties presented by the spectral complex index of refraction m x 
and is introduced through the photon dispersion relation (for phase velocity) u p \ x — 
u ph p = co/k = u pho /mx . In turn m k is given in terms of these three fundamental, 
classical properties (cr e , e e and /x e ), and has two components, i.e., 

m x = n A - iKx. = [n 0 fi e cl(e 0 € e - i — )] 1/2 , Xf — c = u ph , co — 2nf, 

CO 


nixco 

k = K Q m x = 

Co 


(n k - iKx)co 
Cq 


optical dispersion relation, 


(3.30) 


where nx is the spectral index of refraction, k\ is the spectral index of extinction, 
and / is the frequency (co is the angular frequency). Derivation of (3.30), from 
the Maxwell equations, is an end-of-chapter problem. For ojcoe Q c e » 1, we have 
a conductor and for o/coe 0 € e 1, we have a dielectric. For non-magnetic (f± e — 1) 
dielectrics, from (3.30) we have e e — (nx — iKx) 2 , which gives c ej — n\ — k 2 , and 
€e,c = 2 nxKx. 


' The electric conductivity is in part related to the conduction electron density and the electronic band 
structure through the BTE (Section 5.12). The quantum-mechanics definition of the imaginary part 
of the dielectric function is [28] 


Ce,c — 


47T 


CO 


■ jeWi)8Tt(Ef - Ei =fM> 

/ 


where s a is polarization direction unit vector and j e is the macroscopic current density operator 
vector. The real part is related to an integral of e ejC [17]. 
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Table 3.5. Continuum (classical) Maxwell equations and the EM wave-propagation equation, 
in inhomogeneous, nonlinear anisotropic media, and some relationships with photons [289]. 


V x e e + 


e c n e 

V • e e = 

e 0 c e 

V • b e = 0 

dh e 


dt 


= 0 


Gauss law for electricity, d e = e 0 c e e e 
Gauss law for magnetism, b e = p Q p e h ( 
Faraday law 


1 de t 


v X b e =■ — = Mo fieje Ampere law 

• z at 


c 


dd f 


j e = j e j + j ej d + jgjn = o e e e H h V x M Ohm law, with displacement and magnetization 

dt 

currents 

n e = n e , c + n e> t total (conduction and bound) electron density 

o — P c J^t-K-x) 
c e — c e.o 3 a c 

1 r 2 l 

Eph,o> — E ph e (co) T Eph, m (co) — ~ J €oC e 6 eQ dV = V Dph,(o(fph T ~)7iCt) 

quantum spectral energy of electromagnetic field [for harmonic (EM) field] 

1 


I P h,o) = |^ e (^)|g(tt») = \e e x h e \g(co) = -\Re(e e (x) x /?J(x))|g(w) spectral intensity of 


f 


radiation 


g(a))doj = 1, g(co) is line-shape function (broadening), g(co) = — 


1 


T 


1 d 2 e. 


n (co - mo ) 2 + (\ n 2 

(Lorentzian function) 


9 j- o c g e q u g d j g f . . r 

V e e = — — — + V h /XoMe -- , electromagnetic wave equation for constant e e and a t 




dt 


c 2 ar 2 

Iph = Iph, oe*'*- 0 *' 
tn x = n k - iK X = [Mo Pec\(c 0 c e - c (co) = u ph (co) = (p 0 p e € Q c e )~ l/2 

CO 


CO . . . 2 COK k 477 K k . 

k = K 0 m k — m k — optical dispersion relation, a p h co = = absorption coefficient 

c n ’ c A 


Irrotational electric field, the scalar electric potential cp e is defined through e e = — V<p e , replacing 
this in the Gauss law, gives the Poisson equation, — V 2 cp e = e c n e /c 0 c e , also the magnetic induction 
vector is represented by magnetic vector potential a e through b e = V x a e 
Electromagnetic force (Lorentz) equation is F e = e c e e + e c ii x b e 

For optical fields, the spectral optical properties m k = n k — ix k are related to spectral c e , fi e and o e , 
and the spectral absorption coefficient cr p i l 0J 

a e vector potential, N/A-m 2 

b e magnetic induction vector, T = N/A-m = V-s/m 2 
D p h photon density of states, l/m 3 -rad/s 

d e electric displacement vector, C/m 2 

e e electric field intensity vector, V/m 

h e magnetic field intensity, A/m, f indicates complex conjugate 

j e current density vector, A/m 2 = C/m 2 -s 

m k spectral complex index of refraction, m k = n k — iK k 

M magnetization vector, A/m 

n e total (free and bound) electron density, 1/m 3 

n k spectral index of refraction 

p e electric polarization vector (total dipole moment) per unit volume, C/m 2 
s e Poynting vector, W/m 2 

c e complex relative electric permittivity (or relative dielectric function) 

c 0 free-space permittivity, 8.854 x 10 -12 C 2 /N-m 2 

k x spectral index of refraction and extinction 

li e complex relative magnetic permeability 

Mo free-space permeability, 47T x 10 -7 N/A 2 

a e electrical conductivity, 1/^2-m 
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Medium i 


Wave: e e , li 



Reflection 

Pph,X 


Surface- 

Radiation 

Properties 


Absorption 

Bulk Electromagnetic Frequency of Wave IS) ° PKl 

(or Optical) Does Not change as It ^Transmission 
Properties ot Medium i R e fi ec ts and Transmits 



Quantum-Mechanics-Based Properties : 

Intra-atomic and Interatomic Forces, Charge Distribution, Atomic Arrangements, Motions 


T (Wave Function), H (Hamiltonian) of Radiation Field, 
z, r B , r , a (Lattice Constant), etc. 


Bulk Electromagnetic Properties from Maxwell Equations: a e , € e , and // e 



€o€e,l 


Free-Space (Vacuum), Electrical Permittivity Complex, Relative Electrical Permittivity 
= 8.8542 x 1(T 12 C 2 /N-m 2 


€ = € - / e . 

e,A e,r, A e,c,A 


doMe,X 


Free-Space Magnetic Permeability Complex, Relative Magnetic Permeability 
/'o = 4tix10- 7 N-s 2 /C 2 u -u 

' e, A ' e.r, A 1 e,c, A 


G eX~ G e,r,X “ i G e,c^ Electrical Conductivity (1/D-m) o< a e) < oo 
€ e,A’ l l e,h and O e> x are Generally Measured [c ; = (// o p e ,X^e,xY m ] 



m 


= »x ~ iK x =\-f i oMeu c °(£°£e,A ® = 2 n f f=c!A 


Complex 
Refraction Index 


Extinction Index 
Refraction index 


A7; and K) Depend on He, A* an d °e,x 

m-t k 0 = — — - = mi — = («; — iK })— Optical Dispersion Relation 
c(®) c„ 



£ ph,X Spectral Emissivity, o<e pW <i 

Pph,X Spectral Reflectivity, 0 < < 1 

p p h x and € p hjL Depend on and K x of the Two Media Making up the Interface 


Figure 3.4. The classical (Maxwell) interaction of electromagnetic radiation with an interface 
marking a change in radiation properties. The quantum-mechanical, electromagnetic, optical 
(derived), and surface-radiation (derived) properties are also shown. 
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The surface-radiation properties are represented by the spectral reflectivity 
Pph,\, and spectral emissivity e p h,\, which can be related to EM or optical proper- 
ties (Sections 7.10 and 7.15.1). 

For semiconductors, the drift-diffusion equation is used for the electric current 
and is listed in Table 3.6. The electron (and hole) conservation (continuity) equation 
is also listed. These are derived and discussed in Section 5.18. 

In addition to the electric potential (p e (e e = — V^), we will also use the mag- 
netic vector potential a e (h e = V x a e ), when treating the dipole radiation (end-of- 
chapter problem), and in quantization of EM wave in Section 7.3. The potentials are 
also listed in Table 3.5. 


3.3.2 Electromagnetic Wave Propagation Equation 


The EM wave equation for a constant property medium is obtained by taking the 
curl of the Faraday law, then substituting the Ampere law, followed by use of the 
Gauss laws (for constant € e and /x e ), i.e., 

V x V x e e — — y 2 e e + V(V • e e ) 


d o 

- — V xb e = —W~e e + V(V • e e ) 
at 

2 / \ 3 , 1 de e 

^ @e V(V • € e ) — (— : T “T T P'oP'e J e,f)i C — ^ ph 


3 1\ 2 3 1 


V e P = -r 


1 d 2 e 


3 r 


e i jr-7 e c n e ^je,f 

+ V h P-oPe 


6 n 6 


o c <? 


3 1 


(3.31) 

(3.32) 

(3.33) 

(3.34) 


This EM wave propagation equation is used to derive (3.30) end-of-chapter 
problem, using the optical dispersion relation k = mxK 0 = mxco/c 0 — (n^ — iic\) 
( o/c Q , where c Q is the vacuum phase velocity (will be discussed in Section 4.2). When 
there is no charge gradient or current (o e = 0), then from (3.34) we have the simple 
wave (Helmholtz) equation 

1 d 2 e 

y 2 e e — EM (classical) wave equation for Vn e = j e j — 0. (3.35) 

The electric e e and magnetic h e field vectors are oriented perpendicular to each 
other, while propagating along the same direction. In Section 7.7.1, we discuss the 
continuity of the surface tangent components of these vectors as they cross inter- 
faces with discontinuity in properties (e.g., change in When compared with the 
time-dependent Schrodinger equation (2.62), which is first-order in the time deriva- 
tive and has ih as the coefficient of this first derivative, we can expect similar solution 


t This begins by introducing n\ and tc\ through (for propagation along x direction) and using the 
dispersion relation 

e e y = ^ 0 exp {i[o)t — — wi]} = e e , 0 exp[i (cot — /rx)], 


etc. 


e e ,y = e e , 0 exp {i [cot 
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Table 3.6. Electron (or hole) drift-diffusion equation , and continuity equation for 
semiconductors [294]. 

Current is given by the drift-diffusion equation (for semiconductor heterostructures) 

j e = o e e e + e c D e Wn e + e c S e VT drift-diffusion equation 

where the drift is represented by conductivity and the diffusion is represented by the carrier density 
and temperature gradients, D e is the electron diffusivity, and S e is the Soret coefficient 


For electrons 


D e 


k B T 

e c 


g'e i 


Se 


= n e fi e 


k B 

e c 


Carrier concentration is given by the electron (or hole) continuity equation (spatial variation of 
carrier distribution) 


dn e 

~di 


1 . V — > 

v • Je + 2^h eA 


carrier continuity equation 


where h e j stands for various generations and recombinations. 


D e carrier (electron or hole) diffusivity, m 2 /s 
n e carrier (electron or hole) density, 1/m 3 

Se Soret coefficient, 1/K-m-s 

o e electrical conductivity, 1/^2-m 
fi e electron mobility, m 2 /V-s 


forms for and e e , although e e is a vector. Also note that the quantum Hamiltonian 

has a Laplacian (kinetic energy) term as well as a potential term. 

Using the optical dispersion relation (Figure 3.4) the classical (hyperbolic, lin- 
ear), propagating EM wave equation (3.35) has a solution of the type [289] 3 


€ e — &e,o 


i{cot—K-x) 


— Ce,o^a.C 


i(cDt—K 0 myX ) 


CO 


k = —{n x ~ iKx), 
Co 


(3.36) 


where s a is the unit polarization vector, and tc is the wave vector. So, the Helmholtz 
equation (3.35) becomes S/ 2 e e — —co 2 /i e € e /x 0 e 0 e e = —K 2 m 2 A e e . 

Note the similarity to the time-dependent wave function (2.68) used for the 
Schrodinger equation in (2.69), and also note that E —hco ox E /h — Hk 2 /2m in quan- 
tum mechanics. The Schrodinger equation has a first-order time derivative, but this 
term contains i . 

We will use the Helmholtz equation (3.35) in treatment of radiation propagation 
in Section 7.7, where we show local interference of waves results in local electric field 
(photon energy) enhancement. 


' Compared with de Broglie quantum wave, which is 

VI/ = Ae^-^f 


where co = E/h = Tik 2 /2m as given in (2.68). 
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3.3.3 EM Wave and Photon Energy 


The Poynting vector s e , when integrated over a closed surface, gives the total, out- 
ward flow of energy per unit time. The time-average magnitude (propagating in one 
direction) in a nonconducting (dielectric) medium is 


1 7 

= \e e xh e | = -c€ o^ e e e o plane wave, 


(3.37) 


and is equal to the phase velocity c (or u p h) times the average energy density 
E ph ,(o/V . This uses the cycle-averaged fields e e and h e , in which electric and mag- 
netic contributions to E p h are equal. An alternate derivation of (3.37) will be given 
in Section 3.3.5. 

Figure 3.5 shows the EM wave and photon presentations of energy contained in 
a volume V. The polarization s a is along the y direction, and the wave travels along 
the x direction. 

The relation among energy density of EM wave with field intensity vector e e , 
i.e., (3.37), and frequency co, the quantum occupancy number of photons with the 
same energy and frequency f p h, and number of phonons of energy hco (Section 7.1) 
per volume (photon density of state) D p h , a >, using (2.85) for quantized photon energy 
density, is (Section 7.3) 


E p h,co 

V 



D P h t <o(a))(f ph + -)Tud plane wave, 


(3.38) 


where the 1/2 term is generally neglected. 

For a plane wave, the radiative intensity I p h,co given as the average Poynting 
vector |s e | (3.37) becomes 


Iph,a> = 2 ce ° e ?e 2 e , o plane wave. (3.39) 

In general, a line-shape function g(<z>) is also added to (3.39), as shown in Table 3.5. 
These classical, electromagnetic waves can travel in vacuum (cr e = 0, gt e = 1, and 
€ e = 1 ). 


* Plane-polarized electric field (using k = co/c) 

e e = e e ,o e lco ^~c^s y , 

has a counterpart magnetic induction field (from Faraday law in Table 3.5), given as 


h e — ^Q^ e CQe 6 Q€ ^ c 


so the Poynting vector is 


s e — 6 e x h e — 


1 


[loO-eC 

and its time average is (end-of-chapter problem) [289] 

| _ 1 2 




which is half because of e e and half because of h e . 
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Planar EM Wave: e ey = e eo e i{oJt Kz) s y , -f- = C 



Figure 3.5. The planar EM wave and its photon presentation (wave packet of energy hco). 
The number of photons in the volume V is such that it matches the EM energy in the same 
volume. 


The limits of the classical treatments are in the description of the electronic 
energy bandgaps, and in quasi-particle features of photons (including blackbody 
radiation). We will address these in Chapters 5 (electrons) and Chapter 7 (photons). 


3.3.4 Electric Dipole and Emission, Absorption, and Scattering of EM Waves 

Molecules with nonuniform charge distributions (Table 2.1) have permanent elec- 
tric dipole moments. This strictly applies to two charges, one positive and one neg- 
ative, of the same magnitude and separated by a distance v. Water vapor, for exam- 
ple, has a dipole moment of 6.20 x 10 _3 ° C-m. The presence of an electric field can 
also induce a dipole moment. The permanent dipole moment (vector) p e , Q is the 
product of the charge q and the separation distance and points toward the positive 
charge, i.e., 

= V / xq(x)dV electric dipole moment. (3.40) 

These dipoles can be oscillating at the atomic frequencies related to their vibrations. 

The Debye model of polar molecules is an electric dipole contained in a spheri- 
cal molecule, free to rotate into alignment with the electric field, but subject to dis- 
orientation by collision with the neighboring molecules (by thermal motion). The 
net dipole moment (per molecule) is expressed as [289] 

p e — Na e (e e + a — ) induced linear dipole 

Na e 

p* = — (3 - 41) 
1 — 


1 One Debye D is 3.3356 x 10 30 C-m, Table 1.4. Then for water vapor, p e , Q = 1.85 D. 
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Figure 3.6. Emission of EM radiation by sinusoidally oscillating electric charge [429], showing 
near- and far-field emitted EM waves. 

where p e is the induced dipole moment, a e is the polarizibility (induced moment) 
produced by the applied held, a is a constant, N is the number of molecules per unit 
volume, and Xe is electric susceptibility. 

The emission of EM radiation by a sinusoidally oscillating charge p 6t0 — e c d is 
shown in Figure 3.6. The purely radiative decay rate or spontaneous decay rate of 
a classical electron oscillator y p h, e ,sp , o is determined from the classical electromag- 
netic theory [289] using the vector and scalar potentials and the poynting vector. For 
vacuum ( e e = 1), this is given as (end-of-chapter problem) [429] 


spontaneous emission (decay rate) by classical oscillating electron. (3.42) 

The emission rate by transition dipole moment p, e (quantum-mechanics quan- 
tity) causing an energy transition hco e , g in an excited electric entity (e.g., electron in 
an ion) is [194] (derivation based on FGR is Chapter 7 end-of-chapter problem) 



Ye-p (spontaneous) = y ph , e , sp = 0 f e '\ \fi e \ 2 

3e 0 hpu ph 

spontaneous emission by transition dipole moment. 


(3.43) 


3.3 Maxwell Equations and Electromagnetic Waves 


147 


In this relation it is assumed that y e . p co e , g /TT. This is the photon spontaneous 
emission and is part of the Einstein spontaneous and stimulated emission excited- 


quantum-electrodynamic quantity) will be discussed in Section 7.12.1. The energy 
generation s P h, e ,s P is hco e , g Y P h, e ,s P , and in thermal radiation the thermal fluctuations 
in matter (including solids) results in thermal radiation emission (sum of stimulated 
and spontaneous emission, Section 7.4.3). 

The far-field (rco/u p h 1), i.e., spherical-wave limit, energy of interaction of 
EM with a molecular dipole is given by p e • e e . EM waves are also absorbed by 
oscillating dipoles. There is also scattering of EM waves by dipoles, such as in 
Rayleigh scattering [52, 236, 329]. In Section 5.15.3(B) we will discuss the polar- 
ization (dipole moment created by polar optical-phonon lattice displacement). In 
quantum mechanics, the transition dipole moment is represented by an operator fi e 
(Section 7.12.1). 

Similarly, EM waves are absorbed by dipoles, through electronic transitions, 
etc. EM wave scattering is generally referred to change in the direction (polariza- 
tion), without a change in energy. We will discuss these emission, absorption, and 
scattering in Chapter 7. 


Dielectrics are materials with electrical conductivities much lower than those of met- 
als (Section 5.16). Dielectric materials are generally categorized as materials having 
electrical resistivity larger than 10 4 Q-m. These materials can absorb EM energy 
from an oscillating electric field e e (t) by molecular rotation, especially at lower fre- 
quencies. This molecular rotation occurs in polar molecules. A material capable of 
being heated with radiowave or microwave energy is said to be polar or dipolar. 
An oscillating electric field is applied to the material, causing its molecules to rotate 
at the frequency of the field and line up their corresponding fields. The molecular 
friction generated by the molecules moving relative to each other generates heat. 
This method of generating heat within a material is termed dipole rotation and can 
be used to heat solids, liquids, or gases. Electric permittivity is a measure of ability 
of a material to resist the formation of an electric field within it. Dielectric materi- 
als have polar molecules (see Glossary) that can store charge and rotate under an 
applied alternating electric field of frequency /. The complex electric permittivity 

t The far-field (r X) electric and magnetic field intensities are (Figure 3.6) 


state population rate equation (Section 7.4.1). The transition dipole moment (a 


3.3.5 Dielectric Function and Dielectric Heating 




—lour 

e U ph.O 


r 


More detail derivation is guided through end-of-chapter problem. 
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(also called the dielectric function) is defined as 


e e (co) = € e r (co) — ie ec (co) dielectric function (electric permittivity), (3.44) 

where e ej is called the dielectric constant and e e?c is called the dielectric loss (or loss 
factor). 

The dielectric constant e er is a measure of the capacitance of the material and 
the dielectric loss e e?c is a measure of the electrical energy dissipated as heat. Both 
e e r and e ec are functions of frequency and temperature. 

Figures 3.7(a) and (b) show variations of e e r and as functions of angular 
frequency, for five materials representing dielectrics (acrylic and quartz), semicon- 
ductors (GaAs), metals (Al), and liquids (H 2 O), all at T — 300 K. 

Although e e r affects refraction and reflection, e c%c affects absorption and emis- 
sion. It is possible for e ej to have a negative value (shown for Al). H 2 O as a liquid 
has strong absorption (large € etC ) in the microwaves, far-infrared, and ultraviolet 
regimes. Acrylic has a small absorption coefficient (related to e^ c ), whereas GaAs 
has a strong absorption near its bandgap energy (1.42-1.90 eV, ultraviolet regime). 
Quartz (crystalline Si02) has a high absorption because of its lattice vibration in 
the near-infrared regime. The free electrons of Al are excited by photons over a 
large range of energy. The low and high-energy excitation regimes are also shown 
in Figure 3.7(a), starting from the ionic to electronic. 

The Kramers-Kronig dispersion relation describes the interdependency of e ej 
and € e>c . The classical electron oscillator model for the dielectric function (the Drude 
model, Glossary) is based on the damping motion of the electron and an oscillating 
EM field. This is shown in Figure 3.8. For an electron as a particle (Table 2.5) the 
momentum conservation is 

d 2 x 2 m e dx 

m e — — — — m e (i) „x e e e e 

d t 2 n ' e r e dt 

co n e = 0 for an unbound electron (Drude damped oscillator model), (3.45) 


where co ne is the natural frequency related to the force constant through (2.54), and 
x e is the relaxation time for the damping mechanism (e.g., scattering by nuclei). For 
a time-periodic EM field e e — e e ^e l(Dt (3.36), we have the form [512] 


dx e c /m e 
dt ico — l/z e 


(3.46) 


which on using j e — — n e , c e c dx/dt — a e (co)e e ^ 0 , where a e (co) is the complex electric 
conductivity (also called optical or dynamical electric conductivity), and n ex is the 
free-electron density, gives 


2 

o e (co) = n< ' L e . e ^ me — — — Drude free-electron model, (3.47) 
T e — i/co 1 — i(jQT e 

where o e , 0 — n e , c e 2 x e ! m e is the direct current (DC) (co = 0) electrical conductivity. 
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0^ HP HP HP HP HP HP HP HP co, rad/s 


(a) Real Part of Relative Electric Permittivity (300 K) 



0* IO 11 W 2 W 3 W 4 10^ 10^ W 7 IO 18 co, rad/s 

)C 

(b) Imaginary Part of Relative Electric Permittivity (300 K) 


Figure 3.7. Variations of (a) the real and (b) imaginary parts of the electric permittivity 
(dielectric function) with respect to EM wave energy (angular frequency), for typical insu- 
lator (including an organic compound), conductor, and semiconductor solids and for liquid 
water. The data are for T = 300 K. 
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(b) Electron Damped-Oscillator Model 


Figure 3.8. (a) Electronic models for an atom, and (b) the classical electron damped-oscillator 
model [429]. 


The real and imaginary components of the dielectric function are also related 

to u e (a>) [359, 512], e.g., 


cr e (co) — - 6 o e e , c c> 0 , or e e , c = 


cr e (cL>) 


CO€ ( 


(3.48) 


and 


^e(to) — (=e,oo 


&e,o^e 


CO 


6 0 (co 2 + ico/x e ) 


— € e,oo 


Pi 


co(co + i/r e ) ’ 


(3.49) 


where q ? 00 is the high-frequency asymptote and co p i is the plasma frequency 
[quantum of plasma energy hco p i is called plasmon, Figure 3.7(b) for Al] 
ti> p i(n e , c el/€ 0 m e ) 1/2 . Generally, r e is the inverse of co at which 6 e>c has a maximum. 


' In Debye model of a molecule of diameter cl rotating in a viscous medium is, 


— 


d, 

kCT 


where \if is the dynamic viscosity. 
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Using the low- and high-frequency limits, the modified Debye model is listed in 
Table 3.5, which is 


€ e ^e,oo 


€ e,s ^ e,oo 


1 

1 + i0)X e ’ 


(3.50) 


where € e , s and 6 e>00 are the low- and high-frequency emissions (real quantities). The 
Debye model is used in the electron-optical-phonon scattering (Section 5.15.3). 

Similarly, the Lorentz model treats the oscillatory motion of a band carrier in 
an oscillating EM field [512], and is used for dielectrics (e.g., SiCE). 

For semiconductors (direct and indirect bands, Chapter 5), the Drude model is 
extended to include the bandgap (we will discuss this in Section 7.15.1). 

In general, e e (co) is related to the electronic band structure and is given in terms 
of cojj , which is used along with the Brillouin zone average transition probability 
(between states i and j) and the joint density of states [377], so we have 


8ne 2 x— v f 

e e (co) = H E / ViAstf 100 - E e) - + E e )]dx 


m 


e,e 


ij J 


optical dielectric, 


(3.51) 

where m e , e is the effective electron (or hole) mass, g is the line-shape function, and 
E e is the electronic energy difference E e jj. We will apply this to photon absorption 
by semiconductors in Section 7.8.1. 

The Adachi model [2] for semiconductor e e is based on the Kramers-Kronig 
transformation and is a summation over active bands. Other models are discussed 
in [80]. The total field current in Table 3.5 is the sum due to free carrier and the dis- 
placement currents, j e — j e j + je,d = <?eCe + (o€o€ ex e e . So, for dielectrics we have 
only the second term. 

The dielectric heating (commonly called he microwave heating) rate is 


Sph-p — ® c 


\e e \ 2 


= 6 0 € e , c a>e 


1 

-€ 0 € e ,c(De 


2 

e,o 


volumetric dielectric heating, 


(3.52) 


where the imaginary part of the electric conductivity o e is given by (3.48), and e 2 
is the time average of the square of the electric field (square of RMS). In general, 
€ etC (cD, T) is found from absorption data. 

Note the high magnitude of e ex for H 2 O in Figure 3.7(b) in the microwave 
regime making for high heating rates (thus the name microwave heating). Also, note 
that from (3.30) for \i e — 1 and o e — 0, we have k\ — [(e 2 r + £ c ? c ) 1/2 — Q,r] 1/2 /2 1/2 , 
n x = (q ?/ -) 1/2 , or € ejC = 2 n^Kx, and the spectral absorption coefficient of EM waves 
in a dielectric media is related to this through a p hx — 47 tk^/X — 2j ie ex /nxX. 


3.3.6 Electrical Resistivity and Mobility and Joule Heating 

Electrical resistivity p e — 1 /o e also measures the loss of electric power that is due to 
the inelastic scattering of electrons with the lattice (phonon), impurities, etc. These 
scattering mechanisms are temperature dependent and are discussed in Sections 
5.13 and 5.15. According to the Matthiessen rule, the resistances that are due to 
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various scattering mechanisms are additive in series [232], i.e., 

p e — p e j Matthiessen rule (series transport). (3.53) 

i 

For metals, p e (T) decreases with decreases in temperature, and nearly vanishes as 
T -> 0 (superconductivity). The electric mobility gi e is related to the electric con- 
ductivity through < 7 e — n e , c e c gL e . So, the mobility separates the electron transport 
kinetics from the electron density part of the conductivity. 

Using this p e , the volumetric Joule heating rate for conductors (metals) is 

s e -p — s e ,j = je ■ e e — a e \e e \ 2 = p e f; volumetric Joule heating, (3.54) 

where j e is the free electron current density (j e j), and we have used the Ohm law 
(Table 3.5). For alternating current, \ej \ 2 — e 2 0 /2 is used in (3.54). In Section 5.18 we 
will derive this, showing that the Joule heating represents relaxation of the electron 
kinetic energy. 

Electron-lattice (phonon) scattering is dominant in inelastic scattering mech- 
anisms. Joule heating results in phonon emission and, as governed by the energy 
equation (Table 1.1), may lead to sensible heating. 

For semiconductors, Joule heating is given as [in addition to that due to net 
current of conduction electrons presented in (3.54)] 

$e-p — ^e,J — j e ' 4” (he,rec ^e,gen^)(^^^e,g 4” 3&b T), (3.55) 

where j e is given in Table 3.6, and h e ,rec and h etgen are volumetric, nonradia- 
tive recombination and generation rates (l/m 3 -s). The electron-hole carrier energy 
equation will be derived in Section 5.18. 


3.4 Onsager Coupled Transport Coefficients 

The Gibbs fundamental thermodynamic relations hold between the state variables 
and involve derivatives of these variables. The entropy balance equation is derived 
from the continuity equation, with proper substitutions. From these, the first pos- 
tulate of irreversible thermodynamics allows for defining the conjugated thermo- 
dynamic fluxes and forces. In the second postulate, a linear relation is assumed 
between the two and the phenomenological transport equations are introduced. 
Examples are q — —kVT and j e — — eco e V(p e , for isotropic materials. 

The Onsager relationship for coupled transport, represented for flux ji (where 
i can be e for electrical transport and t for thermal transport), is [354] 

ji — ^ L ik F j Onsager relation, (3.56) 

where for each driving force F, there is a corresponding conjugate primary flux ji. 
Here L is a phenomenological transport coefficient relating these two. These phe- 
nomena are called cross-coupling transport. 
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For example, for a system with two fluxes caused by two driving forces (i.e., two 
simultaneous irreversible processes), we have 


A = LuFi + Li 2 F 2 , 

A = F21F2 + L22F2, 


( 3 . 57 ) 

( 3 . 58 ) 


where A and A denote the fluxes and F\ and F 2 denote the forces causing these 
flows. The coefficients L ik (with i 7 ^ k) describe the interference (coupling) of the 
two irreversible processes i and k. 

The Onsager reciprocity relation between the cross coefficients L ik and L ki is 
expressed as 


L ik = L ki (i 7 ^ k ) Onsager reciprocity relation. 


( 3 . 59 ) 


This Onsager reciprocity relations allows a reduction in the number of transport 
coefficients and provides for the following constraints 

T11 > 0 , T22 > 0 , (L12 + T21) 2 < 4L11L22 


constraints on transport coefficients. 


( 3 . 60 ) 


The conjugate coefficients (Ln and L22) must be positive, whereas the crossed 
(coupling or interference) coefficients (L 12 and L 21 ) have no definite sign. 

The last condition in (3.60) is based on the positive derivative of the entropy 
with respect to temperature [354]. We should note that the relations (3.59) and 
(3.60) are valid only when the fluxes and thermodynamic forces are suitably chosen. 

As an example, consider the coupled electric and thermal current vectors j e 
and q in solids. The choice of driving force is generally made by the examination of 
the transport equations, such as the BTE. As will be shown in Section 5.9, from the 
BTE the driving forces suitable for this analysis are V(E F /^ C ) and V(l/T), where 
Ey is the Fermi energy. V F f includes the carrier concentration and electric poten- 
tial variations. Then, following (3.57) and (3.58), the general form of these coupled 
currents is 

E f 


j e — E ee • V T L 


et 


q — L 


te 


Ef 

V— + L tt 
e c 


1 

V- 

T 

1 

V-. 

T 


( 3 . 61 ) 


( 3 . 62 ) 


The coupling tensors L ee , L et , L te , and L tt are the electrothermal transport proper- 
ties of the solid. The Onsager reciprocity relation (3.59) then requires that L et jj = 
L te jj , where i j designates the component of the tensor. 

The more common form of the electrothermal transport equations (which are 
more suitable for experiments), and for the simple case of isotropic properties, is 
given in terms of the electric field intensity vector e e , i.e., 


1 

— Peje T Ot§VT , p e — 

<X e 

q = apje - k e VT, ap = a s T. 


(3.63) 

(3.64) 
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Here, p e (£2-m) is the electrical resistivity (the inverse of electrical conductivity), 
a?s(V/K) is the Seebeck coefficient, G'p(V) is the Peltier coefficient, and k e is the elec- 
tric thermal conductivity. Here, the Onsager reciprocity relation leads to ap = a$T, 
as will be discussed in Section 5.13. Note that p e and k e have positive values. 


3.5 Stochastic Particle Dynamics and Transport 


3.5.1 Langevin Particle Dynamics Equation and Brownian Motion 


The Langevin stochastic particle dynamics equation governs the motion of a parti- 
cle through a medium by a combination of a mean force F kiS and a time-dependent 
random (including form a Gaussian distribution) force F k (t), with friction (e.g., vis- 
cous) from the medium — yu k . This equation is listed in Table 3.7. The fluctuation- 
dissipation theorems also require some constraints on the random force, and these 
are also stated in the table. The brackets ( ) indicate integration over the vol- 
ume. The Langevin equation is used in thermal bath simulations, where the time- 
dependent force is due to inter-particle interaction (e.g., harmonic potential) [206]. 

We will use the Langevin equation in Section 6.10 for Brownian motion of solid 
particles suspended in a liquid. In that case, the random force is from thermal fluc- 
tuations of the solid particles and the hindering force is the fluid viscous force on the 
particle. Here we summarize some of the results. 

F k (t) is a rapidly varying function, so correlation {F k (0) • F k (t)) is only a func- 
tion of t and its integral is related to the velocity squared. So, for t —> oo when the 
equipartition of energy is realized, the integral gives 6 &bT y [323]. 

The ratio m k /y is called the collision (viscous or Langevin) relaxation time r M 
and under no mean (steady) force F k ^ s = 0, the MSD ([x(t) — x Q ] 2 ) is (note that 
from equipartition of energy (mu 2 k / 2) = 3k&T /2, Section 6.10) 

{x 2 ) - (x 2 ) = ——^—['C k i(e~ t/Tfl - 1) - t], (3.65) 

y 

where x G is the initial position. The short-time solution t / r M 1 gives the ballistic 
regime 


{x 2 ) - <x 2 > = ^t 2 . (3.66) 

m k 

This is the unresisted thermal motion. The long-time solution t / 1 gives the 

viscous regime 


{x 2 ) - (x 2 > = 


6 k B T 
1 

y 


6 k B T 

^ Lx » Lx 
m k 


m 
y ’ 


(3.67) 


This is the Brownian motion of particle in a viscous fluid. We will use these in deriva- 
tion of the Brownian diffusion in Section 6.10. 

The velocity distribution of the particles will equilibrate for t -> oo, and 
becomes the M-B distribution (6.61). 
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Table 3.7. Stochastic (Brownian) particle dynamics equation (Langevin stochastic equation ) 
[93, 323], thermal motion in a viscous fluid. 

Langevin equation for particle k 

d 

— (m k u k ) = F knS - yu k + F k (t ) 

Fluctuation-dissipation theorems 

0 zero-mean F k (t) force 

6k^Ty correlation of Gaussian distribution force (defines T) 

3 

-&b T , equipartition of energy and temperature 

F kyS steady, deterministic force on particle k, N 
F k (t) random (stochastic), time-dependent force on particle k, N 
m k /y Langevin relaxation time, s 
— yu k frictional force on particle k, N 

Note that the friction y is a result of correlating the random force. It can also be viewed as how 
external forces dissipate into thermal energy by friction. 


(F k ( t)) = 

pOO 

/ (F k (t)- F k (0))dt = 

Jo 


1 


m k \u k \ = 


3.5.2 Fokker-Planck Particle Conservation Equation 

The Fokker-Planck equation is a particle drift-diffusion equation and represents 
the probability of finding a particle in a drift vector field u , and a diffusion tensor D 
is used in the probability density function (pdf) P. This time-evolution equation for 
stochastic processes [323] is listed in Table 3.8. 

The Fokker-Planck equation is a powerful tool for solving stochastic problems. 
It usually appears for variables (represented by P) describing a macroscopic but 
small subsystem in the field of a stochastic force. The diffusion term is the result 
of the stochastic force [similar to F k (t) in the Langevin equation], and contains the 
kinetics (or transition rates). 

Note that the pdf must satisfy the normalization constraint (Table 3.8), as 
was the case for the other distribution functions and for the wave function in the 
Schrodinger equation (Table 2.8). 

The Fokker-Planck equation describes evolution of a continuous pdf and is 
called a master equation (Glossary). There is also a quantum master equation [501]. 


3.5.3 Mean-Field Theory 

In statistical mechanics, the interactions among the particles in a many-body system 
are generally very difficult to solve exactly without using those numerical approxi- 
mations in MD, except for a few simple cases. The great difficulty in determining the 
partition function of the system results from the combining of the interaction terms 
in the Hamiltonian when summing over all states. The goal of mean-field theory 
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Table 3.8. Stochastic differential equation for evolution of the pdf (Fokker-Planck stochastic 
equation) [323]. 


d_P_ 

~dt 


T V • uP 



d 2 

dX[ dxj 12 


= k pp P 



PdV = 1 normalization constraint 


Djj diffusion tensor, m 2 /s 

Lpp Fokker-Planck operator, 1/s 

P probability density function (pdf) 

u drift coefficient vector 


(also known as self-consistent field theory) is to resolve these combinatorial 
problems. 

In mean-field theory, all interactions to any one body are replaced with an aver- 
age (or effective) interaction. This reduces any multibody problem to an effective, 
one-body problem. This allows for predicting the behavior of the system without 
extensive inclusion of all interactions. In mean-field theory, the Hamiltonian may 
be expanded in terms of the magnitude of fluctuations around the mean of the field. 
In this context, mean-field theory can be viewed as the zeroth-order expansion of 
the Hamiltonian in fluctuations. Physically, this means a mean-field system has no 
fluctuations, but this coincides with the idea that one is replacing all interactions 
with a mean field. In the formalism of fluctuations, mean-field theory provides a 
convenient starting point for studying the first- or second-order fluctuations. 

The stronger the role of the long-range forces, and the larger the dimensionality 
of the system (one versus two or three dimensional), the more appropriate the use 
of mean-field theory becomes. We will have an example of a mean-field potential in 
Section 6.11.6. 

3.6 Equilibrium Fluctuation-Dissipation and Green-Kubo Transport Theory 

The G-K relations state that the space-time integral of the flux-flux equilibrium 
correlation function divided by k b T gives the corresponding steady-state transport 
coefficient. An example for thermal conductivity is shown in Table 3.9, and the 
derivation is given in Appendix B. 

The complexity of many-particle systems is frequently the motivation for intro- 
ducing mean-field approximations so as to simplify and solve the complicated equa- 
tions of motion or the time-evolution equation for the pdf in configuration space. 
We are interested in the linear response of such a system to a small external influ- 
ence, starting from the equilibrium situation. The usual procedure is to calculate the 
first-order deviation of the distribution function from its equilibrium form. This can 
be done if the statistical model equation is linear in the distribution function, as is 
the case, for example, in the Liouville equation (describes time evolution of phase 
space distribution function, i.e., conservation applied to evolution of ensemble in 
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Table 3.9. G-K heat current autocorrelation decay relation for phonon or fluid particle 
thermal conductivity (linear response theory) [323]. 


G-K autocorrelation for thermal conductivity (for cubic isotropy, derivation is given in Appendix 

B) 

3 k B T Jo 

where the volume integral (over V) of the heat current autocorrelation function (based on equilib- 
rium fluctuation) (q(t) ■ q(0))°, and q defined as 




1 d 
Vdt 



y dr + E p,i)Xi 


heat current vector 


i i 

where E k j is the kinetic energy and E pi is the potential energy of particle i (Table 2.4) 
For a two-body potential, we have (end-of-chapter problem) 


q = 


i 

v 


[J^EiUt + \YSF i j.u i) x ij ) 

i ij 


(q(t))° = 0 no heat flow at equilibrium 
based on equilibrium distributions of x t and w, and T = JT mjifl/3(N — 1)£b 


k thermal conductivity, W/m-K 

E energy, J 

F tj force vector, N 

Uj velocity vector, m/s 

q heat current vector, W/m 2 

x position vector, m 


the phase space, x, p). The linear response to an external influence is around a dis- 
tribution function and is valid for the Liouville equation with reversible dynamics 
and the dissipative Fokker-Planck equation. 

Let H 0 be the Hamiltonian of the given system when it is isolated. If we apply a 
weak disturbing field F(t) that couples to a property b(t), with (b) = 0, the Hamil- 
tonian of the perturbed system is given by [478] 

H = H 0 — b ■ F(t). (3.68) 

Linear response theory then leads to the following first-order expression for the 
mean temporal change rate of b , i.e., (b(t)) in terms of the autocorrelation of 
equilibrium 

m)jTr !'_„ - 0>odr' 

relation between mean rate and equilibrium autocorrelation, (3.69) 

where the ensemble average of equilibrium function (no gradients present) ( )° is 
for the unperturbed system. 

Assuming a constant force field F starting at t < 0, we have 

(b(0)b(-t'))°dt'. 



(3.70) 
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Independently, the fundamental G-K relation states that, for any conserved 
quantity b, the appropriate isotropic Onsager transport coefficient La = L (3.56) is 
given by the equilibrium average 

/•OO 

La = L = I (*(0) • b(t))°dt. (3.71) 

Jo 

The integral is over the equilibrium flux autocorrelation (also called self- 
correlation) function b(0) • b(t). At t = 0, the autocorrelation function is positive, 
as it is the mean-square value of the flux at equilibrium. At large t, b(t ) is uncor- 
related with b(0) and the autocorrelation decays to zero. This behavior is used in 
computational MD simulations (an example is given in Section 4.12). 

Combining this with (3.70) and (3.71), we find that (b(t)) = FL/k^T , or 

Lii = L= k -^(b(t)). (3.72) 

Thus we may determine the transport coefficient L either from an equilibrium sim- 
ulation by using (3.71), or from a nonequilibrium simulation with applied field by 
using (3.72). Generally, the second method yields better statistics, but it is more 
prone to nonlinearity problems, such as large fields. Also, systems responding to an 
external field must be thermostated. 

Consider a fluid sample of ions in an electric field F(t) = e e (t). The charge den- 
sity is given by b(t) = #*/(*)» where qi is the charge of particle i. Then (3.68) 

becomes 

H - H 0 = -b ■ F(t ) = c b x ‘( t )\ ' e e(0- ( 3 -73) 


The electric current density vector j e is defined as 

b = y,qMt) = Vj e (t), (3.74) 

i 


where V is the volume. 

Then the electrical conductivity o e is determined from an equilibrium simula- 
tion, using the isotropic G-K relation (3.71), i.e., 

l r°° 

Oe.xx =(Je= r— / {je.x (®)je,x (t )>°d/ . (3.75) 

ksT J 0 

Alternatively, in a nonequilibrium simulation, using the measured response to 
an applied field e e — {e 6jX , 0, 0} = — {e c d(p e /dx, 0, 0}, we have from the Ohm law 
(Table 3.5) 


ije,x) (je,x) 

&e,xx — — — j 7 j * 

e e , x e c Q(p e /ax 


(3.76) 


Table 3.9 gives a similar expression for the thermal conductivity k , with the 
corresponding nonequilibrium relation given by the Fourier law (Table 1.1) 


dr /dx 


for vr = {dr / dx , 0, 0}, and for heat flux vector q — {q x , 0, 0}. 


(3.77) 
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For cubic isotropy, the thermal conductivity (for phonons and fluid particles) 
is given in terms of the heat current vector (as in Section 2.5.7) or the correlation 
function (or vector) q(t), which replaces b in (3.69), i.e., 

V r°° 1 d 

kxx=k= 3k^PJo 5 = y^E( £ ‘.' +£ w) Xi ' ( 3 - 78 ) 

The factor of 3 is due to using the three-dimension q. Table 2.4 gives the relation for 
Ek and E p . 

The G-K relation derivation in Appendix B is for the thermal conductivity, and 
uses the Fourier transform of the energy equation in the absence of net motion but 
subject to thermal fluctuation. 

Section 4.12 presents the results of using (3.78) along with MD to predict the 
phonon conductivity of some crystals. We will note there that the heat current 
autocorrelation decays in an exponential envelope (can have oscillations), and that 
the decay is presented by time constants indicating the strength of the thermal 
transport. 


3.7 Macroscopic Fluid Dynamics Equations 

In the energy equation (Table 1.1), the fluid velocity appearing in the convective 
heat flux q u = p cp uT (and in the surface-convection heat flux qku), is determined 
from the fluid mass and momentum conservations. 

The Navier-Stokes equations are the macroscopic (L 7/), fundamental par- 
tial differential equations that describe the flow of incompressible fluids. Using the 
rate-of-stress and rate-of-strain tensors, the components of a viscous force in a non- 
rotating frame are derived. Table 3.10 gives the Navier-Stokes equations in vectorial 
form. Similar to thermal conductivity, the dynamic viscosity /xy is a transport prop- 
erty related to atomic and dynamic behavior of the fluid. For gases, pif is related to 
the mean free path (Section 6.6). In Chapter 6, we will discuss various flow regimes, 
including molecular- and turbulent-flow regimes. 

Also listed in Table 3.10 are the normal and tangential force balances at the 
liquid-gas interface with surface tension o/ g , which is allowed to change along the 
interface. 

A wave equation for a thermobuoyant disturbance (no mean velocity, u — 0) in 
a fluid layer with a mean temperature gradient T — T(x) along the direction gravity 
acts is also listed. This wave can grow under favorable conditions to form a cellular 
motion with wave number k [77, 220, 229, 231]. 

3.8 Macroscopic Elastic Mechanics Equations 

Elastic solid mechanics describes the macroscopic (L r nn ) elastic deformation of 
a solid that is caused by applied stress. For cubic (isotropic) crystals, there are only 
two independent elastic constants. The resistance to deformation is represented by 
the Young modulus E\. The Hooke law relates the deformation (strain) to the stress 
(including thermal stress) through the Young modulus and the Poisson ratio vp. 
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Table 3.10. Macroscopic Newtonian fluid mechanics (Navier-Stokes) equations (including 
thermomechanical wave propagation) [220, 231]. 


0 U 

Pf— + Pf(u • S7)u = —V p + V • + pfg + f e Navier-Stokes momentum equation 


diii duj 

T ij — f~ TT )3-Sijk 


dx 


dxj 


du k 

dx k 


Newtonian viscous fluid 


dpf 

dt 


+ V • pfU = 0 continuity equation 


Liquid-gas (1-g) interfacial force balance: 

normal to interface: p e — p R + cr/«(— H ) = 2 pu ^ Ul,n — 2pi ^222 on j\, 

n r 2 dx n dx n 

. . . • . r ,dU[ n dui t v .dlig n dUg f. dG[g a 

tangent to interface: ///( — h — — ) — p g ( — — 1- ) = - — 1 on A[ g 


3x, dx n 

and r 2 are principal radii of interface curvature 


dx, + dx„ 


dx, 


The wave equation for a spatially sinusoidal disturbance u' in the mean velocity u , i.e., u = u + w', 
of wave number k 2 = k 2 + k 2 caused by thermobuoyancy (i u = 0), pf = p Q [ 1 — fif(T — L 0 )], with 
the temperature field similarly given by T = T(x, t) + T\ for the component u' x along the gravity 
and the corresponding energy equations are 

d d 2 d 2 

(.W7 +M/ v2 K = ~PoPfg(—^ + “ = ° 

ot dy dz 


(p c p)/^- + (p c p)fKj^ - k fV 2r = 0 


d 2 T 


3 T 

(P c p)f—+ kf n 2 


= 0 


dt J dx‘ 

or in terms of k using T' — T'(x, t)e l ^ Kyy+KzZ \ u' = u' x (x, t )e i( ' Kyy+KzZ \ we have 


r d , 2 d 2 _ d 2 


2 \../ 
x 


dT' 


dT 


d‘ 


(P c p)A-ir + “if) ~ Mfr _ /c ' 2 ) 7 ' / 


a? 


3v 


dx‘ 


. . 3 T , 3 2 r 2 

(pCp)f 


K 2 p 0 pfgT' 

0 

0 


f e volumetric electromagnetic force vector, N/m 3 

g gravitational acceleration vector, m/s 2 

p pressure, Pa 

(If volumetric thermal expansion coefficient, 1/K 

k wave vector, 1/m 

pf fluid density, kg/m 3 

aig liquid-gas surface tension, N/m 

tij component of viscous shear stress tensor 5^, Pa 

Pf dynamic viscosity, Pa-s 

X^ second viscosity, Pa-s 
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Table 3.11 lists the macroscopic elastic solid mechanics equation. The Young 
modulus is related to the bulk modulus E p (and in turn this is related to the isother- 
mal compressibility k p ). We discuss the relation between E p and the atomic struc- 
ture of the solid in Chapter 4, along with the speed of sound in solids. 

Also listed in Table 3.11 is the displacement wave equation for the transverse 
wave (shear wave with no change in volume) [34]. There is also a longitudinal (com- 
pressional or density) wave. The shear waves are slower than the compressional 
waves. 

The elastic constants in Table 3.11 are related to the interatomic potential <p in 
an N atom crystal occupying volume V . For a cubic lattice with lattice constant a , 
we have 


cn = 


C12 = 


4 


V = 


N a \ 4 ,1 d 2 / x 

/ X;( ) <p(rj) 

2V ^ jK ri dr/ ” 

j= 2 1 1 

(3.79) 

N a * v 2 2/1 d 

2 V d Mo). 

7=2 1 1 

(3.80) 

2 , 2,2 
Xj + yj + Zj 

(3.81) 

cNa 3 , c = 2forFCC 

(3.82) 


c — 4 for BCC, 


where rj is the distance between the central atom (1) and atom j. 
The isothermal compressibility is then 


1 



c ii + 2 c 12 
3 ~ 


(3.83) 


3.9 Macroscopic Scales 

Similar to Table 1.5 for atomic scales, Table 2.7 for MD scales, and Table 3.2 for 
BTE scales, Table 3.12 lists the macroscopic scales for heat transfer. Here L is 
the system (macroscopic) length scale. Then depending on presence/dominance of 
conduction, convection, and radiation, the time scale is diffusion time (r a — L 2 /a, 
and thermal diffusivity a = k/ pc p ), transit time (r tf = L/|w 0 |,w 0 is the characteristic 
velocity), or photon absorption time (r CT = l/a ph u ph , o ph is the absorption coeffi- 
cient). The temperature scale is generally absolute 0 K, or a characteristic tempera- 
ture T 0 such as the initial or undisturbed (far-held) temperature, or the phase change 
temperature Tjj. 

In Figure 1.9, we marked possible ranges of the length and time scales for 
atomic, MD, BTE, and macroscopic treatments. 
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Table 3.11. Macroscopic elastic solid-mechanics equations (including mechanical wave 
propagation) [34]. 


d 2 d 

P — y 
dt 2 


E\ 


2(1 + vp) 


V • (Vd) + 


Ey 


2(1 + y P )(l - v P ) 


9 

V d + / Navier equation 


€ U = 


Ta = 


€ u = 


1 ,ddj ddj 

- ( 1 ) strain-displacement, or compatibility equation 

2 dxj dXj 

CijkiCki (stress-strain relation, generalized Hooke law) 

Cijki elastic stiffness constants (elastic constants) 

1 T vp vp T mm 8jj 

— — Tij — ~ + p s (T -To) Hooke law 

E y Ey 

isotropic (cubic) crystal (only three independent elastic constants C n, C u, and C44.) 


The elastic wave equation is 



d 2 di 

Ciju dXjdx k 


Shear (or isovoluminous) wave (also called S or secondary wave) for isotropic structure, in the 
[100] plane where the two transverse-mode speeds are the same, moves at the transverse wave 
speed, UpY = (co/k ) t = (c^/ p) l/2 , which is the dispersionless (constant speed) relation (applies to 
long wavelength phonons) 

Compression wave (also called P or primary wave) in the [100] plane moves at longitudinal wave 
speed, u p x = (co/k) l = (c\i/p) 1/2 

Both u P x and u p _ x are independent of the frequency (no dispersion, large phonon wavelength 
limit) 

The vectorial displacement plane wave is of the form 

d = d 0 s a e i(KX - m,) 


Relation between the isothermal compressibility k p , the bulk modulus E p , the Young modulus Ey, 
and the shear modulus G, for cubic crystals, are 


E y = 3E p (1-2v p ), G 


Ey 

2(1 + vp) 




c n + 2ci2 
3 


c^ki elastic constant, Pa 

d displacement vector, m 

E p isothermal bulk modulus, Pa 
Ey Young modulus, Pa 

/ volumetric external force vector, N/m 3 

p s coefficient of linear thermal expansion, 1/K 

€q strain tensor component 

v P Poisson ratio 

G shear modulus. Pa 

k p isothermal compressibility, Pa -1 

r ij component of stress tensor S , Pa 
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Table 3.12. Macroscopic scales , based on thermal energy transport by conduction , 
convection, and radiation. 


Scale 

Relation 

Length 

L 

Time: 


conduction (diffusion time) 

J 2 K 

z a = Py, a = — thermal diffusivity 

or pc P 

convection (transit time) 

t u — je~\^ u o characteristic net velocity 

radiation (absorption time) 

t 0 = , cr p h absorption coefficient 


o p hL 1 optically thick media (radiation diffusion limit) 

o p h L 1 optically thin media 

Temperature: 
single phase 
phase change 

0 K, or T 0 characteristic temperature 

Tig , and T s i (phase-change temperatures), or T c (critical-point 
temperature) 


3.10 Problems 

Problem 3.1 

Show that when the in- and out-scattering presentation of df/dt\ s given by (3.8) 
is used, the summation over all p vanishes, i.e., 

p 

(Note to interchange the order of summations over p and p ' .) 



Problem 3.2 

Show that the equilibrium fermion 

= I e k = P — 

Je exp[(^, 0 + E e , k - E F )/k B T] + 1 ’ 2m,,, ’ 

satisfies the BTE (3.3). 

Note that <p,, 0 (x), E e ^(p e ), E F , and T(x) are position dependent, and use 

F e — — V^,, 0 built-in potential. 

However, at equilibrium, Df°/Dt = 0, and we use 

ve f = vr = v\p e \ = o. 


Problem 3.3 

The conduction heat flux by a phonon can be written in terms of the nonequi- 
librium phonon population f' as 


a 
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where a is for the different polarizations (longitudinal transverse). 

Starting with the BTE, for steady-state condition and F = Sf = 0, use V f p = 
V/°, the spatial variation of temperature VT, and relaxation-time approximation 

(3.13) 

(a) Show that 


/; = -r, 


d t 


U 


vr. 


(b) Show that 


9k,p = ~( 


871 


’Xf 

a 


df° 

p,p—^ u pU p <\K) ■ vr 

01 


E n X 


= -K p -VT, 


where K p is the phonon thermal conductivity tensor. Note that u p u p is a tensor 
(diadic product). 


Problem 3.4 

Consider the power-law, energy-dependent relaxation time given by (3.25). The 
average relaxation time ((r e )) is defined as 


«T*» 


(E e T e ) 
(Ee) 


J E e r e f°dp 

I E e f e °dp 


Using the approximation 


Ee = E e , k = 


2 _ 2 

and f° — exp( — ), 

Lm e Zm e kBi 


show that 


«T e » = r, 


e,o 


r(* + - 2 ) 


where T is the gamma function (5.114). This average relaxation time is related to 
the electron mobility and is a momentum relaxation time. 


Problem 3.5 

The collision rate term in BTE (3.8) is zero under the condition of detailed 
balance states in equilibrium, giving for the electron systems 

Ye,o(p\ P)f e °(p')[ 1 - flip)] = %,o(P, p')fe°(P)[l - feWl 

Show that 

YeAp 1 ’ P) _ e [E e , k (p')-E e , t (p)]/k B T 

Ye,o(P - P’) 
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Problem 3.6 

(a) Using F = dp/dt , and for electrons F e — — V((p e + F gj *), show that the BTE 
becomes 

Y'’ + u e Vf e - V< p e ■ Vp/ e - VE e k (p) ■ V p f e = d l^\s+s e . 
at at 

(b) For S7E e ^ — 0, and —V<p e = e e , and using only the v component, show that 
(3.14) is obtained. 


Problem 3.7 

The nondegenerate behavior leads to classical distribution and simplifies 
the analysis when justified. The conduction electron density n ex is temperature- 
dependent in the semiconductors. 

(a) For electrons in semiconductors, the equilibrium probability distribution 
function is 

f°e = - 1 


E e , P + E et k — Fp 

exp , + 1 

k bT 


1 


degenerate electrons 


exp(— + 


2 m €te k B T 


) + l 


2 2 

/° ~ exp (rj c ) for nondegenerate electrons for — rj c k B T H k B T, 

2m e , e k B T 2 m e , e 

where ij c = (Fp — E e , p )/k B T , and m e , e is the effective electron mass (5.45). 

The equilibrium electron density is given by 


= 53P / f?ip 

= f°° exp( 

4n 3 h 3 Jo 


P‘ 


2m ee k B T 


)e llc 4np 2 dp. 


Show that 


n e , c = 2( 


m e,ek B T 3/2 

2 nh 2 } 


Note that the value of the definite integral can be found from mathematical tables, 
or from the gamma functions (5.114). 


(b) Repeat (a) assuming degenerate electrons and show that 

n./ m e,ek^P v 3 /2 t -, / \ 

n e,c ~ 2( — ~2 ) c ), 

Ann 

where F 1/2 is the Fermi-Dirac integral of the order 1/2: 


Fl/20?c) = 


n l/2 jo 


L 


00 




1/2 


dx. 


1 + exp(x - rjc) 
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The general form for Fermi-Dirac integral of the order of j is 

1 x j 

F/C^c) r(j + 1) Jo 1 + exp(x - r] c ) d ' T ’ 

where F(j + 1) is the gamma function, given by (5.114). The Fermi-Dirac integral 
indicates a quantum behavior. 

Problem 3.8 

(a) Using (3.18), plot /° versus E e & (up to 0.3 eV) for T — 10 3 K, and E e , p — 0.2. 

(b) On the same graph, plot (3.20) for f e versus E e ^ for T — 10 3 K, E e _ p — 0.2 
eV, t 6 — 10 -11 s, e e , x = 10 3 and 10 4 V/m, using the rest electron mass m e . 

(c) Comment on the shift from the equilibrium particle energy distribution, 
under applied external force. 

Problem 3.9 

(a) Using the definition of (E e ) is (3.26), and /° and n e c in Problem 3.2(a), show 

that 


(E e ) - 2 k B Tn e , c , 

which is the classical kinetic energy of conduction electrons. 

(b) Using degenerate electrons, repeat part (a) and using /° and n° ec in Problem 
3.2(b), to show that 


(E e ) = 


-n e , c k B T 


F 3/2 (rj c ) 
F1/2 (rjc)' 


Problem 3.10 

Use the current density 


Je,z — 


3r.3 


An Ti 


^ ^ Me,z,fe ’ ^e,e^e,z — p z COS0, 


Pz> 0 


[similar to (3.26)], where 0 is the polar angle, and use (3.12) for the integration, 
along with f°(rj c ) in Problem 3.2(a), and show that 


Je,z — e c 


m e , e (k B Ty 


2r 3 


2n h 


■e* = e c ( 


k B T 

2nm 


) 1/2 n e , c 


e,e 


Note that for p z = m e e ii e z > 0, the integral is over a hemisphere. 

Problem 3.11 

(a) In the derivation of the FGR, substitute (E.16) into (E.14), using zero for 
the constant of integration. 
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(b) Show that for a perturbation H' applied from t — 0 to t — t 0 , the first order 
solution gives 

. [E(ic') — E(k) -\~hco] 


^ to) — Mo,k',k{ 


exp{z 


n 


to} ~ 1 


exp{/ 


E(k') — E(k) +Tud 
. [Zs(zE) — E(ic) — hco] 


h 


to) - 1 


}• 


E(ic') — E(ic) — hco 
(c) Show that for the case of E(k') > E(k), i.e., absorption, we have 

/ 9 sin 2 (&/£ 0 /2) 

I«1 At > t°)\ = 4 M-y K ,3 , 




where co' is defined by (E.18). 
(d) Reproduce Figure E.l. 


Problem 3.12 

Consider electron scattering from a periodic potential (for example, scattering 
by acoustic phonons), along one dimension. The scattering potential and the con- 
fined wave function (— L/2 < x < L/2) are 

H' = <p s = A K d ■ s = A Kp e ±UCpX , 

i jr e = L- xll e iKX . 

(a) Write the expression for the matrix element (3.29), and show that the modal 
transition rate is 

rL/2 

M K ,' K = / L~ x A Kp e i ^ K ~ K±Kp ^ x da . 

J —L/2 

(b) For k' = k ± k p (momentum conservation, /z/E — hx ± hK p ), show that 

M K > tK = A Kp . 

(c) Using (3.27), show that 

2jt 

Ye-p^K , k) — -jp- A k ^<5d \E e (jc ) E e (jc) ^phoo p\, 

where E 6 {k') — E € (k) ±hco states energy conservation. 

Note that the integrated y e - p over all k' gives the overall transition rate. The 
integral of 8v(E e ) over all energy states (/c') leads to the density of states D e , which 
is available in analytic form or as experimental data (e.g., Section 5.7). So y e . p 
integrated over all electron energy states (/E), becomes In A 2 Kp D e (E e )/h. 

Problem 3.13 

As an example of the FGR, consider the spontaneous emission rate of hydrogen 
2 p state to ground state Is. There are three 2 p states 


(n, /, m) — (2, 1, 0), (2, 1, +1), (2, 1, -1), 
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so if we have one H atom, then the probability will be 1/3 of (3.43), i.e., 


2 CD 


Ye,ph,sp — 


e,8 


I 2 - 


9 eJiUph 

The electric transition dipole is given by (7.165), i.e., 


where 


ii/ z i r°° 

r ) V 2 = / R e,is(R)rR e ,2p(r)r 2 dr, 

e„ J o 


2 re ~ r/2r B 

1 — e~ r /' B R ? — 

iV e,ls — o/o e * iy e,Zp — 


. 3/2 

B 


2 ( 6 ) 1/2 , 


. 5/2 * 

B 


(a) Show that 


,15 


\nt\ = = 1 ’ 665 < r B- 


. 2.2 


(b) Then using the hudrogen transition energy (2.114) 


e l c 1 1 

hxO e g — - - (“2 2 )’ 


find 


Ye,ph,s P (2p -> 1-s) = 6.75 x 10 8 1/s. 


Problem 3.14 

Starting from the Gauss, Faraday, and Ampere laws (Table 3.5) and using the 
magnetic vector potential and the electric potential 

, a 

b e = V x a e , e e = -S7<p e - —a e , 

ot 

and also using the Coulomb gauge 

V -a e = 0, 


show that for vacuum, we have 


V 2 a e 


1 3' 


U ph, o dr 


a P — 0. 


Problem 3.15 

Consider plane EM wave in vacuum (free space), presented by 


e P — e 


e,o { 


i (cot—co t?- ) 

' L o : 


(a) Show that 
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So, 


= 1 2 6 ° gg 

he €o c o ^ / 2 


= 1. 


(b) Show that 


d , O' oh, 


v ■ (c e x * e ) = - — (— ^ + 


)• 


3r' 2 2 

This shows that energy lost per unit time and volume is equal to the outward flux of 
energy through the surface. 

(c) Using the result of part (a), show that the integral of the Poynting vector is 

2 

S e — @e he — € 0 C 0 e e S z . 

(d) Show that the time-average energy flux can be decomposed as 


1 ^ 1 ^ 


1 


\Se\ = 2 C o € o(Ze ) + ^ C o/^o(^) = c o^o(e I 2 ) = -C 0 6 0 ^ Q , 
where ( h 2 e ) l/ 2 and (e 2 ) 1/2 are the RMS values. 


Problem 3.16 

The EM waves attenuate over a short distance in metals (good conductor, where 
0 )€ o € e < <r e /50). 

(a) Use the Maxwell equations in Table 3.5 to arrive at expressions for V 2 e e 
(3.34) and V 2 /i e 


V 2 h e = — — j - V x j eJ . 


1 dh e 

c L dr 

(b) Start with a plane EM wave with e e — e e ^e li<a)t ~ KZ) s : c , and show that 

K 


he — £ e,o 


e i(cot-K Z ) s 


CO^oOe 

and use this in the results of part (a) to show that 

2 2 

—K+<0 e 0 € e O oge “ iC0CT e /J, 0 /X e = 0, 


where k is in general complex (k — K r — ik c ). Use constant charge density n e . 

(c) Using the definition of a good conductor, show that spectral skin depth (pen- 
etration distance) is 


1 , 2 
S„ = ~ = ( 

K c (T e fJ,Q[A e (L) 


) 1/2 , or = e -*c* = e -z/t. 

e e {0) 


Note that it should be shown that K r — k c . 

(d) The absorption coefficient cj ph co is related to the decay of intensity that is the 
square of the field (3.39). Then find a ph (J) as twice the inverse of penetration distance 
with the expression for o phco . This is generally expressed as 

I _ -(Tph.coZ 

I phi 0 ) 
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Problem 3.17 

(a) Using EM wave-propagation equation (3.34) and j e — cr e e e , show that for 
uniform charge density and for free charge only, we have for a transverse EM field 

Ce,y-> 


d 2 e 


P'oTe^o^e 


e,y 


dr 


d 2 e e , y 

dx 2 


+ 


ToTe de e y 
p e dt 


(b) Then using m w = n M — iK M , as the complex index of refraction, and the dis- 
persion relation 


or 


co 


k = m x — = (n k - iK k ) 
c 0 


co 

Cq 


COX 


show that 


e e , y = e €t0 exp {i[cot + — //c^) — ]}, 

c 0 


2 i P'oP'e^oCo 


c l 0 e 0 e e p 0 \i e = € e p e = (n k - iK X ) + 


2np t 


(c) Separating the real and imaginary parts, show that 


2 2 2 P'TqCq 

n k - k x = p, 0 p, e € 0 € e c 0 = € e fl e , n X K X = — 

4tt p e 


or 


CeTc 


+ 


i + [l + ( 


A . 0 

2n CoP^CoCf 


2n 1/2 


■n 


(d) Show that for metals (small p e ), and for long wavelengths, we have 


n k = k x = ( 


^oToTeCo 


4np e 



Problem 3.18 

For an oscillating dipole moment p e o = qd in vacuum with magnetic vector 
potential a e and electric scalar potential cp e [289], 


a e 


I 0 exp[ico(t — )]rf, 

47 rr u ph 


Cp e 


Pe, o ( 

2e 0 rX 


X 

2tt r 


+ /) exp[/tw(r 


-^— )] cos0, 

^ ph 


where d is the separation distance between charges +q and — q, I Q d = icop e , Q . 

(a) Write expressions e e and h e in terms of above parameters and variables. 

(b) Show that 


1*1 = l R c(e e x h\) = ,ioUp * I ° d sin 2 9s r . 

2 8r X 

(c) Show that the total irradiated power \s\ integrated over a sphere of radius r is 

d _ a; \p e ,o\ 

* € 3 • 

12 Jte 0 ll ph 
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(d) Using the energy of the classical electric dipole as 

1 , ,2® 2 
AEj — ~X^e\Pe,o\ T > 
z e 

c 

derive (3.42) by using 

_ A E d 

Tph,e,sp, o — D 

Note that here p e?Q = e c d , so A Ed is the electric dipole energy. 


Problem 3.19 

Show that the heat current vector, in the G-K transport relation, i.e., 

1 d . 

# = / j\Ek,i + EpjJXi, 


can be written as 


</ = E ‘ u < + \ Y3 Fi > ■ M ') x or 




for two-body interatomic potentials. 

Note that by using the Newton second law, we have 


dE k 'i 

d t 


— Eij • Ui , 


and also 


d E p i 
d t 


~ = J2 \ F ‘i ’ (“ / “ “<■). 


and that 


1 11 1 

EE 9 F o(«; + = 2 + «;>;] 

ij 


i J 


because F ij — —Fji. 


lr.1 , 

= 2L^2 Fi ^ Ui+U " Xii ' 

ij 


Problem 3.20 

The EM wave equation follows from the Maxwell equations and for the electric 
field intensity the wave equation is given by (3.34) for nonconducting media ( o e = 0) 
with zero gradient in the charge distribution. Consider a plane wave moving along 
the x direction. 

(a) Show that (3.34), i.e., e ey — e eo cos (cot — kx) satisfies this equation, where 
c — co/k is the phase velocity. 

(b) Show that the exponential notation presentation of this planar wave is e e = 
e e ^ Q exp [i(cot — kx)]. 
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(c) Explain that when this wave is attenuated, the decreasing amplitude can be 
shown by e e y = e e o exp[/ ( cot — K r x ) — k c x\, where the real part of the wave vector K r 
remains as before, and k c is called the attenuation constant (has the unit of 1/m, and 
is related to the absorption coefficient a ph ). Note that exp(— k c x) represents decay 
of the wave. 

(d) Show that this can also be written as e et y = e e , 0 exp [i(cot — kx)], where now 

K — K r — iK c . 

(e) Compare this solution with the de Broglie quantum wave (footnote, Section 
2.6.1) for the Schrodinger equation. 

Note that the time derivative term in Schrodinger equation (2.62) already has 
a coefficient i = (— 1) 1/2 , so the wave function for the Schrodinger equation has the 
similar form exp(— icot) in (2.68), where the energy per particle is E = hco. 

The absorption coefficient, o p h — 2 k c . The factor 2 is due to relation of radiation 
intensity to e 2 e , through (3.39). 

Problem 3.21 

(a) Show that (B.4) is the Fourier transform of (B.l). Note that the Fourier 
transform has the property F(ViF') = iK\F(E f ). Assume isotropic, constant ther- 
mal conductivity i.e., V • k • V = &V 2 . 

(b) Show that (B.10) is the Taylor series expansion of the left-hand side of (B.9). 

(c) Explain the transformation of the time integral to the difference in (B.31). 

(d) Explain in words the steps in derivation of the right-hand side of (B.33). 

Problem 3.22 

(a) Use the Matlab solid-phase MD code (three-dimensional) set for Ar FCC 
and change the potential constants to that for Xe (Tables 2.2 and A.l give potential 
and atomic properties). Then calculate the thermal conductivity of Xe FCC with the 
G-K autocorrelation relation in the code. The decay of the heat current autocorre- 
lation function (HCACF), and the lattice thermal conductivity are shown in Figure 
4.31 for Ar. 

Note that only equilibrium MD results should be used. So, discard the initial 
portion of the MD results and set t = 0 in the correlation to when equilibrium is 
reached. 

(b) Show the results in the forms of dimensionless autocorrelation function ver- 
sus time. Use temperatures of 20 and 40 K (both are solid phases, for Xe, 7b = 55 
K in Table A.2). 

(c) Comment on the autocorrelation function decay and any trends as the tem- 
perature increases. 

Note that this simulation includes only the phonon-phonon interactions (the 
other interactions are discussed in Section 4.9.4, including the impurity, grain 
boundary, and electron scattering). 
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Heat transfer by lattice (phonon) conduction is proportional to the lattice thermal 
conductivity tensor K p { W/m-K), i.e., q k — —K p • VT (the Fourier law, Table 1.1), 
and sensible heat storage is determined by the phonon (lattice) specific heat capacity 
Cy, /? (J/kg-K). The specific heat capacity is also given per unit volume(J/m 3 -K), or per 
atom(J/K). Phonons participate in many thermal energy conversion phenomena, 
including laser cooling of solids, discussed in Chapter 7 [i;_ y (W/m 3 ) in Table 1.1]. In 
this chapter, we examine how the atomic structure of a solid influences c v , p , K p , and 
Si-j involving phonons. 

Phonons are lattice-thermal-vibration waves that propagate through a crys- 
talline solid. Most lattice vibrations have higher frequencies than audible sound, 
ultrasound, and even hypersound. Figure 4.1 shows the various sound- and 
vibrational-wave regimes. A single, constant speed (dispersionless, i.e., having a lin- 
ear frequency dependence on the wave number) of 10 3 m/s is used for the sake of 
illustration. In solids, the speed of sound is related to the moduli of elasticity and 
density and is as high as 18,350 m/s in diamond and as low as 818 m/s in thallium. 
As will be shown, the vibrational waves have different modes, and the propagation 
speed can be strongly frequency dependent. The phonon energy hco is general less 
than about 0.2 eV, with the high energy phonons being available more at higher 
temperatures. 

In this chapter, we begin with lattice vibration and the relation between fre- 
quency and wave number (the dispersion relation) for a simple, harmonic, one- 
dimensional lattice. Then we discuss the quantization of phonons and a general 
three-dimensional treatment of dispersion. We discuss lattice specific heat capacity 
and thermal conductivity (from the BTE for phonons), including quantum effects, 
and discuss the atomic structural metrics of the thermal conductivity at high tem- 
peratures. Then we discuss the phonon boundary resistance (interface of dissimilar 
materials) and phonon absorption of external ultrasound. Finally we discuss the size 
effects. 
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Figure 4.1. Spectra (wavelength and frequency) of acoustic- and vibrational- (mechanical- 
and thermal-) wave regimes. An average group speed of 10 3 m/s is used for the waves. The 
thermal lattice-vibration modes (phonons) have the highest frequency among the acoustic 
and vibrational waves. 


4.1 Phonon Dispersion in One-Dimensional Classical Lattice Vibration 

In this section we derive the phonon dispersion relation and the phonon velocities, 
for an idealized chain of atoms. In a crystalline solid, because of the temperature 
of this system of atoms, the constituent atoms vibrate about their equilibrium posi- 
tions, and the extent of these thermal vibrations is determined by the intermolec- 
ular forces they exert on each other. These vibrations are quantized elastic waves 
(phonons) and persist even at T — 0 K (the zero-point motion, Section 2.5.3). 

The quantized treatment of waves is done in the normal coordinates (through 
the Schrodinger equation), and this introduces h (discussed in Section 4.5). This is 
also termed the quantum harmonic-oscillator treatment of phonons. Here, to review 
some of the general features of these elastic waves, we begin with a classical dynam- 
ics (Newtonian) multibody equation of motion. The long wavelength (elastic) wave 
limit of this is given by the wave equation in Table 3.11. Here we are interested in 
all wavelengths allowed in the solid, so we will not assume a constant wave speed. 
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Consider two different atoms in a primitive basis (for example, having masses m\ 
and m 2 ). We start with a linear (one-dimensional) lattice, as shown in Figure 4.2(a). 
A similar treatment is given in [117]. From Figure 2.2 and Table 2.5, and by express- 
ing the external force with a spring force (Fy = —Vdy), where T is the force con- 
stant (2.54), we write a one-dimensional equation of motion. This is the harmonic 
approximation, as will be discussed in Section 4.4, and is valid near the bottom of the 
potential well as the zero-temperature asymptote (inset of Figure 2.3). We write the 
discretized form of this particle momentum (based on the nearest-neighbor interac- 
tion only) equation. We use the instantaneous locations of particle 1 and its relative 
position with respect to particle 2 to its left and right in a unit cell designated with 
index 7, i.e., 


d 2 d{ 

m i 

dr 

d 2 ell 
m 2 —r^r 


= -r (d{ - 4) - [-ror 1 - 4y\ - r ( d 2 + 4~ x - 2 4) 

= r(d( +1 + d[ — 2d{ ) harmonic motion of lattice atoms, 


(4.1) 

(4.2) 


where the movement to the right creates a restoring force to the left, and movement 
to the left creates a restoring force to the right. Here T represents the second deriva- 
tive of the effective interatomic potential evaluated at the equilibrium separation 
distance, as given by (2.54) and further discussed in Section 4.4. The proceeding are 
wave equations and admit plane-wave solutions such as those discussed in Sections 
2.6 and 3.3.2 for the Schrondinger and the Maxwell equations, respectively. 

Noting that the equilibrium locations of atoms take discrete values, x — ja , 
where j is the unit-cell designation, the solutions are of the form in Table 3.11 
for elastic waves and is also called the Bloch wave (for a periodic medium with 
period a) 


d[ = d Q 4 exp[i(icja)] exp[— i(cot)] 
d J 2 — J 0 , 2 exp[i(icja)\ exp[— i(cot)\. 


2tt 

K — 

X 


(4.3) 

(4.4) 


where k is the wave number, A is the wavelength, and co = 2i rf (/ is the frequency) 
is the angular frequency. In Section 4.4, we will write the general form of (4.1) and 
(4.2). 

Substituting (4.3) and (4.4) into (4.1) and (4.2), and setting the determinant of 
J 0 , 1 and d Q 2 in the matrix given below equal to zero, we have the characteristic 
equation (dispersion relation), i.e., 

— mid 0 \co 2 exp[/ (Kja)\ = r{J o 2 exp[i(icja)] + J 0 ,2 exp{/[/c(y — 1)^]} — 

2J 0 ,i exp[/(/c/a)]} 

—m 2 d 0 2 Co 2 exp[i(Kja)\ = r{J o l exp { / [/e ( 7 + 1)^]} + J G ,i exp [i(Kja)\ — 

2J 0i 2 exp[i(icja)]}, 
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Unit-Cell 


j-1 j j+1 



(a) Schematic of A Linear, Diatomic Chain 



Figure 4.2. (a) Designation of a diatomic, linear chain solid (lattice), having the force constant 
T, and its displacements around equilibrium positions, (b) Displacement of a linear, diatomic 
chain of Ar atoms, but every other atom has a mass of l/2mAr- The values for r and a are 
discussed in Section 4.7.2. The acoustic phonon waves and their propagation is also shown, 
(c) Same as (b), but for the optical phonon. 
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or 


— m\d 0 '\co 2 * — Fd o2 [l + exp(— iica)\ — 2Fd Q \ 
—m 2 d 0 2 eo 2 — rj Q ,i[l + exp(iKfl)] — 2T d 0 , 2 , 


or 



2T — m\cd 2 — T[1 + exp(— iKa)] 
— r [1 + exp(//rfl)] 2r - m 2 co 2 



mim 2 co 4 — 2T{m\ + m 2 )co 2 + 2F 2 (1 — cos ko) — 0 characteristic equation. (4.5) 


The roots of this quartic equation are 



2 r(mi + m 2 ) 1 1 [4r 2 (mi + m 2) 2 — 8 r 2 mim 2 (l — cos Ka)] 1 ^ 2 

2m 1 m 2 


dispersion relation for linear, diatomic lattice. 


(4.6) 


This phonon dispersion relation for a diatomic chain, shows that ratio co/k is not a 
constant and depends on k (i.e., 2n/X) similar to that for photons in (3.36). 

In general, the total number of branches (here two) is the number of modes per 
unit cell n p m is equal to the number of dimensions of the motion (here one) times 
the number of atoms per primitive cell N 0 (here two over length a). We will discuss 
this further in Section 4.3.3. 

The dimensionless form of this dispersion relation is 

2 1 zb [1 - 2m\m\(\ - cos7r/c*)] 1/2 . . . t . 

co = dimensionless dispersion relation, (4.7) 

where the dimensionless quantities are 


* 

CD — 


CD 


CD, 


CD 


pr(T + J-)]i/2 

mi m 2 


k* = 


Ka 


71 


5k 

mj — 


m; 


mi + m 2 


11 111 

cd 0 — [2r ( 1 )] 1/2 , = 1 reduced mass, (4.8) 

m 1 m2 m\2 m\ m2 

where cd q is twice the natural frequency cd h (vibration of a pair of atoms) and for 
diatomic cell the reduced mass is = m\m 2 /{m\ + m 2 ) and the natural frequency 
(2.54) is cD n = (T /m\2) l/2 . Note that the dimensionless wave vector is kci/tx, but we 


' This can be written as (Section 4.4) 

2r — r [1 + exp (—iKa)] 

— r [1 + exp(z kg)] 2 T 


1 

0 

- 

m 1 


0 

1 



m 2 _ 

- 


= M~ 1 D{k) = o/l. 


where I is the identity matrix, D{k) is the dynamical matrix and will be discussed in Section 4.4, and 
M is the mass matrix. For such harmonic displacements, the dynamical matrix facilitates the com- 
pact presentation of multidimensional, multiple-mass structures. The dimension of the dynamical 
matrix is the number of spatial dimensions times the number of atoms in a primitive cell, i.e., ?>N 0 
for three-dimensional atomic structures. 
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First Brillouin Zone 



Figure 4.3. Dimensionless dispersion relation for a linear, diatomic chain. Both acoustic (-) 
and optical (+) branches are shown. The group velocity is also shown. Note that the maximum 
for of is 1, and that for m\ 0.5, at k — n/a, there is a symmetry point referred to as the 
Brillouin-zone boundary. In the Debye approximation a linear dispersion relation (also called 
dispersionless, as the speed is independent of k) is used. 


could have also used Kalin , which is the more general usage. The (-) branch is 
acoustic (at k — 0, co — 0 for the acoustic branch) and the (+) branch is optical. 

As was mentioned in the last footnote, the dispersion relation (4.5) can be writ- 
ten in terms of the dynamical matrix D(k) and this will be further discussed in Sec- 
tion 4.4. 

Figure 4.3 shows the variation of scaled (dimensionless) angular frequency co* 
with respect to the scaled wave number k*, for m\ = 0.75 and 0.6, and 0.5 (same mass 
for all atoms). The solutions represent the two polarizations (branches of vibration 
modes). These are the acoustic (-) and optical (+) polarizations. 

Some of the features of the dispersion relation can be explored for further 
insight. For k — 0 (long-wavelength assumption, which is called the Brillouin zone 
center), we find by the expansion of cos Ka, that 


k = 0 : 


« LO = Wo = [2r(— + T)]i/2 = (ZL) 1/2 

m\ m 2 m \ 2 


longitudinal-optical branch (LO) at Brillouin zone center, 


(4.9) 


A 

<a>la = {a 


r 


r 


) 1/2 ™ = (^-) 


1/2 


Ka 


2 mi + m2 2 m 12 

longitudinal-acoustic branch (LA) at Brillouin zone center. 


(4.10) 
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The sound speed is found from (4.10). 

The Brillouin zone center is designated as the T point (in the k space), and the 
boundary is designated as X. For k — n /a (at the edge of the Brillouin zone), we 
have 


^ /2r vj/ 2 

k — — : co lo = ( — ) 

a m i 

LO at Brillouin zone edge (boundary X), (4.11) 

® LA = (— ) 1/2 , 
m 2 

LA at Brillouin zone edge (boundary X). (4.12) 


The difference between these is called the phonon energy gap Aco p g , i.e., 


A (Op^g — A co p x — <z>lo(k — n /a) — cola( k — n /a) at Brillouin zone boundary X. 

(4.13) 

Also, note that k — n/a or X = 2tt/k = 2a is the shortest phonon wavelength 
allowed. Thus, while 2a < A < oo, the wave number is bound as 0 < k < n/a and 
then it is periodic at n/a or In /a. The Brillouin zone that is in the space with coor- 
dinates that are in units of inverse of the lattice spacing or the wave vector (called 
the reciprocal lattice), will be discussed in Section 4.3. The Brillouin zone describes 
the symmetries of the dispersion relation (i.e., X-point which corresponds to n /a 
here). 

The cut-off (highest) frequency is co Q = \2Y(m^ 1 + m 2 ! )] 1/2 = 2 1/2 co n and is the 
largest frequency achievable. As an example, the spring constant T for the L-J 
potential in monatomic FCC, is given in Table 2.7 as 


Flj 



( 22 . 88 ) 2 ^.. 

m t 


(4.14) 


For Ar FCC, we have T = 7.545 N/m and co n = 1.068 x 10 13 rad/s (10.68 Trad/s), 
which are much larger than the atomic-pair values (Section 2.5.3) used in Figure 4.2. 
The phonon group velocity is defined as 

d co 

u p ,g = — , in general u Pig = S/ K co phonon group velocity. (4.15) 

3 K 

The phase speed (velocity) is defined as 

u p p = — phase speed (velocity), (4.16) 


and only for a nondispersive phonon are acoustic phonon the group and the phase 
speed the same and constant. 
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For this example, we have the dimensionless (and dimensional) group velocity 
at k — 0 (called the characteristic velocity): 


w* 0* = 0) = u* (k = 0) = ^-{m\mX ) 112 , 


“pA* = °) = 


cOfi a 


r 


= (— ) 1 / 2 f. 

m\ 2 2 


(4.17) 


and this is also shown in Figure 4.3. This is the long-wavelength, elastic, longitudinal 
wave (constant-sound-speed) asymptote (end-of-chapter problem) found from the 
macroscopic elastic wave (here the longitudinal wave) equation (Table 3.11). 

Note that, for the optical branch at k = 0, we have, by using (4.3) in (4.4),' 


— — = -, k — 0 long-wavelength limit in optical branch, 

J 0 , 2 m\ 


— — = 1, k = 0 long-wavelength limit in acoustic branch, (4.18) 

do, 2 


i.e., the neighboring masses (atoms) move in the opposite directions for the optical 
branch, whereas for the acoustic branch. For the long-wavelength-acoustic branch, 
the neighboring atoms move together and with the same magnitude. These long- 
wavelength-acoustic phonons move at a constant speed of 12. This is 

the elastic wave speed used in the macroscopic, elastic, solid mechanics (Navier) 
equation (Table 3.11). 

For m\ - m 2 (m* = 0.5), the dispersion spectrum becomes that of a monatomic 
chain. The gap disappears, and the top branch can be unfolded to cover the region 
1 < k* < 2. Then there is only the acoustic branch. This is shown in Figure 4.4, where 
four Brillouin zones (for atomic chain) are shown. Brillouin zone are periodic in k 
space. Note that, for a monatomic chain, the interatomic distances are a/2. This is 
the reason that the first symmetry point X is at ko/tt = 2. If we scale k with 2n /a, 
then for a monatomic chain, X will be at Ka/2n — 1. 

We generalize the result to three dimensions and introduce the dynamical 
matrix, which allows for a more general and compact analysis, in Section 4.4. 

In the Debye approximation, a linear dispersion relation assumes k -> 0 behav- 
ior, and this is shown in Figure 4.4. 

The average lattice potential and kinetic energy are equal, and for a monatomic 
linear chain the total energy is mco 2 a/ 2 (end-of-chapter problem). 

As an example, atomic displacements of a diatomic chain of Ar atoms (pair 
force constant in Table 4.4), with every other atom having a mass 0.5m Ar> are shown 
in Figures 4.2(b) and (c). The acoustic wave propagation and phase velocity is shown 
in Figure 4.2(b). The wave at times t Q and t Q + At are shown, where the wave has 


t The general relation for the ratio of displacements is 

d 0 \ m\(jo 2 — 2T 

d 0 , 2 2T cos jK 

for mi < m 2 , and co is taken for the A or O branch for the same k. 


4.2 Phonon Density of States and Debye Model 


181 


K* = 


Kg 
27 1 



Figure 4.4. Dimensionless dispersion relation over four Brillouin zones. The results are for 
a linear, diatomic chain. The zone center is designated as T point (in the scaled k space or 
Brillouin zone), and the first symmetry point as X. The conventional dimensionless wave 
vector uses 2n /a as a scale (shown on top). 


travelled a distance coAt/ie. Note that the displacement wave connects all adjacent 
atoms. In Figure 4.2(c), the optical waves are shown, with adjacent atoms moving in 
opposite directions. The results are frequencies near (but not at) the T point (Figure 
4.3), so the amplitude ratio nearly follows (4.18). For both the acoustic and optical 
branches, k is the same, while co is taken along the appropriate branch (coa < co q ). 
In crystals, J Q ,i is not a constant, but a function of frequency (Section 4.8). 

This is a classical treatment of the lattice vibration based on a force constant 
(harmonic vibration), we will move to quasi-particle and quantum treatments in the 
following sections . 

4.2 Phonon Density of States and Debye Model 

Wave number density of states (DOS) D p (k ) is defined in the Glossary (and also 
in Section 2.6.5). The DOS of phonons is used in determining the total number 
of phonons N p as well as the phonon-related properties. The frequency (in linear 
co space) density of the normal modes or phonon DOS D p (co) is the total number 

' The quantum lattice-dynamic properties are found from the Schrodinger equation 

h 2 d 2 

i- E 2m; sF + ¥,( fi)] ^ (ff) = e p*pW' 

l l 

where Rj is the coordinate of the nucleus, M, its mass, tp(R) is the clamped-ion energy of the system 

[20]. 
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of modes in the frequency range co to co-\- dco, divided by volume V. In (2.99), the 
integral is taken to include all le corresponding to co in this range. Then we use the 
integral defined in Section 3.1.3 to make the integration over die , as in (3.11), using 
S7 K co a to relate die and dco a , where a is the polarization (or branch) of the dispersion 
relation. The density of normal modes (Section 4.4) for three-dimensional, cubic 
lattices (of cubic volume L 3 ) is 


D p (m) 


- zX 2 jt ’ ^ \S/ K w a \ zjt ^ cW 

oi 1 1 a 

ol — A, O for acoustic and optical branches, 


(4.19) 


where a is the branch index (the acoustic branches has 3 branches, two transverse, 
and one longitudinal). We have used integration (3.11) over the /c-space [or the p- 
space, because p = hie, de Broglie relation for parabolic energy distribution, (2.97)]. 

Note that in (4.19), when dco a /die is zero, then D p will have a singularity. This 
occurs at the X point for the acoustic and at the X and T points for the optical 
phonons in Figure 4.4. 

The phonon DOS is used, similar to (2.99) to obtain integral of quantities which 
depend on the modes. For any quantity 0 related to the modes, we have 

XX = X / tt 

O' K ff ^ ^ ^ ' 

Dp((o a )(l)((o a )d(o a . (4.20) 

Here again D p (co)dco is the total number of modes in the interval co to co + dco , 
divided by volume V. So D p (co ) has the units of 1/m 3 -rad/s. Then DOS can be viewed 
as the degeneracy of states with energy hco. 

The total DOS for normal modes can also be written in terms of the Dirac delta 
function 8 d- Then, by use of (4.19), D p {co) also given by (2.99) or (3.28), for a par- 
ticular frequency co can be given as [294] 

D p (co) = f 3 <$e>[<z> — &>a(OL d#c' = \jnc ,2 d\c' . (4.21) 

The Dirac delta function <5 d[<z> — co a (ic')\ is defined in the Glossary, where the energy 
Dirac delta function <5 d[F — E a (ic')\ is used. This is an alternative presentation 
of (4.19). Note that w a (ie) is the dispersion relation and the gradient (derivative) 
| S/ K co a \, has the same role in (4.19). DOS is generally scaled, such that its integral 
gives the number of modes. 



4.2.1 Phonon DOS for One-Dimensional Lattice and van Hove Singularities 

The phonon frequency density of states D p (co ) converts the number of phonons 
of wave number k [similar to (2.99)] to those of frequency co , using the dispersion 
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relation (Figure 4.3). The conversion leads to singularities in D p (co) at Brillouin zone 
centers and edges. 

Note that for a 2-D lattice, in (4.19) instead of 4ttk 2 , we have 2ttk, and for 1-D 
lattice it is 2. Then D p (k) 2 ~d = 27r/cd/c /(2tt) 2 . Similarly D p (k) \-d — 2&k / 2n . As an 
example, for the one-dimensional (chain) lattice we have considered, using (4.19), 
D p (co) becomes 


. , \ a \ — "\ 2d k 


a 2n ' d co, 

a 


a 


1 


[2r( 


+ 


m i m 2 


n ' d K* 


Then using (4.7) for of , we have 


( 4 . 22 ) 


and 


d co* 1 f 1 db [1 — 2m\m\(\ — cos ttk *)] ! / 2 _^ 2 

d? 7 = 2 f 2 } 

1 

x -[1 — 2m*m9(l — cos7r/e*)] -1 / 2 (— 2m:[m\7i sin7r k*), (4.23) 



E>p(m) 

a~ l [2r(— + — )]~ 1 ' 2 



1 

u p,gi a) d) 


m i m 2 

g | ; 1 ^ [! ~ 2m*m^(l - cos tt/c-*)] 1/2 } 1/2 
x [1 — 2 m^m 2 (l — cos7r/c*)] 1/ ^ 2 (2m*m27T sinjr/c*) -1 


( 4 . 24 ) 


Now with dispersion relation (4.7) again used [which is inverse of co*(k*)] for k*(co*), 
(4.24) is graphed with D* as a function of ca*, in Figure 4.5, for m\ — 0.5 and 0 . 75 . 
Note the lack of the optical branch for the case of m\ — m\ — 0 . 5 . Also note the 
singularities (where the group velocity is zero) at the Brillouin zone points corre- 
sponding to <z>la(X) and o>lo(X), given by (4.11) and (4.12), for m\ — 0 . 75 . There 
is also a singularity at T for the optical phonons corresponding to &>lo(L) = co Q (or 
= !)• 

The DOS can also be given as D p (E p )dE p , with quasi-particle energy E p — 
hco = hiip gK. Then the energy Dirac delta function <5 d[F — E a (ic f )] is used. 

In addition to the longitudinal displacement and vibration just discussed for a 
linear array of atoms, in three-dimensional lattice vibrations there are transverse 
displacements and vibrations. The transverse vibrations are presented by two mutu- 
ally perpendicular planes and these vibrations also travel along the lattice. For each 
phonon acoustic and optical branch, there are three polarizations (one longitudi- 
nal and two transverse). So, per atom, we have three phonon modes, and for more 
than one atom per unit cell we have the first three being acoustic and the rest being 
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Figure 4.5. Dimensionless distribution of phonon DOS D*{af) as a function of dimensionless 
frequency for a linear, diatomic chain. Note that co* is the vertical axis in Figure 4.4 and the 
optical phonons are limited to high frequencies only. 


optical phonons. Some of the characteristics of phonon modes are listed in Table 
4.1. These include their external excitations. The total number of modes is three 
times the number of atoms per unit primitive cell. The number of optical modes is 
equal to this total minus 3 (for acoustic phonons). 


4.2.2 Debye and Other Phonon DOS Models 


For acoustic phonons, the case of linear dispersion relation at zone center ( k -> 0) 
corresponds to a constant phase velocity (which is also equal to the constant group 
velocity). This leads to the parabolic DOS (proportional to E 2 ), or the Debye 
model. In the simple Debye model, a constant phonon speed is used for each 
polarization (two transverse and one longitudinal), with a quantum-particle energy 


E p — hco = TiUpgK. 


From these, from (4.19) for three-dimensional k -space, we have the model form 
of the Debye DOS model 


D/ ?? d,q'(^) — 


47 TK‘ 


CO 


d co 


(27t) 3 u p,g,a 27T 2 d K 


— Mp,g,a — — Mp,p,a 


CO 

K 


1 



2n 2 h 2 u 2 




polarized (modal), Debye DOS model with cut-off frequency cod. (4.25) 
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Table 4.1. Characteristics of lattice-vibrational acoustic and optical polarizations. 


Characteristic 

Acoustic polarization 

Optical polarization 

Group velocity 

sound waves, constant for 

K — > 0 

smaller than acoustic mode 

Displacement of 
adjacent atoms 

in-phase 

out-of-phase 

Largest frequency 

at the edge of Brillouin zone 

higher than acoustic polarization 

Density of states (per 
unit colume, per d co) 

Debye model 

2 

n 0 ) 

u p,D.a — 0 7. 3 

^ 71 U p,g,a 

Debye-Gaussian Model 
D p ,dg = dco 2 exp[ ( Aa) c ) 2 ] 

Phonon number 
density 

ftp, a — j fp D p,Pi.(p2)d(D 

Up o = J f pD p o(co)dco 

Acoustic mode 
number density 

3 n 

n is the atomic number density 

(3 N 0 - 3 )n 

N 0 is number of atoms per 
primitive cell 

Number of 
polarizations 

two transverse and one 
longitudinal (per unit-cell 
lattice) 

3N 0 — 3 

f ox co versus A or 
1 /A = k (dispersion 
relation) 

longer-wavelength modes have 
smaller frequency, and for 
A —> oo (k —> 0), co — > 0 

even long-wavelength modes have 
a finite frequency 

External excitement 

excited by microwave radiation 

excited by infrared radiation 
(optical phonons cause 
time-varying electrical dipole 
moments) 


Note that E p —h(D— hu pp0l K in the Debye model represents a linear relation as 
compared to (2.94) for free electrons (parabolic relation). 

Now assuming all modes (two transverse and one longitudinal-acoustic polar- 
izations, Table 4.1) are the same, from the summation in (4.19), we have 


D p ,d(cd) 


3 co 2 

27X2 U l,A 


simple Debye DOS model, 


(4.26) 


where u p a is a single (average), modal acoustic-phonon speed. The units of D p 
here are s/rad-m 3 and by adding h to the denominator it becomes 1/eV-m 3 or more 
commonly used 1/eV-A 3 

This is similar to the DOS for photons in vacuum (which also has a linear dis- 
persion relation, with equal phase and group velocity, u ph = co/k = dco/dic, Section 
7.1), except there are only two transverse photon polarizations. 

The Debye model D Pj d(co) is valid near the zone center, where the dispersion 
relation is linear (also called no dispersion) (because dco/dic is constant). It also 
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assumes a cut-off angular frequency cop. This is generally from the experimentally 
determined Debye temperature 7b (using for example, variation of the average spe- 
cific heat capacity of crystal with respect to temperature, as will be discussed in Sec- 
tion 4.7). The mean Debye temperature, for elemental crystals, is listed in Table 
A.2. 

The polarized Debye temperature 7b , a for a monatomic crystal is related to 
the polarized cut-off frequency and in turn the polarized phonon group speed u PigM 
(further discussed in Section 4.7.1) by 

T Dm = — —u p g a (6Tt 2 n) [/: ’ Debye polarization temperature, (4.27) 

k b ' 

where u Pigt0l is as previously defined and n is the atomic number density (1/m 3 ). The 
value of 7b for elements is listed in Table A.2. For some compounds, 7b is given in 
Figure 4.26. We will use the Debye DOS and temperature in Section 4.7, and where 
Up ,a is also defined. Debye temperature corresponds to activation of all phonons 
(including highest energy hco^f). 

For the case of a simplified model of a single phonon speed, the Debye cut-off 
frequency is related to the average acoustic-phonon speed u p a through (as will be 
shown in Section 4.7.1) 

a) D = (67 z 2 nu 3 p A ) 1/3 = (67T 2 ft) 1/3 M p ,A Debye cut-off frequency. (4.28) 

In Section 2.5.3, we compared the Debye and natural frequency co n for Ar FCC and 
found a good agreement. Examples of the Debye DOS model, and comparison with 
experimental results, will be given in Figures 4.11 and 4.41(a). 

Other phonon DOS models are also available, one example is the Debye- 
Gaussian model, i.e., 

j? ^ 

D P (E P ) = CE 2 p exp[— (— — ) 2 ] Debye-Gaussian phonon DOS, (4.29) 

where C is a normalization constant, E PtC is energy at the center of the DOS, and 
A E p is the width of the distribution. Note that D p (E p ) = D p (co)dco/dE p . At low 
E p , this behaves similarly to the Debye, and near the center behaves similarly to a 
Gaussian distribution. This also avoids the appearance of a cut-off frequency. This 
model preserves the optical phonons and is used in applications such as the anti- 
Stokes luminescence (Section 7.12) and in examining the size effects on D P (E P ) in 
Section 4.19.3. An example is given in Section 4.6. 

Phonon dispersion models will be discussed in Sections 4.9.5. These include the 
so-called sine model. 

4.3 Reciprocal Lattice, Brillouin Zone, and Primitive Cell and Its Basis 

In the discussion of phonon energy hco and its dispersion relation co(k), we defined 
the lattice structure by using a lattice constant, and we noted that the dispersion 
relation exposed special symmetries in the tc- space, which has a relation with the 
inverse (or reciprocal) of the lattice. We now proceed to generalize these symme- 
tries to three-dimensional lattices. 
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An ideal crystal is constructed by the infinite repetition of identical structural 
units. In the simplest crystals the structural unit is a single atom. The structure of 
a crystal is defined in terms of a lattice with the structural unit or basis attached to 
each lattice point. The lattice points form a set such that the structure is the same as 
seen from each point. An ideal crystal is described by three fundamental translation 
vectors, l \,l 2 , and I3 (also called primitive vectors of the crystal lattice). If there is 
a lattice point represented by the position vector x , there is then also a lattice point 
represented by the position vector x', i.e., 

x' = x + / = x + Hi + jh + kl 3 primitive lattice vectors, (4.30) 

where /, j, and k are arbitrary integers. If all pairs of lattice points x' and x are given 
by (4.30), then the lattice is called primitive. 

There are 14 possible Bravais lattices in three-dimensional space, arrived at by 
combining one of the seven lattice systems (or axial systems) with one of the lattice 
centerings. Each Bravais lattice refers to a distinct lattice type. The seven lattice sys- 
tems are: triclinic, monoclinic, orthohombic, tetragonal, rhombohedral, hexagonal, 
and cubic. 

Figures 4.6(a), (c) and (e) show the primitive lattice vectors / 1 , / 2 , and / 3 , for 
the three cubic lattice structures, simple cubic (SC), face-centered cubic (FCC), and 
body-centered cubic (BCC). 


4.3.1 Reciprocal Lattice 

As we noted from Figure 4.4, the periodicity of the dispersion relation (and other 
associated symmetries) is conveniently presented when the wave number is scaled 
with the inverse of the interatomic (or interplanar) spacing. For a cubic lattice of 
lattice constant a , this scale is 2n/a and is called the reciprocal lattice constant, and, 
when specified along a direction, it is the reciprocal lattice vector g. The primi- 
tive (the actual atomic locations) and reciprocal (wave vector or momentum vec- 
tor) space lattices are shown in Figure 4.6 for a two-atom lattice (SC, FCC, and 
BCC). Because a Fourier transform is used to convert the physical space results 
(i.e., MD simulations) to the reciprocal lattice space, the latter is also called the 
Fourier space. From the solution to the lattice atom displacement of (4.3), and not- 
ing the symmetries in the /c -space, we note that the reciprocal lattice vectors satisfy 
exp[/(g • /)] = 1, and is the Bravais lattice mentioned above. From solutions (4.3) 
and (4.4) to lattice displacement, we note how k takes on discrete values of g. For 
the translational vectors in (4.30), the three reciprocal lattice vectors g\, g2 , and g 3 
are defined as [gig 2 g3] T = 2tt[/ 1 / 2 / 3 ]- 1 [245] 


g 1 = 


g 2 = 


g 3 = 


0 h x h /«../. . 

2ix - — — , e 8,l = l 


2tt 

2tt 


l\ * I2 x I3 
I3 X l\ 

h h x h 

l\ x l 2 
h ■ h x I3 


primitive reciprocal-lattice vectors, 


(4.31) 
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(a) Primitive Lattice Vectors in Simple Cubic 
(SC) Lattice 


(b) Reciprocal Lattice Space and Brillouin 
Zones in SC 



(c) Primitive Lattice Vectors in Face-Centered 
Cubic (FCC) Lattice 


(d) Reciprocal Lattice Space and Brillouin 
Zones in FCC 



(e) Primitive Lattice Vectors in Body-Centered (f) Reciprocal Lattice Space and Brillouin 

Cubic (BCC) Lattice Zones in BCC 

Figure 4.6. The cubic lattices, (a) SC, (c) FCC, and (e) BCC The primitive translation vectors 
/ 1 , / 2 , and / 3 are also shown for each lattice. The Brillouin zone for cubic lattices are shown by 
(b) SC, (d) FCC, (f) BCC. The irreducible part of the zone is also shown. The Brillouin zone 
of BCC is identical to that for the diamond/zinc-blende structure crystals, g is the reciprocal 
lattice vector. <5 /y is the Kronecker delta. 
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in g space, the space defined by ag\ + Pg 2 + yg 3 , where a, and y are arbitrary 
integers. The reciprocal lattice is a lattice in the Fourier space associated with the 
crystal. The diffraction pattern of a crystal maps the reciprocal lattice [245]. s 


4.3.2 Brillouin Zone 

Each of the g, is orthogonal to two /;, such that g, • /, = 2n8ij , where <5 /y - is the Kro- 
necker delta. As noted in Section 4.1, in the propagation of lattice vibrations through 
a crystal lattice, the phonon frequency is a periodic function of the wave vector tc, 
co(ic) = co(ic + g), as shown in Figure 4.4. This function can be multivalued, i.e., it 
has more than one branch. Discontinuities may also occur. As we also noted, a zone 
in the k -space is defined that forms the fundamental periodic region, such that the 
frequency or energy for a k outside this region may be determined based on those 
within it. This region is known as the Brillouin zone (Figure 4.3) (sometimes called 
the first or the central Brillouin zone). In general we consider only k values inside 
the zone. Discontinuities occur only on its boundaries. If the zone is repeated indef- 
initely, all k -space will be filled. The first Brillouin zone is defined to be the primi- 
tive cell of the reciprocal lattice, and is the set of points in the k -space that can be 
reached from the origin without crossing any Bragg plane. A Bragg plane for two 
points in a lattice is the plane that is perpendicular to the line between the two points 
and passes through the bisector of that line. The second Brillouin zone is the set of 
points that can be reached from the first zone by crossing only one Bragg plane. For 
adjacent Brillouin zones, the numbered (n + l)th Brillouin zone is the set of points 
not in the ( n — l)th zone that can be reached from the nth zone by crossing n — 1 
Bragg planes. 

Figures 4.6(b), (d), and (f) show the reciprocal space lattices, and the Brillouin 
zone planes and points designations are shown for the three lattices. 

For an SC lattice, the primitive lattice (transition) vectors are l\ — as x , 1 2 = as y , 
and l?> — as z . The boundaries of the first Brillouin zones are the planes normal to the 
six reciprocal lattice vectors, dbgi, =bg 2 , and dbg 3 , i.e., 

1 71 1 71 1 71 

± ~gl = ±-S x , ±~g 2 = ±-Sy, ±~g 3 = ±-S z , 

Z a Z a ' Z a 

2tt 2tt 2tt . 

g 1 = — S x , g 2 = — S v , g 3 = — s z , ( 4 . 32 ) 

a a a 

where Sj are the Cartesian unit vectors. These six Brillouin zone planes bound a 
cube of volume (2tt /a) 3 , i.e., reciprocal lattice is also SC. This is shown in Figure 
4.6(b). 

t The geometrical structural factor S g is a measure of order (lattice) and is defined as [245] 

j 

where x j is the equilibrium atomic position vector. It is a measure of the order (lattice), and 
expresses the extent of the interference of waves scattered from atoms (ions). For completely dis- 
order structure, S g = 0, and for lattice x j is given by (4.30), and Sc = 1. 
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For an FCC lattice, the primitive and reciprocal lattice vectors are 


h = 

a . a 

2 (Sy T s z)> ^2 — 2 


2n 

g 1 = 

( S X + Sy + S z ) 


a 


2n 

g2 = 

\$x Sy 4 “ S z) 


a 


2n 

g3 = 

(S X +Sy S z ). 

a 


a 


= » (*jr + *v) 


(4.33) 


The volume of the reciprocal lattice cell is 4(2jr/a) 3 . The FCC Brillouin zone is a 
truncated octahedron bounded by 


g = — (±s x ±Sy± s z ), (4.34) 

a 

which for the octahedron and its corners, can be presented as having been cut with 
six planes given by 

— (±2*,), —(±2*0, —(±2*0. (4-35) 

a a a 

These planes are shown in Figure 4.6(d). Reciprocal lattice to FCC lattice is a BCC 
lattice. 

The BCC lattice with cubic cell side a has an FCC reciprocal lattice with cubic 
cell side An /a. This is shown in Figure 4.6(f). 

The high symmetry points and lines in the k space have been designated by 
symbols. T is the center of the Brillouin zone. In SC, M is center of an edge and R 
is a corner point. In FCC, K is in middle of an edge joining two hexagonal faces, U 
is the middle of an edge joining a hexagonal and a square face, and W is a corner 
point. In BCC, H is a corner point joining four edges, N is center of a face, and P is 
corner point joining three edges. 

For example, the center T point is [0,0,0] in the /c -space. The first Brillouin 
boundary point is designated by X (center of square face), and in an FCC crystal it 
is at [2n / a, 0,0\ in the k -space and indicates cyclic permutation of the axes. Another 
symmetry point in FCC is L (center of hexagonal face) at [±n/a, ±n/a , ±n/a\, and 
this and X and T are shown in Figure 4.6(d). W is also a corner point. A, A and 
E are lines connecting T and X, T and L, and T and K. The points of symmetry in 
the k space are also important for electrons in semiconductors, because similar to 
phonons having E p — hco p (ic), electrons are represented by E e = E e (ic). 


4.3.3 Primitive Cell and Its Basis: Number of Phonon Branches 

The real-space primitive cell is a volume of real space that when translated fills all 
of the space without overlapping or leaving any voids. A primitive cell contains 
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one lattice point and its atomic basis. So, basis is the congruent group of atoms 
located at each lattice point. The number of atoms in the basis determines the num- 
ber of branches in the dispersion relation. The number of branches (three acoustic 
branches and the rest optical branches) are three times the number of atoms in the 
basis N 0 , i.e., 3N 0 branches. One of the properties of a lattice is that any lattice point 
is close to its nearest neighbor and has the same number of nearest neighbors, and 
this is the coordination number. 

Monatomic SC, FCC, and BCC primitive cell structures [Figure 2.12(a)] such 
as A1 (FCC) have only one atom in the primitive cell and this results in only three 
branches in the dispersion relation (acoustic only). Most metals form BCC (e.g., Li, 
Na, K, Ba, Cr, Mo), FCC (e.g., Pt, Cu, Ag, Au), or HCP (hexagonal close packed). 
The zinc-blende lattice [similar to diamond lattice, Figure 2.9(b)] such as C, Ge, Si 
and GaAs, InP, InAs have two atoms (in C, Ge, and Si, crystals, the two atoms are 
identical with four sp 3 bonds and it is called diamond lattice) in their basis, so there 
are total of six branches (three acoustic and three optical). Si 02 crystal (quartz), 
shown in Figure 2.9(a), has nine atoms (Sis06) in the tetrahedra-based anisotropic 
primitive cell, so it has 27 branches (3 acoustic and 24 optical). 

Table A.2 gives the crystal structures of elements (e.g., FCC, tetrogonal, 
orthorhombic, rhombohedral, monoclinic), as well as the lattice constant(s). 


4.4 Normal Modes and Dynamical Matrix 

Along the lines developed in Section 4.1, in three-dimensional lattice-dynamics 
calculations, a frequency-space description is used for the motions of the atoms. 
Instead of the localized motions of individual atoms, the system is described by 
energy waves with given wave vector tc, frequency co, and polarization vector e a . 
The formulation of lattice-dynamics theory is described in [12] and [516]. 

For an equilibrium potential energy, defined by (2.47), of a system with N atoms 
that is designated by {cp) 0 , atom i is moved by an amount d [ , and the resulting energy 
of the system, {ip), the total potential energy, is found by a Taylor series expression 
around the equilibrium state (small displacement of all atoms) as 


(<P) = 


z_\ , A ( 1 9 2 (<P) , j j 

(<P)o + / y y ^ lo dio/ + ^ 7 ^ J |o diofdjp 


l 0/ 




a 3 to) 


6 / . J / v ddiuddjpddky 

\ 

— {<P)o T ^ ^ ^ ^ ^ ^apdiudjp + O 
Uj 


2 / J / 4 ddjtfdd ;r 

i,j a,p jr 


lo djc/djpdky T • • • 


harmonic approximation and spring constant V a p, 


(4.36) 
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where the /, j, and k sum over the atoms in the system (when including anhar- 
monicity, for third-order interactions and for pair potentials, i = j = k or i = j or 
j — k), and the a, ft, and y sums are over the x,y, and z directions, as shown in Fig- 
ure 2.12(d). Both {(p) and (<^) 0 are only functions of the atomic positions. The first 
derivative of the potential energy with respect to each of the atomic positions is the 
negative of the net force acting on that atom. Evaluated at equilibrium, this term 
is zero. The first nonnegligible term in the expansion is thus the second-order term. 
The harmonic approximation is made by truncating the Taylor series at the second- 
order term. For a given i and j, the nine elements of the form d 2 {<p) /dd ja ddjp make 
up the force-constant matrix. T was introduced in (2.54), when the natural frequency 
was defined. 

The harmonic approximation is valid for small displacements (d i0l r nn ) about 
the zero-temperature minimum and corresponds to the well minimum (Figure 2.3). 
Raising the temperature will cause deviations, making it anharmonic. 

Given the crystal structure of a material, the determination of the allowed wave 
vectors (whose extent in the wave vector-space makes up the first Brillouin zone) is 
now addressed. 

Consider a general crystal with an n-atom unit cell, such that the displacement 
of the yth atom in the /th unit cell is denoted by d(jl,t). The force-constant matrix 
[made up of the second order derivatives in (4.36)] between the atom (jl) and the 
atom (//') is denoted by T(^). The indices are shown in Figure 2.12(d). Note that 
this matrix is defined for all atom pairs, including the case of j = j' and / = l'. Imag- 
ine that the atoms in the crystal are all joined by harmonic springs; the equation 
of motion (Table 2.5), written in terms of displacement, for the atom (jl) can be 
written as [the general form of (4.1)] 


m 


d 2 d(jl , t) 
d t 2 



• d(j' /', t) harmonic approximation, 


( 4 . 37 ) 


subject to a suitable cut-off radius (Figure 2.3) . 

In (4.3), the modal displacement was given as a function of k, and to account for 
all modes (which are called the normal modes of vibration), we will use summation 
over k space and also on the branches. For a system made of N atoms, there are 37V 
normal modes (3 TV oscillator system) represented by k and a. 


Similarly, the lattice potential energy is given as (Tables 2.4 and 2.5) 


1 


jj'M' 


E P , P = (v) = $ x>(»4’ 


IV 


which is a form of writing (pji-yi s etc., (Figure 2.12). 
The harmonic displacement (kinetic) energy is 

Ep,k = \J2 
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Now assume that the displacement of an atom can be written as a summation 
over the normal modes [using the form given by (4.3)] of the system, such that 

d(jl, t ) = 'y^ j s a (j, k, a) exp {i[ic ■ l(jl)]} exp [—ico(ic, a)t ] plane-wave displacement 

K,a 

(4.38) 

where s a (ic) is the unit normal coordinate vector [such that Y^ a * s <x( K ) • s a (ie) = N], 
and x(jl) is the equilibrium location of atom jl. This equation expresses how this 
atom moves under the influence of (/c, a). 

At this point, the wave vector is known, but the frequency and polarization 
vector are not (these are given by the dispersion relation). Note that the index k 
introduced in (4.36) has been replaced with (/c, a). The polarization vector and fre- 
quency are both functions of the wave vector and the dispersion branch, denoted by 
a. Substituting (4.38) and its second derivative into the equation of motion leads to 
the eigenvalue equation [similar to (4.5)] 

Mco (k, a) s a ( k) — D(ic)s a (ic) 

equation of motion for a plane wave using dynamical matrix, (4.39) 

where M is the diagonal mass matrix (mi, m 2 ,...), the mode frequencies are the 
square roots of the eigenvalues, and the polarization vectors are the eigenmodes. 
They are obtained by diagonalizing the matrix D(k), which is known as the dynam- 
ical matrix, and has size 3 n x 3 n (n is the number of atoms per unit cell). It can be 
broken down into 3x3 blocks (each for a given j / pair), which will have elements 
[117] 

exp {iic • [/(//') — l(jl)]} harmonic dynamical matrix, 

(4.40) 

where we used the indices as in (4.36), and the sum is over the unit cells. 

The dynamical matrix uses the dot product of the wave vector and the position 
vectors of the atoms in periodic primitive cells to express an infinite number of 
atoms by a set of linear, homogeneous equations. The nontrivial solution of the 
dispersion relation containing the dynamical matrix gives the eigenvalues. The 
dynamical matrix has the two symmetry properties discussed in [117], which ensure 
that its eigenvalues are real. The dynamical matrix is central to the lattice-dynamics 
analysis. 

For the L-J monatomic crystal phase, the dynamical matrix has size 3x3. Each 
wave vector will therefore have three modes associated with it (Figure 4.7). Given 
the equilibrium atomic positions and the interatomic potential, the frequencies and 
polarization vectors can be found by substituting the wave vector into the dynam- 
ical matrix and diagonalizing. Although this calculation can be performed for any 
wave vector, it is important to remember that only certain values are relevant to the 
analysis of the MD simulation cell. The phonon dispersion curves are obtained by 
plotting the normal-mode frequencies as functions of the wave number in different 
directions. 


D a p(jj',ic) = 
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Figure 4.7. (a) DOS, (b) phonon dispersion for the Ar L-J FCC crystal [317], and (c) the 
directional designation and the Brillouin zone. 


The T -point slope of the longitudinal branch is larger than the transverse polar- 
ization, because the Young modulus is larger than the shear modulus (Table 3.11). 
The dispersion relation is further developed because of some of the properties of 
D(ic) [12]. D(k) is an even function of k, a real matrix, and is symmetric. Thus, it has 
three eigenvectors, $i, $2, and $ 3 , which satisfy 

D(ic)s a (ic) = Xa^Sutic) eigenvalues, a is polarization. (4.41) 


The formulation of [12] does not include the mass matrix in D(ic), and the corre- 
sponding force-displacement equation will be discussed in Section 4.8. The three 
normal modes of wave-number vector tc will have polarization s a and frequency 
co a (ic). 

For a unit cell of N 0 atoms, the matrix D(ic) is 3N 0 x3N 0 , and there are 3N 0 
frequencies for each discrete value of k. Then care must be made in distinction of 
the restricted phonon branches in the polyatomic lattices, such as SiC >2 in Figure 4.8. 

Then the dispersion relation becomes [12] 


Q) a (ic) = [ 


^'Qf(^) 

M 



dispersion relation. 


(4.42) 
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Optical 

Phonons 


Acoustic 
Phonons 
(Three Modes) 


(a) 


(b) 



Figure 4.8. (a) Phonon DOS, and (b) phonon dispersion for quartz (Si 02 ) in the [100] (a) 
direction at T = 0 K [315]. The anisotropic structure is given in Figure 2.9(a). The unit-cell 
structure of quartz is and there 27 phonon branches (modes). The phonon group veloc- 
ity near the Brillouin zone center, for the three acoustic modes, are also shown, (c) Example 
of Debye-Gassian phonon DOS model used for Y 2 O 3 crystal. V c is the unit-cell volume [238]. 
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In summary, in a monatomic N Q — 1 cubic lattice of lattice constant a, the dis- 
crete values that tc (normal modes) take on are (2.96) 

\k\ = ^~, i = 0, ±1, ±2, ..., ±(N — 1) normal modes, (4.43) 

Na 

where N is the number of unit cells in the system. This leads to 3N total vibration 
modes ( N longitudinal and 2 N transversal), or N !hm . 


4.5 Quantum Theory of Lattice Vibration 

It can be shown that the classical Hamiltonian of Table 2.5, which is applicable to 
each atom (center of mass) in a crystal lattice, has a general solution. This can be 
cast in terms of phonon annihilation and creation operators [12, 117, 167]. 

The Hamiltonian (Table 2.5) is given in terms of the dynamical matrix (4.40) as 



Ax)+ 


\ d l ( x )o l j( x - x ') d j( x '). 


(4.44) 


Then with the solution to the dispersion relation, which gives co a (ic), the phonon 
annihilation operator (footnote of Section 2.6.4 and the Glossary under creation 
and annihilation operators) is defined as 

b*, a = ~Ee-^ X) s a{K ) ■ [('f^p 2 d(x) + i(-±-)W p ( x )], (4.45) 

where N is the number of normal modes divided by a. 

The annihilation operator is similar to the ladder operator defined in Section 
2.6.5 footnote. Note that s a (ic ) is the unit vector in the normal coordinates. One 
property of this is that K s a (ic) • s a (ic) is equal to N. 

Similarly, the phonon creation operator is defined as 

bL = ^£^>. B («) ■ [(T^) V2 d{x) - i(^±—)V 2 p( x )]. (4.46) 


Then the displacement d(x) and momentum p(x ) are expressed by use of the prop- 
erties of ladder operators b K ^ and (footnote of Section 2.6.4), as the new vari- 
ables. This gives (the expression in terms of the normal coordinates will be given in 
Section 5.15.1) 


d 0) = a ^72 E(^t) 1/2 (^.“ + 


(4.47) 


K,a 


f1 ' 2 


n 1/2 2 
k,oi 


P(x) = 


(4.48) 
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Finally, the Hamiltonian (4.44) expressed in terms of these variables (i.e., for 
the momentum and potential energies) becomes 

H/? = ^ Yha> a (b' ta — of)(b\ a — b K a ) + 

K,a 

1 

^ y + b\ a )(b\ a + b K a ) 

K,a 

= l E^^l- + b L b *<“) 

K,a 

= y^hw a (b' Ka b K, a + 1 ), ( 4 . 49 ) 

/c,# 

where we have used the commutator operator (2.72) for the last step. 

This is written in terms of energy (footnote of Section 2.6.4) by use of the prob- 
ability distribution function f p (k , a) 1 as [similar to (2.85) for the quantum-harmonic 
oscillator] 

E P = EXM*’ “) + ( 4 - 50 ) 

Therefore this is another solution path in arriving at the quantum energy of the 
harmonic oscillator (Section 2.6.4). The quanta of energy are hco. We will make use 
of the quantum treatment of phonons in Sections 4.8, 5.15, and 7.12. 

' The Hamiltonian is made of kinetic and potential energies that are 
kinetic energy = — /(x) = \ 

x K,a 

potential energy = ^Y^ d i( x ) D ij(x - x')dj(x') = j ^hcD a (ic)(bi a + b K ^){bl a + b KtU ) 

x.x' K,a 

Hamiltonian = - ^/i<o a (*)(&*,(* *4 >a + b\ a b K ,<*)• 

K,a 

Using commutator operator (2.72), we have 

\bx,ai b]c,a\ — 1 — i^K,ab\ a ~ bf a b Kt(X 
bic,ab]c,a = ^/c, able, a T 1 

H P = \ J2 h<0a ( IC K b *,<‘ b * a + 1 + b ka b *,a) 

“ K,a 

= J2 hc ° a ( lc K b *,‘*b‘,‘* +b- 

K,a 

t The temperature dependent total number of phonons summed over the normal modes and the 
polarizations as 

Np = J^f P - 

K,a 
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4.6 Examples of Phonon Dispersion and DOS 

Figure 4.7 shows the MD-computed dimensionless phonon dispersion and DOS for 
the Ar FCC crystal. The atomic coordinates used in the generation of the dispersion 
data were obtained from MD simulations as discussed in Section 2.5 [315]. A struc- 
ture at finite temperature is slowly quenched to a temperature of 0 K. The cut-off 
used is 2.5<tlj. As the crystal structure is monatomic (number of atoms per primi- 
tive cell, N 0 = 1, total number of modes is 3 N 0 ), all modes correspond to acoustic 
phonons. 

The plotted angular frequency is dimensionless and has been normalized by the 
L-J time scale (Table 2.7, except for the constant), (o^m / £lj ) 1/2 • Note that from 
(2.54), (o n is 22.88 time this co scale, which is near the cut-off frequency in Figure 
4.7(a). For Ar, the time scale has a value of 2.14 ps. The divisions on the horizontal 
axis (the wave number) are separated by 0.1 x 2n/a (i.e., one-twentieth of the size 
of the first Brillouin zone in the [100] direction). 

Note the degeneracies of the transverse branches in the [100] and [111] direc- 
tions, but not in the [110] direction. Also, as seen in the [110] direction, the longitu- 
dinal branch does not always have the highest frequency of the three branches at a 
given point. 

The volumetric density of states is based on a Brillouin zone with a grid spacing 
of 1/21 x 2n/a. This leads to 37,044 distinct points (each with three polarizations) 
covering the entire first Brillouin zone. The frequencies are sorted by a histogram 
with a bin size of 1, and the resulting data are plotted at the middle of each bin. 
The DOS axis is defined such that an integration over frequency gives 3 (N — 1)/V 
~ 12/ a 3 (for large V, where N is the number of atoms in volume V). 

Figures 4.8(a) and (b) show the MD-computed phonon dispersion and DOS for 
silica (quartz). The predictions are made with the B-K-S potential (2.10). The Wolf 
method [496] is used to model the electrostatic interactions with an a value of 0.431 
A -1 . The cut-off radius used is 6.44 A. The zero-temperature unit-cell parameters 
are a = 4.89 A and c = 5.51 A. The anisotropic structure of quartz is shown in Fig- 
ure 2.9(a). The lattice-dynamics calculations are based on the description given in 
[117]. The dispersion results show reasonable agreement between experimental and 
theoretical predictions [21, 451]. The experiments use neutron inelastic scattering 
[242]. t 

The linear density of states is based on a grid spacing of (1/1000) x 2n/a in 
the [100] direction. This leads to 27,027 frequencies (there are N 0 = 9 atoms per 
primitive cell and as discussed in Section 4.33, there are 3 N 0 = 27 branches). The 


t A neutron of mass m n and wave vector K n is scattered to tc' n , and a phonon of wave vector k p is 
emitted or absorbed such that 


K,i + g = 


K p +K n 


2.2 


n A K 


2m n 2 m n 


tTk ’ 2 

n ±hco, 
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E LO = E T0 Si (Non-Polar Semiconductor) 
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Figure 4.9. Predicted and measured phonon dispersion curves for Si (diamond structure). 
The solid curves represent the predicted results, and the open circles are experimental results 
[ 445 ]. The key Brillouin points are also shown. There are six branches, three acoustic and 
three optical; the transverse branches are degenerate. 


frequencies are sorted by a histogram with a bin size of 1 THz, and the resulting 
data are plotted at the middle of each bin. The DOS axis is defined such that an 
integration over frequency gives 3(N C — 1)/L ~ 3/a (for large L, where N c is the 
number of unit cells in a length L in the [ 100 ] direction). 

Note that the Debye model for D p represents the energy of acoustic phonons. 
To include the high-energy phonons, the dimensionless Debye-Gaussian distribu- 
tion function (4.29) can be used instead of the Debye DOS, which has the form 

D* p (E p ) = CE\ ex P [-( Ep -f p ’ p ) 2 ], E p = Tico , (4.51) 

where C is the normalization constant making D p dimensionless, E px is the energy 
at the center of the distribution, and A E p is the width (at 1/e from the peak) of the 
distribution. Note that this model has only one peak, i.e., the positive root of E 2 p — 
E p E px — A E p = 0. Figure 4.8(c) shows (4.51) applied to the Y 2 O 3 crystal D p (where 
D p is dimensional) from MD results [398]. These MD results will be discussed in 
Section 4.19.3. The agreement near the peak is reasonable. 

As further examples, typical dispersion relations are given in Figures 4.9 and 
4.10, for Si and GaAs, respectively. Both predictions and measurements are shown 
and are in good agreement. 

The phonon DOS for Si is shown in Figure 4.11. Note that the maximum phonon 
energy is that of E p x o = E p .to at k = 0 (Figure 4.9). The peaks are singularities 
(van Hove) at T, X, X and L points. The Debye energy (temperature) and Debye 
model of DOS are also shown. Note that the Debye model does not include the 
optical phonons. 
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Figure 4.10. Predicted and measured phonon dispersion curves for GaAs (zinc-blende struc- 
ture). The solid curves represent the predicted results, and the open circles are experimental 
results [445]. The key Brillouin points are also shown. There are six branches, three acoustic 
and three optical, the transverse branches are degenerate. 


Figure 4.12 shows measured individual contributions from the transverse and 
longitudinal polarizations for D p (co) of A1 (FCC) at T — 80 K [448]. Similar to Ar 
FCC, there is no optical phonon in this single-atom primitive cell (basis of one atom, 
Section 4.3). 

The exact phonon dispersion curve varies depending on the existence of polar 
or nonpolar atoms in the primitive cell. In nonpolar semiconductors (Si and C), 


Si E d = hco D = 55.59 meV 



Figure 4.11. Measured and predicted phonon DOS for Si [492]. The Debye cut-off frequency 
(angular) is cod = T^k^/h = 8.443 x 10 13 rad/s = 84.43 Trad/s. 
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Figure 4.12. Measured phonon angular-frequency DOS for A1 (FCC) at T = 80 K [448]. Also 
shown are the contributions from the three acoustic-phonon modes. The volume is a 3 , and 1 
Trad/s = 0.6582 meV. 

the LO and TO branches of phonon dispersion have the same frequency at the 
zone center T (Figure 4.9). For polar semiconductors (like GaAs), the LO and TO 
frequencies split at the zone center T (Figure 4.10), because of the long-range dipo- 
lar interaction . 

4.7 Phonon Specific Heat Capacity and Debye Average Acoustic Speed 


The lattice (or phonon) specific heat capacity c v , p , is the total value for all phonon 
modes. The specific heat capacity is given in J/kg-K, J/m 3 -K, or J/K (per atom), 
depending on relevance. Using the Debye model of the phonon DOS, c v , p is derived 
for monatomic crystalline solids. It has a temperature dependence such that, as 
expected, it vanishes at 0 K, has a steep dependence as T = 0 K is approached, 
and the temperature dependence disappears at high temperatures (at high temper- 
atures, it reaches a value of 3 &b per atom, associated with 3 degrees of freedom, and 
equipartition of energy, which gives crystal kinetic and potential energies). Debye, 

' The LO modes have an additional electric restoring force, such that [433] 


4.7.1 Acoustic Phonon Specific Heat Capacity 



where c e , s and 6^ i00 are the static and high-frequency dielectric functions (Section 3.3.5). 
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noting these trends, suggested a cut-off frequency /° beyond which the high-energy 
phonons do not contribute to the lattice specific heat capacity (Section 4.2.2). His 
formulation is subsequently given. 

For a monatomic, isotropic crystal, the energy per unit volume, for N p phonons, 
in a volume V, is 




hcof p D p (co)dco 
1 

hoj T 

ex p(H) - 1 


D p (co)dco. 


(4.52) 


The number density of phonons n p is found from (1.19), i.e., / () °° /° D p (co)dco. Note 
that this is consistent with the result for the quantum oscillator (2.90), where the 1/2 
is neglected there. Also, note the phonon DOS is in (l/m 3 -rad/s). The lattice specific 
heat capacity of a solid at constant volume c v p is found by differentiating e p (4.52) 
with respect to temperature T (Table 2.4), i.e., 


flCv,p — 


d(E P ) 

dT 


v 


-L 


oo 


3 r . hco . „ -,_i . . , 

hco— [exp(- ) — 1] 1 D p (co) dco. 


3 T 


k B T 


(4.53) 


We simplify the differentiation on the right-hand side as 


3 r . hco . i hco e x hco 

— [exp( ) — 1] = ^ x = 

dT 1 ^k B T J J k B T 2 (e x — l ) 2 k B T 


Substituting into (4.53), we have 




l 


co D X 2 e x 


(e x ~ 1) 


D pB )dco , x = 


2 P 


hco 

h?' 


(4.54) 


(4.55) 


where we again used the integral over the DOS, along with the Debye cut-off angu- 
lar frequency (Section 4.2.2). This Debye cut-off frequency /b = co-q/Itt is the high- 
est normal-mode frequency that the crystal can have (Glossary). As described in 
Section 4.3, there are 3/2 phonon modes (or three polarizations of acoustic phonons, 
two transversal and one longitudinal), for a monatomic, single-atom lattice crystal. 
Note that from (4.55), the specific heat capacity per phonon is k B x 2 e x /[e x — l] 2 . 

In (2.99), we related the number of carriers to the density of states and the prob- 
ability distribution function. Here we use the Debye DOS D p d (for three acoustic 
modes or polarizations per atom). We use the Debye oscillator conservation con- 
straint which states that there are three modes per atom (one longitudinal and two 
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transverse polarizations), i.e., 


N 


p,m 

v~ 


ftp,m — 3/7 


= [°° Dp(co) dco* [ 
Jo Jo 


COD 


D p x)dco — 


-L 


( °D 


3 of 


2 3 

0 27T ^ 


d co 


2tt 3 u 3 pA 


L 


COD 


co d co, 


DpD = 


3 co' 


2tt 2 u 3 p a 


Debye acoustic-phonon relations. 


(4.56) 


The total number density of phonons will use /° and is temperature dependent 
(increasing with temperature). Note that we have used the frequency DOS, D p (co ), 
and integration over frequency space (with cut-off), as compared with energy DOS 
in (2.99). Here u Pj a is the single, average phonon speed used to represent all polar- 
izations and is generally defined as (4.15) 


1 


M p, A 


1 

3 


(- 

u 


1 


P’gX 


+ 


2 


11 log A 


). 


(4.57) 


where L and T are the longitudinal and transverse polarizations. Using the inverse 
of speed originates from (4.22), when D p is proportional to inverse of group phonon 
speed. 

Evaluating the integral of (4.56) and solving for cod gives 


o _ 3 co D 

(4.58) 

2nn u p A 3 

c o q = 6n nu A 

(4.59) 

CO D = (6t r 2 nu pA ) 1/3 , 

(4.60) 


which is the same as (4.28). The approximation in (4.56) has lead to a simple relation 
between cod and u p ^ a 

Noting that, from the definition of the Debye temperature (Glossary), i.e., cod — 
k^TD/h, and recalling that x(T, co) — hco/k B T, we can write xd = x(T, co = <z>d) as 


x D — sca j ec j 5 i n v erse temperature 

k B T T 


(4.61) 


In Section 4.11.3, we show how 7b relates to the atomic force constant and the 
atomic structure. For elemental solids, T D is listed in Table A.2, and for some solid 
compounds in Figure 4.24. Substituting the expressions for / and D p D (co) into the 


' Note that similar to electron gas (2.100), the phonon a: -mode density is 


ft p,K — ~ y = ft ’ /ftp. A- 

071 


There are 3 n PtK = n p _ m modes (one longitudinal and two transverse). 
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integral form of (4.55), using the Debye cut-off frequency, we have 


v,p — / 

Jo 

= k B [ 
Jo 

= k B f 

Jo 


0)0 x 2 e x 


o (e x - 1) 


XD x 2 e x 


2 D p (u))dco 


(4.62) 


3« 2 k B T 


o (e x - 1 ) z 2mz 2 u 3 p A 


h 


dx 


lh/r 12jrk 3 B T 3 x 4 e x 

B dx. 


'o nu p A « (e x ~ 1)" 

Substituting /b into the expression for 7b gives another form of (4.27), i.e., 


Td — 


h(t)D h 2 3 \ 1/3 

= — ( 6jr ,u '1a) 7 ■ 


&B ^B 

which is the same as (4.27), written there for each polarization. We then have 


(4.63) 


nc v n — k^YlnT 


k 3 
3 *B 


u 3 P ' A h 3 JO 


L 


Wr x 4 e x 


(e x - 1 ) 


dx 


1 6n 2 n C Td ^ t x 4 e x 


— k^UnT 2 —^ T / -dx 

T 3 (27 r) 3 Jo (e x - 1)' 


= 9k B (f ) 3 „ f 

Jo 


r D /r 


dx 


(e x - l) 2 

Debye model of lattice specific heat capacity. 


(4.64) 


Therefore, to find c v p per atom we divide the proceeding equation by n. Figure 
4.13(a) shows variations of the predicted dimensionless specific heat capacity of a 
few elements, with respect to temperature. The asymptotic value of nc ViP /k& — 3 
(sum of kinetic and potential energy, each 3 degrees of freedom) is shown and 
reached for T ^ 7b (end-of-chapter problem). This is called the Dulong-Petit limit 
for solids and is derived from classical treatment of lattice vibration internal energy 
[11]. In Figure 2.15, it was shown that this limit is realized in classical MD at temper- 
atures well below the melting temperature. However, in MD, c v _ p decrease (can also 
increase) because of anharmonicity at higher temperatures, whereas the quantum 
effects cause lower c v _ p at lower temperatures (Figure 2.15). Because of anharmonic 
vibrations, the high-temperature asymptotic value of c v , p may be less than 3 £b (per 
atom), as shown in Figure 2.15, by as much as 10%. 

The Debye temperature for elemental crystalline solids is listed in Table A.2. 
For some compounds, they can be found in [245]. 

For T To there is a (T/ 7b) 3 trend (end-of-chapter problem), and this is also 
shown in Figure 4.13(a). 

Figure 4.13(b) shows the variations of /°, and scaled D p x> , D P x> /°, and 
hcoD p ^fp [appearing in integral (4.52)], with respect to co , for Si at T = 300 K. 
Although hcoDpXifp does not peak at cod, its growth is not as large compared with 
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Figure 4.13. (a) Variation of the predicted dimensionless lattice (Debye acoustic phonon) 
specific heat capacity (per atom) with respect to temperature, for Ag, Al, and Si elements. 
Note that for Sn, the optical heat capacity is not included. The classical limit is also shown, 
(b) Variations of sealed /°, D p D , D p D f°, and hcoD p x>f° as functions of co , for Si at T = 
300 K. 


that at lower frequencies. As shown in Figure 4.11, the Debye DOS is not an accu- 
rate model for Si, especially when the role of optical phonons becomes important 

' The optical phonon contribution to heat capacity is approximated using the single-frequency model 
of Einstein discussed in Appendix C and given by (C.l). There the Einstein temperature is set equal 
to the cut-off phonon frequency, i.e., co Q = co Pi o, and Te = kco p _o/kB. Then nc v , p will be the sum of 
(4.64) and n times (C.l). 
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(e.g., in scattering of conduction electron by phonons, Section 5.15.3). However, for 
some applications, such as in total specific heat capacity, this model is easy to use 
and relatively accurate. 

To write (4.64) c v p per the molecular weight, we first use per atom using k B /m 
and then use R g /M (R g — &bNa)- 

For compounds, the average molecular weight (M) for xi atomic fraction M ; 
y ^XjMj 

(M) = — average Molecular mass in polyatomic crystal. (4.65) 


Again note that (4.64) does not include optical phonons present in polyatomic or 
multiatomic primitive cell crystals, which are discussed in [85]. 

Expressing the lattice volume by V c and the number of atoms per lattice as N c , 
the sensible heat content pc v , p T in the macroscopic energy equation (Table 1.1) for 
the lattice is 


pc p T = 


3a(T)N c k B T 


(4.66) 


where a (T) is dimensionless and expresses the temperature dependence. We note 
again that (4.64) is based on Debye model of acoustic phonons. 


4.7.2 Estimate of Directional Acoustic Velocity 

The long wavelength acoustic phonons are the elastic waves in the macroscopic elas- 
tic mechanics equation (Table 3.11). Here we discuss the relations among the group 
velocities of these waves, the elastic moduli, and the interatomic force constants. 


(A) Group Velocity from Directional Spring Constant 


The acoustic modes have all the atoms in the planes perpendicular to the transport 
direction moving in phase. For a lattice consisting of parallel planes, the transport 
perpendicular to the these planes is one dimensional, and similar to (4.17), by use of 
the harmonic potential, we have the sound speed as given by 

u p , g ,i = /,•(— ) 1/2 , (4.67) 

m c 

where /, is the distance between the planes and m c is the mass of the primitive cell. 
The spring constant is defined through (2.54) as 


n 



(4.68) 


where d un is the displacement of the nth unit cell along the i direction and cp n is the 
potential between the origin unit cell and the nth neighboring unit cell. Here, we 
consider the interactions only among the nearest neighbors. 
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(B) Nearest-Neighbor FCC Structures 

Then, for an FCC structure (each atom has 12 nearest neighbors), along [111], we 
have Tl = 2 T, Tj = T/2, where T is the effective spring constant of the pair poten- 
tial and is defined as 


r = <!?>' 


r e is the equilibrium separation distance. 


( 4 . 69 ) 


Then using projections, along [100] we have Tl = 2T, Vj = T. Value of T for some 
element pairs is given in Table 4.4 and for some compounds in Figure 4.29. 

As an example, an Ar solid is an FCC crystal [Figure 4.6(c)] and each prim- 
itive cell contains only one atom. Then the distance between the nearest neigh- 
bors is r e — a / 2 1/2 . For a L-J potential (2.9), and using the equilibrium condition, 
i.e., dcpu/dr = 0, we have a L j = 2 ~ 2 / 3 a . Then the effective spring constant becomes 
T = 726 lj/2 1/3 ctlj. Note that Tl = 2r = 72 x 2 2/3 6Lj/o r L J , gives a result that is closer 
to the effective bulk value (2.54). The bulk modulus can also be derived and is 
(Chapter 2 problem) E p — 75cLj/c jr Lj and a — 2 1/2 r e , r e — 1.09cjlj. Also, note that the 
effective bulk (including long-range interactions) T given in Table 2.7 has a larger 
numerical value. 

For Ar, from Table 2.2, we have ou — 3.40 A, 6lj = 0.0104 eV = 1.67 x 10 -21 J, 
and then T = 0.85 N/m, m c = 6.634 x 10 -26 kg = 66.34 yg, and a — 2 2/3 <tlj = 5.31 A. 

Along the [100] direction, we have / = 0.5 a, then u Ptg x = 1362 m/s and u Ptgt t = 
963 m/s, and the average speed is given by (4.57), so u Ptgf a = 1067 m/s. 

Along the [111] direction, we have / = a 1 3 1/2 , then u Pjg , l = 1572 m/s, u p , g j — 
786 m/s and u Ptg ^ — 943 m/s. 

The Debye temperature of Ar is 89 K [317], and the corresponding average 
sound speed u Pj a = u P , g ,A found from (4.63) is 999 m/s, which is close to the pro- 
ceeding approximate prediction. 

Note that the directional Debye frequency and temperature 7b . a are 
related to the directional u p ^ a through (4.60) and (4.61). 


(C) Nearest-Neighbor SC Structures 

For homogeneous deformation in SC structures, we have the relation for the isother- 
mal bulk modulus E p = 1 /k p , k p — —(dp/dp\r)/ p (Table 3.11), and the spring con- 
stant Tb through the lattice constant a , as 

1 1 dv ... ....... , 

' ~ ~ ( 4 . 70 ) 


E p p v dp T a 


3 a 2 d 3 a 

5^-^ = - along [111] SC. 


where we have used the pressure relation dp = Vbd/a 2 . Then, using (4.67), we have 


^ p,b — 


/ fc (7L)l/2 = /fc( J^)V2 

m c K p m c 

a d-my 2 = {—p 2 


3i/2 


K 


p 


K p m c 


1 


= ( — ) 1/2 = (^) 1/2 , P = 'f 

P«p P a 


( 4 . 71 ) 
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This is the same as the bulk sound speed given next. Note that the results are slightly 
different from that for a FCC. 


(D) Bulk and Directional Velocities Using Moduli 


The bulk sound speed is found from (4.71) 



1 

n(m)Kp 



(4.72) 


where (m) is average atomic mass (4.65), n is the atomic number density, and 
p — n(m). The relation among the adiabatic compressibility k p (= 1 /E p ), the Young 
modulus Ey and the shear modulus G is (Table 3.11) 


— Ey 
p ~ 3(1 - 2v P ) 


2G(1 + vp) 
3(1 - 2v P ) 


vp is Poisson ratio. 


(4.73) 


The Poisson ratio for elements ranges from 0.15 (Eu) to 0.45 (Tl). Note the low 
speed of sound in Pb (E p = 46 GPa, p — 11, 300 kg/m 3 ) and high speeds in Si (E p = 
102 GPA, p = 2330 kg/m 3 ) and C (diamond) (E p = 442 GPA, p = 3510 kg/m 3 ). The 
longitudinal and transverse sound speeds are 


u p l = (- ^ F ) 1/2 = (— ) 1/2 longitudinal sound speed (4.74) 

n(m) p 

G G 

u p t = ( ) 1/2 = ( — ) 1/2 transverse sound speed. (4.75) 

n(m) p 

When used in (4.60), the cut-off frequency (for each polarization) and when (4.63) 
is used, the Debye temperature, can be found from these velocities (thus relating 
them to the elastic constants). 


4.8 Atomic Displacement in Lattice Vibration 


In Section 2.5.3(B), the RMS displacement of lattice atoms was given by approxi- 
mation (leading-order) relation (2.56). Here we derive a general expression, based 
on the treatment given in [29]. 

Consider a polyatomic molecule; based on the Newton law (Table 2.5) the force 
on atom / , F/, is 



(4.76) 


With the harmonic approximation for the potentials and for small displace- 
ments, we have [similar to (4.37)] 


d<Pij 

ddi 


d 2 <Pij 

ddjddj 


(di-dX 


Then equation of motion (4.39) is again 


(4.77) 


Mco s a = D(ic)s a , 


(4.78) 
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where s a is a polarization vector, M is the mass matrix, and D(k) is the dynamical 
matrix (4.40) 

p['« • (Ij-It)]. (4.79) 

i J 

Rearranging (4.78), the eigenvalue equation becomes 

[M~ 1 D(k) - co 2 1 ] = 0, (4.80) 

where I is the identity matrix. Here D(ic) is specified by a complete set of inter- 
nal displacement coordinates, including bond lengths and angle displacements. This 
set of coordinates can be represented by a column matrix S [29]. The mean-square 
relative displacement (MSRD) amplitude matrix X is defined as 

X = (SS f >, (4.81) 


where S is chosen such that the diagonal elements of X of the MSRD of the atomic 
vibrations satisfy ( | A 1 2 ) = £ 7y . The superscript f indicates complex conjugate. The 
coordinate S may be not normal, but we may find a matrix L to transform S to the 
normal coordinates Q (Glossary), i.e., 

S — LQ. (4.82) 

Then we have 

X = L(ee t )L f . (4.83) 


When Q satisfies 

Ti hco 

= COth(— ^)]<w, (4.84) 

ZCO a Zk B 1 

then we have the relations [104] 

[O D(ie)L] aa , = w 2 a S aa and LO = M~ l . (4.85) 


In the high-temperature regime (within harmonic approximation), we can 
derive a relationship between the MSRD amplitude matrix and the molecular force 
fields by using the relations (4.85), and then expanding the coth(x) term in (4.84) as 


Then we have 


or 


2k B T hcD a 

coth( ) = b ... + . 

v 2 Ti(Oa hcoa 8k B T 


T = k B TD(K)- 1 + ——M-\ 

lok B T 


Jr 


-l 


Vu - (IA./1 2 > = k B TFj + 


Tr 


M:. 

11 16k B T 11 


(4.86) 

(4.87) 

(4.88) 


Because A = (d j — d Q ) ■ Sj, where dj and d 0 are the j atom and the cen- 
tral atom displacements, the MSRD (|Ay| 2 ) can be rewritten in terms of the 
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MSD {(xj-lj) 2 }, ((x 0 -Sj) 2 ) and the displacement correlation function (DCF) 
((jto • Sj)(xj • s j)) such that 

(I A/| 2 ) = {(dj ■ sj f) + {(d 0 ■ Sj ) 2 } - 2 {(d Q ■ sj)(dj ■ sj)), (4.89) 

where Sj is the equilibrium position unit vector of atom j (/ j is the equilibrium 
position vector of atom j). 

In this form, the function can be divided into two parts (one composed of the 
MSD term and the other of the DCF term) so that the effect of each can be exam- 
ined separately. For monoatomic crystals, this gives [173, 167] 

(I | 2 ) = Ty- ^2(s Kt a • Sj) 2 — coth(|^)[l - cos (* • //)] 

Nm ^ eo K%a 2 k B T 

Beni-Platzman-Debye MSRD correlation, (4.90) 


where N is the number of atoms of mass m, s K ^ a is the polarization vector for 
phonons of momentum k , polarization a, and frequency co KM . The first term on the 
right-hand side of (4.90) is two times the MSD (which is independent of the central 
atom neighbor distance). The second term ensures that only the out-of-phase ther- 
mal motion of the atoms along /, determines the decrease in extended X-ray absorp- 
tion fine-structure. For a monoatomic cubic crystal, (s KM ■ s j) 2 can be replaced with 
(1/3). Then, by use of (4.56), the Debye approximation for the DOS (for monatomic, 
cubic crystals, V f^ D D p (co)dco = 3 nV and co = u p ^k), we have 



4 ( T 2 3 h l-cos(^D lj) 

mco D 4 { T d > 81 mean 2(at d / 7 ) 2 

~ + 2(k D Z;2-) 4 £5 - ...]} 

Beni-Platzman-Debye MSD model, 


(4.91) 


where 

(4.92) 

In this expression, <z>d, Td, and kd are the Debye frequency, temperature, and 
wave vector, respectively. The first term on the right-hand side is the MSD and the 
second term is the DCF. The MSRD is twice that given by (4.91). The leading term, 
MSD, was given by (2.57). Calculations show that the DCF has a relatively large 
contribution to the final value (temperature dependent, ranges from 15% to 40% of 
MSD for FCC and BCC crystals with respect to the first term). 

Examination of (4.91) shows that (|A y | 2 ) increases as T (e.g., Figure 2.14) and 
for high melting crystals with small 7b, this can lead to relatively large displace- 
ments at high temperatures. This relation can also be used for an isotropic crystal, 
for which the corresponding directional Debye temperatures are known. Note that 
this model is based on harmonic displacement of atoms and is expected to be valid 
for low temperatures. 
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Figure 4.14. The methods of prediction of phonon thermal conductivity, MD and BTE 
(Callaway-Holland) [316]. The relaxation time r p _j has a frequency dependence co n j and 
temperature dependence T m j . 


4.9 Phonon BTE and Callaway Conductivity Model 
4.9.1 Single-Mode Relaxation Time 

The single-mode relaxation time (SMRT) for a mode in a phonon system describes 
the temporal response of the system when that mode is excited and all other modes 
have their equilibrium populations. This is used in the BTE derivation of the phonon 
conductivity, as outlined in Figure 4.14. SMRT can be seen as being consistent with 
an exponential decay of the energy autocorrelations (Table 3.9) using the Green- 
Kubo theory for thermal conductivity (Section 3.6 and will also be discussed in Sec- 
tions 4.12-4.13). The limitation of this approach is that the underlying assumption 
(one mode activated and others at equilibrium) is never realized. This is because the 
natural decay of the energy in a mode occurs in the presence of other modes that 
are excited or diminished. 

In SMRT approximation, each phonon mode co has a single, effective phonon 
relaxation time r p = r p (co p , a, T) representing the various scattering mechanisms. 
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4.9.2 Callaway Phonon Conductivity Model from BTE 

The derivation presented in this section is based on that given by Callaway [70] and 
Holland [199]. The method presented can be applied to either a quantum or classical 
system. 

The heat flux generated by a change in the population of energy carriers can be 
expressed as the general form of (3.22), i.e., 



[E p (k)~ fj]u p (K)f p (K)dK 


energy flux vector, 


(4.93) 


where C is eight for phonons and four for electrons (because of spin degeneracy), 
the integral is over the first Brillouin zone, E p is the carrier energy, /x is its chemical 
potential, u p is the carrier velocity (group), and f' p is the deviation of the mode pop- 
ulation from the equilibrium distribution. For phonons, the sum is over the mode 
polarizations (three for a monatomic unit cell), the chemical potential is zero, and 
the carrier speed is the phonon group velocity. A form of (4.93) is sought that will 
allow for direct comparison with the Fourier law (q — —K p • VT) and thus generate 
an expression for the thermal conductivity. 

The steady-state BTE (with no external force and source) for a single-phonon 
mode (Table 3.1) is 


Up ■ V/„ = 


djj. 

dt 


phonon BTE. 


(4.94) 


If the phonon population is only a function of temperature, then 
u p • V/ p = u p 


' p VT = u n • Vr — - introducing temperature gradient. (4.95) 


dT 


dT 


Let f p — f° + f f , where f° is the equilibrium phonon distribution. Assuming that 
the deviations from equilibrium f p are independent of temperature, we have 


Vp . d f° P 


(4.96) 


3 T 3 T 

The relaxation-time approximation (3.13) is made for the collision term, whereby 


— — — = — — SMRT approximation. 


(4.97) 


The relaxation time r p describes the temporal response of the system when that par- 
ticular phonon mode is activated (footnote of Section 3.1.4). Under these assump- 
tions, (4.94) becomes 




• VT. 


(4.98) 


As was shown in Figure 3.2(b), the presence of VT, changes mostly the population 
of high energy phonons (limited by the cut-off frequency). Inserting this expression 
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into (4.93) leads to 


? = _ (^iE/ EpZp^UpUpdic)- vr. 


( 4 . 99 ) 


Taking E p to be independent of temperature, and using (2.107), we have 


/ E P r p dK = 


(E P ) 
V ’ 


( 4 . 100 ) 


where ( E p ) is the total system energy. The mode specific heat capacity is given by 
(4.53) ast 


3 (E„r p ) 


tlCi )p — 


8T 


v — E p 


dJl 

dr 


( 4 . 101 ) 


Thus, for the heat flux 


= / Cv, P TpU p u p die) ■ 


vr, 


( 4 . 102 ) 


where we will use the c v tP given by (4.64). Comparing this result with the Fourier 
law (Table 1.1, in tensor form) q — —K p • VT leads to an expression for the phonon 
thermal conductivity tensor, 



1 

8?r 3 



C ViP T p U p UpdK 


phonon conductivity tensor, 


( 4 . 103 ) 


where the right hand side is a tensor as a result of the diadic product of u p with itself. 
Noting that using D p ,d [same as (4.56), but not summed over modes] the atomic 
density is given by 


J die — Sjr 3 n atomic density, 


( 4 . 104 ) 


over the volume of the first Brillouin zone. The expression for the thermal conduc- 
tivity, if discretized, reduces to an expression similar to that found for gases (Section 
6.8.2), k p — JT niC v ^pjUpjXpj/3, where c VtP j is the heat capacity per carrier, follow- 
ing from the assumption of a SMRT. 

To obtain the thermal conductivity in a direction with unit vector s , the compo- 
nent of the group velocity in the desired direction is taken such that (4.103) becomes 



f nc v,P x P u2 p g cos 2 0 die, 
8it a J 


( 4 . 105 ) 


where 0 is the angle between the group velocity u p g and s. It is convenient in 
some cases to assume that the medium is isotropic, so that the integration can 
be performed over the wave number as opposed to the wave vector. In this case, 


' For a quantum-harmonic system, E p = Tico, and the particles follow the Bose-Einstein distribution. 
For a classical system, the energy is not discretized, and the forms of E p and f° are not obvious. 
These specifications are not critical, however, as E p and f° fall out in the derivation, as long as they 
are defined as given in (4.100). 
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die = 47r/c 2 d/c, and the cos 2 6 term is replaced with 1/3, its average value over a unit 
spherical volume (cos 2 0) (Chapter 7 problem). This leads to 

1 W 


,p — ^ ^ / j Cv,pTpU p gic d/r. 


k n = 


6tt 


(4.106) 


a 


Furthermore, it can be convenient to change the variable of integration from the 
wave vector to the the angular frequency 

1 V f 


kp - 67 r 2 ^J do, 

Ot 


2 2 j ^ f 1/1 P’8 2 j 

c v nTnii„ „k ^d co = — - > / c V nZ p — — co a co 


6tt 2 ^J V ' p P ~ 2 


u 


p,p 


isotropic phonon conductivity frequency integral, 


(4.107) 


where the definitions of the phonon phase and group velocities given by (4.16) and 
(4.15) (u PiP = co/k and u Ptg = dco/die, ) have been used. Note that pc v , p = nc VfP , 
where n is the number of atoms per unit volume, and c v , p on the right-hand side 
is the heat capacity per atom as given by (4.64). One must take care when using this 
form of the thermal conductivity in cases in which the phonon frequency is not a 
monotonically increasing function of the wave number e.g., one of the transverse 
branches in the [110] direction in the FCC crystal, as shown in Figure 4.7(a). In such 
cases, the integral must be broken into appropriate parts. 

Callaway [70] uses a single-phonon speed u Pjg and the Debye specific heat 
capacity (4.64) (per atom), and for the three modes being treated the same, his 
expression for the phonon thermal conductivity is (end-of-chapter problem) 

-3 rT D /T 


1 k 3 B T 


k P = (48jt ) /J - 

a hp Td 


L 


,(x) 


x 4 e x 


(e x ~ 1)' 


dx Callaway phonon conductivity, 


(4.108) 

where x = hco/k^T, a is the lattice constant a = n~ 1/3 for a cubic lattice, and n is the 
atomic number density. Note that from (4.55) we have used k^x 2 e x / (e x — l) 2 for c v , p 
in (4.107), since c V jP in (4.107) is per phonon. 

Using the concept of the phonon mean free path (1.14) (derivation in Sec- 
tion 6.8.2), the phonon thermal conductivity is written as (note again that c v , p is 
in J/kg-K) 




Cy,p,o(M p,ah p, 


a 


Cv,p,aM p, a Tp, a , 


(4.109) 


where the sum is over 3 N phonon normal modes for an N atom system (4.43) and 
is the modal mean free path. 

In following a similar procedure, Callaway [70] developed a more comprehen- 
sive form for the thermal conductivity based on a refined expression for the collision 
term, the use of different relaxation times for the normal and resistive processes was 
considered and will be discussed in Sections 4.9.3(E) and 4.15 and is shown in Figure 
4.37. (This is an end-of-chapter problem.) Equation (4.107) is the general form of 
these results. 
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4.9.3 Callaway-Holland Phonon Conductivity Model 

Callaway single-mode relaxation-time model (4.109) successfully predicts (when 
using multiple fitting parameters) the low-temperature thermal conductivity using 
the Debye approximation (no phonon dispersion) and that there is no phonon dis- 
persion and that the longitudinal and transverse polarizations behave identically. 
Holland [199] extended the work of Callaway by separating the contributions of 
LA and TA phonons, including some phonon dispersion, and using different forms 
of the relaxation times. Better high-temperature agreement is then found. This 
Callaway-Holland model has been refined to include further detail on the phonon 
dispersion and relaxation times [441, 464, 11]. The added complexities lead to more 
fitted parameters. One could argue that the resulting better fits with the experimen- 
tal data are because of this increase in the number of fitted parameters and not to 
an improvement of the actual physical model. 

The thermal conductivity of an isotropic crystal, with negligible contributions 
from optical phonons, is given by (4.107) written in Callaway-Holland form as 

\ p(o m L u L 

kp — kp , L T kp t — — 2 [ / ^v,p 2 

OTT Jo U p,p, L 

_ , f C01 Up o T 7 ! f C ° mT u p e T 7 ! •. -| 

+ 2(/ C VtP 2 ’ TpjiOJjdcOj + / C vp 2 ?? ?p, t2^t^t)] 

20 U p,p , T Up p T 

Callaway-Holland phonon conductivity. (4.110) 

The first term corresponds to longitudinal phonons, and the second and third 
terms to transverse phonons (two degenerate branches). Here, c v ^ p is the quantum- 
harmonic specific heat per normal mode and z p is a SMRT. The forms of r p are 
given in [199], and are discussed and summarized in Section 4.9.4. The upper limits 
of the first and third integrals are the angular frequencies of the phonon branches 
at the edge of the first Brillouin zone (marked by X in Figure 4.3), signified as co m l 
and co m j. For the transverse phonons, the frequency co\ is that at the center of the 
first Brillouin zone. Also, two different relaxation times are used for the transverse 
wave in the first and second portions of the Brillouin zone, r p ,Ti and r p ,T2- 


4.9.4 Phonon Scattering Relaxation Time Models 

The approximation of adding resistivities to transport in series [Matthiessen rule, 
(3.53)] is used for combining the contribution from various scattering mechanisms . 
This leads to 

— = Y Matthiessen rule (resistivities in series), (4.111) 

r ✓ t 


' Matthiessen rule is based on electric resistivity, where contributions of various scatterings are 
assumed to be additive and the resistivity is proportional to the inverse of the relaxation times, 
as given by (5.147). It has some requirements for its application, for example the independent scat- 
tering mechanisms should follow similar power-law energy dependence [294]. 
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Momentum Conservation In Interphonon Scattering 


(c) Three-Phonon Scattering 



(d) Phonon-Electron Scattering 

Figure 4.15. Phonon scattering by (a) crystalline (grain) boundary, (b) impurity, (c) other 
phonons (N-Processes, in which phonon momentum is conserved, and U-processes, in which 
the momentum balance allows for flipping into the adjacent Brillouin zone), and (d) electron. 


where r p is the effective phonon relaxation time and r p .j is phonon scattering that 
is because of the j scattering mechanism. 

Figure 4.15 shows phonon scattering by (a) crystalline (e.g. grain) boundary, 
(b) impurity, (c) other phonons (normal, or N-Processes, and Umklapp, or U- 
processes, will be discussed in Section 4.15), and (d) electrons. 

Some of the common phonon relaxation-time models are listed in Table 4.2. 
These involve a frequency-dependent term, a temperature-dependent term, and 
some empirical constants. Typical constants used in these models are given in 
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Table 4.2. Some phonon scattering relaxation times [30, 68, 199, 203]. 


Scattering Source 

Relaxation Time 

Comment 

Phonon-crystal 

Vi = “p.aA. L = (/i / 2 ) 1/2 

/i and / 3 are crystal linear 

boundaries 

7T 

dimensions 

Phonon- 


is radius of impurity atom, 

displacement 

nU P.A 1 , R .2 -4 

trd ~ 2 nV?a^yi ( AR ) °’' 

A R difference is radii of host 
and impurity, yc is Griineisen 
constant, n is number den- 
sity of impurity, V c is unit-cell 
volume, and a p -d is impurity 
dependent 

Phonon-impurity 

4 * u l,A ' _ 4 

Vp-un M <X> 

^ V M 

i 

V c = Fa 3 (F = 1 for cubic 
structures) is unit-cell vol- 
ume, Xi is mass fraction of 
impurity atom i 

Phonon-isotope 

A 3 

Qp-is = 2.1 X 10“ 4 (for Si), V is 

impurity 

^ nu p, a —4 o — 1 -1 1 O -1 

T P - w — i/ ’ ^ M p,A ~ U p,L + 

dp-is *is 

is isotope atom volume 

Three phonons 



N-Processes 



Longitudinal 

VL, N = 

low T 

Transverse 

T p-p,T,N = BjCOpT 4 

low T 

Longitudinal 

T p-p,u N = 

high T 

Transverse 

T p-p.T,N = BjCO p T 

high T 

U-Processes 

Dispersive 

Transverse 

(i) v'p.u = Bu^r 3 exp(-V<*r) 

(ii) Vp.u = s u®p7’ 3 exp(-T,/aT) 

(iii) Vp.tu = #ru<»p/smhx, 

Klemens model 
Klemens model 


<Wp,l < CVp < (Dp, 2, V = tl(Dp/ k B T 
0, 

( iv ) Vp.u = 

Callaway model 

Roufosse [203] 

( v ) Vp.u = 

Vp.R = A V + B( Vp ) a>2 P T . " < 

high T 

A, B, and a> c are given in Sec- 
tion 4.11.1 


Vp-p, R = TC/o)p, CD > (D c 


Limit 

n 

Tp~p,C~ P — 5 

(Dp 

Cahill-Pohl [68] 

Phonon-electron 


V a is volume per atom, n c is 

[491] 

Z -X n lc‘c“p. A 1 f 7b . 3/2 

n c k B To e ai T 

number of unit cells per vol- 
ume, o e and Ue are the elec- 


2 

GeU p , A , L D 3/2 

li 2 e n c k B Tai T 

a<1 _ /|3/^ V «y/2/ m ^ W P,Ax 3 /2 

6 7 v /ip 

tron conductivity and mobil- 
ity 
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Table 4.3. Parameters used in phonon relaxation-time 
models, for Si and Ge [1 99]. 


Parameter Symbol 

Magnitude, Si 

Magnitude, Ge 

u p ,t 

5.86 x 10 3 , m/s 

3.55 x 10 3 , m/s 

a p,L 

8.48 x 10 3 

4.92 x 10 3 

a p, a 

6.4 x 10 3 

3.9 x 10 3 

Up,T\j(ti> < (*>i) 

2.0 x 10 3 

1.3 x 10 3 

Up,T\j(ti> > (*>\) 

4.24 x 10 3 

2.46 x 10 3 

F 

~ 0.8 

~ 0.8 

7t 

180, K 

101, K 

7tu 

210 

118 

Tl 

570 

333 

Ta 

350 

192 

Td 

658 

376 

r 

2.16 x 10- 4 

5.72 x 10" 4 

a 

2 

2 

Bj 

9.3 X 10- 13 1/K 4 

1.0 X 10“ n 1/K 4 

Bj\j 

5.5 x 10“ 18 s 

5.0 x 10“ 13 s 

Bl 

2.0 x 10“ 24 s/K 3 

6.9 x 10“ 24 s/K 3 


Tables 4.2 and 4.3. These constants are typically found by fitting to experimental 
thermal conductivity results. 


(A) Crystal Boundary and Grain Scattering 

The crystal boundary scattering (crystal size effect) r p - h is based on diffuse boundary 
absorption/emission. It is referred to as Casimir boundary scattering and gives a 
mean free path for a phonon equal to the Casimir length L, which is the length of 
travel of the phonon before the boundary absorption/re-emission. For a rectangular 
path, l\ and I 2 , it is given as L — (2/7T 1/2 )(/i/ 2 ) 1/2 [199]. Then with a single phonon 
speed u P jP — u p _ g = u Pi a , the relaxation time is 

r~} b = u p ^/L phonon boundary (Casimir) scattering. (4.112) 

This represents ballistic transport within the crystal with the scattering bottleneck 
being the crystal boundary scattering. In microparticles and nanoparticles (crys- 
talline), this boundary scattering dominates at very low temperatures [below the 
peak in k p (T)\. 


(B) Impurity Scattering 

Impurity (static imperfection) scattering is similar to the Rayleigh scattering of the 
transverse electromagnetic waves, which is proportional to co p . 
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The Klemens [247] derivation of scattering of low-frequency lattice waves by 
stationary imperfections is based on the quantum treatment of phonon. The gen- 
eral theory of transition probabilities is discussed by Ziman [515] and leads to the 
FGR. Starting from (4.47), the FGR (3.27) written for this transition rate (for elastic 
scattering, co = co') is [247] 


t p-im 


= a 3 F / 2 | M K y 


,2 _1 

M 2 co 2 (2 jt) 3 d co' 


M k > K | 2 — Xi( 1 -) 2 - — co 2 to 2 , 

V 6 F 


(4.113) 


where Fa 3 = V c is the volume of crystal primitive cell and F allows for noncubic 
structures (F = 1 for cubic structures). Here M, is the molecular weight of impurity 
species B in host A and Xi is its atomic fraction. 

Based on this, Klemens [246] arrived at the phonon mean free path 


hp-im — 



(4.114) 


where ok — 2na/X is also called the size parameter, comparing the phonon wave- 
length with the interatomic spacing. Then with \ p -i m — u p g r p - im — u p ^T p - im ,\\m is 
written as 


p-im 


4 jtu l,A 


Vc y Xl (i -^y 

^ V M 


to 


-4 


phonon impurity (static imperfection) scattering. 


(4.115) 

The form given in Table 4.2 also makes no distinction between the group and phase 
velocities, but it can be modified accordingly (Section 4.9.6). 


(C) Phonon-Phonon Scattering 

Interphonon scattering r~} shows a co 1 and a co 2 , as co increases. Also, unlike other 
mechanisms, interphonon scattering is highly temperature dependent. The MD/G- 
K prediction of r p . p for FCC Ar is reported in [316] and is in general agreement 
with these trends. 

In general, the interphonon-scattering relaxation time is represented as 

— = Bco n p f(T), (4.116) 

T P~P 

where n is a integer (1, 2, or 3) and f{T) describes the temperature dependence. The 
temperature dependence is generally of the form T m , although, as listed in Table 4.2, 
for three-phonon scattering, more complex relations are used. 

' Here the impurity i has a molecular weight M/ and mass fraction The lattice constant is a, and 
the host molecular weight is M. 
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To be physically meaningful, the mean free path X p of a phonon should be 
longer than one-half of its wavelength, X. Noting that X p = u pg T p , X = 2tt/k, and 
using the definition of u p p , this limit can alternatively be stated as 

— < COUp ' 8 limit on phonon-phonon-scattering relaxation time, (4.117) 

^p-p TCUpp 

and is also shown in Figure 4.16(a) for L-J FCC Ar. At a temperature of 50 K, the 
phonons at the edge of the first Brillouin zone (k* — 1) are outside of the allowed 
range for both polarizations. As the temperature increases, more of the phonon 
modes do not satisfy (4.117). At the highest temperature, 80 K, the transition occurs 
at k* values of 0.77 and 0.81 for the longitudinal and transverse polarizations, respec- 
tively. 

The data for each polarization can be broken down into three distinct regions. 
The first two are fit with low-order polynomials. For the longitudinal polarization, 
the first region is fit with a second-order polynomial through the origin, and the 
second region with a second-order polynomial. For the transverse polarization, the 
first region is fit with a second-order polynomial through the origin, and the sec- 
ond region with a linear function. The resulting functions are also shown in Figure 
4.16(a) and are considered satisfactory fits to the L-J FCC MD/G-K results for k p . 
As the temperature increases, the behavior in the two regions becomes similar. For 
both polarizations at a temperature of 80 K, and for the longitudinal polarization 
at a temperature of 65 K, a single second order polynomial through the origin is 
used to fit the data. In the third region, the continuous relaxation-time functions are 
taken up to the maximum frequency (co^ max or cot, max) by use of (4.117). 

The raw data and continuous relaxation-time functions for all temperatures con- 
sidered are shown in Figures 4.16(b) and (c). The parts of the relaxation-time curves 
are not forced to be continuous. For both the longitudinal and transverse polariza- 
tions, any resulting discontinuities are small and are purely a numerical effect. 

The relaxation time functions do not contain the orders-of-magnitude discon- 
tinuities found in the Holland relaxation times (Table 4.2), which result from the 
assumed forms of the relaxation times and how the fitting parameters are deter- 
mined. 

Theoretical calculations predict that in the k* range of 0 to 0.2, the longitudinal 
and transverse curves should follow co 2 and co dependencies, respectively [190, 360]. 
This is not found in the relaxation times predicted by the MD/G-K simulations. 
The second-order fit found at the high temperatures is consistent with the high- 
temperature prediction of [445]. Of particular note is the turning over of the low- 
temperature transverse curves at higher frequencies. In general, it is clear that the 
extension of the low-frequency behavior to the entire frequency range, as is some- 
times done, is not generally suitable. The effect of such an assumption on the ther- 
mal conductivity prediction will be considered. 

As will be discussed in Section 4.13, the phonon-phonon scattering is divided 
into N (for normal) r p - p ,n and U (for Umklapp) r p - p ,\j processes and the U- 
processes are dominant at high temperature. The derivation of the N- and 


4.9 Phonon BTE and Callaway Conductivity Model 


221 



0 2 4 6 8 10 12 


co, 10 12 rad/s 



0 2 4 6 8 10 12 14 


co, 10 12 rad/s 
(b) 



(c) 


Figure 4.16. (a) Discrete phonon-phonon relaxation times and continuous curve fits r p - p at 
T = 50 K for FCC Ar. Also shown is the minimum physical value of the relaxation time, 
nup^p/coup'g. (b) MD/G-K results and continuous relaxation-time curve fits for the longi- 
tudinal polarization at all temperatures considered, (c) MD/G-K results and continuous 
relaxation-time curve fits for the transverse polarization at all temperatures considered [316]. 
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U-Processes are based on quantum mechanics (FGR) [445], and some observations 
on the interphonon interaction rules based on MD results are presented in [316]. 
So, in tabulated relations, the phonon-phonon scattering relaxation times (4.116) 
are presented as r P - Pfi j, where i = L, T, and j = N, U. 


(D) Electron Scattering 


The phonon-electron relaxation time is found from a momentum balance analysis 
based on maximum phonon frequency [490] as 


1 


T n~e 


3u 2 p, A cr e 
Tg Cv >pT 


phonon-electron scattering, 


( 4 . 118 ) 


where o e and fi e are the electrical conductivity and mobility, and c V jP is the phonon 
specific heat of the phonons allowed to interact with conduction-band electrons. 
Using the Debye model for c v ^ p given in Section 4.7, an approximation for (4.118), 
in terms of the Debye temperature, is given in Table 4.2 [491]. We will discuss the 
phonon-electron coupling in Section 5.15, and for the case of acoustic phonons in 
elastic interaction with the conduction electrons, will use a coupling potential. In 
general, phonons affect conduction electron transport more than electrons affecting 
the phonon transport. The coupling potential is weaker for metals than semiconduc- 
tors, but the conduction electron density is higher in metals (Chapter 5). 


(E) Displacement Scattering 

The impurities displace atoms and depending on the size mismatch in this replace- 
ment A R (difference in radius of host and impurity). Then they cause phonon scat- 
tering with r Pt d proportional to A R~ 2 , as listed in Table 4.2. This relaxation time 
is temperature independent, and similar to impurity scattering (4.114), has a oof 4 
dependence. 


(F) Normal and Resistive Relaxation Times 


Using (4.111) Callaway [70] divided the various scattering mechanisms into normal 
T p - p ^ n and resistive x pj , i.e., 


1 


1 1 

+ — 


(4.U9) 

Tp T-p-p, N t p,r 

where for N-Processes both energy and momentum of scattered phonons are con- 
served to be within a reciprocal space vector, whereas for U-Processes and other 
resistive processes the momentum is not conserved. The resistive scattering is fur- 
ther divided into displacement r p -d, impurity T p - im , Umklapp t p - p ,\j , crystal bound- 
ary T p -t,, and phonon-electron r p - e , i.e., 


1 


-pj 


11111 

— + + + + — 


Tp-d 


Tp-im 


T n-b 


Tp-e 


(4.120) 


All of these are listed in Table 4.2. 


Tp-p, U 
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Figure 4.17. Regimes of important (or dominant) phonon-scattering mechanisms in varia- 
tions of phonon conductivity with respect to temperature [ 30 ]. The behavior of an amorphous 
solid is also shown (the crystalline solid has a higher thermal conductivity) [ 244 ]. 


(G) Temperature Dependence of Phonon Conductivity 

Figure 4.17, which shows the k p -T behavior, summarizes the various phonon- 
scattering mechanisms and their regimes of importance (or dominance). Starting 
at T = 0, there is no atomic motion and k p = 0. As the temperature increases, the 
initial increase in k p is a specific heat effect [Figure 4.13(a)]. Then, first the phonon- 
grain boundary scattering dominates. As the temperature further increases, the 
impurity, electron, and finally the interphonon U-Processes dominate. The maxi- 
mum in k p occurs at a fraction of Debye temperature, around 0.17b. 

The high-temperature behavior is dominated by interphonon scattering and has 
a T~ l behavior (Slack relation). This will be discussed in Section 4.11. There it will 
be that the interatomic bond length controls the high-temperature behavior of k p . 
The noncrystalline (amorphous) solids generally have a thermal conductivity that 
increases with temperature and is generally the lowest thermal conductivity for a 
solid phase [244]. We will discuss these in Section 4.10. 

In the next section, we examine the predicted phonon conductivity of Ge, where 
phonon-electron scattering is negligible. 


4.9.5 Phonon Dispersion Models: Ge As Example 

Experimental results for the phonon dispersion of the acoustic modes of Ge in the 
[100] direction, at a temperature of 80 K, are shown in Figures 4.18(a) and (b) 
[349]. The horizontal axis is a dimensionless wave number, which is obtained by 
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(b) 


Figure 4.18. Germanium phonon dispersion in the [100] direction. Experimental data [349] 
and five models used in this study for (a) LA phonons and (b) TA phonons. 

normalizing the wave number against its value at the edge of the first Brillouin zone, 
i.e., k* = K/K m = k/(2tt / a). For Ge at a temperature of 80 K, the value of a is 5.651 
A [349]. To allow for the use of (4.110), which assumes isotropic dispersion, this 
direction is used in the subsequent analysis. The temperature dependence of the 
dispersion [117] is not considered. The experimental data at a temperature of 80 K 
are used for all calculations. To assess the importance of accurately modeling the 
dispersion, five different models are examined. 


(A) Debye Model 

At low frequencies, the phonon frequency is proportional to its wave number, i.e., 
from (4.17) we have (Figure 4.3) 


CO — K U p 9 g t 0 ? 


( 4 . 121 ) 
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where the subscript 0 refers to the low-frequency limit, i.e., k ^ 0, and u pgi o is 
the low-frequency limit of the phonon group velocity. The Debye dispersion model 
uses (4.121) for all frequencies, and does not distinguish between the LA and TA 
phonons. Note that in this case u pp = u Pig , so that in (4.110), u p , g /u 2 p p becomes 
l/u p jg . We write (4.57) as 


1 


-k 


1 


+ 


^p,g, 0 3 U pg L,0 ^p,g, T,0 


)• 


With 5142 m/s and 3391 m/s used for u p _ g x , o and u Pig , t,o? ^p.g.o 
[349]. 


(4.122) 
3825 m/s for Ge 


(B) Holland Model 

Holland [199] separated the contributions of LA and TA phonons, and included a 
partial effect of phonon dispersion by splitting each branch into two linear segments. 
The change in the slope (and thus the phonon velocities) is assumed to occur at a 
/c* value of 0.5. As taken from the experimental data of [349], the phonon velocities 
u p , g , l,o, u P ,g,T,o, Up, g ,L, o.5i and M /?,g,T,o.5 are 5142, 3391, 4152, and 678 m/s, where 0.5 
refers to the segment between k* values of 0.5 and 1. Note that the change in slope 
implies that u p , g is not equal to u p ^ p in the second region. This effect was neglected 
by Holland, but is included in the current study. 


(C) Sine Function Model 

In the sine function model, the phonon dispersion relation for each polarization is 
approximated by that of a linear monatomic chain as in [245] [a special case of (4.7), 
end-of-chapter problem] 


* ( nK i \ 
a)j — ojmi sin( 2 )> 


(4.123) 


where the label i can be L or T (this notation holds for the rest of the dispersion 
models). The critical drawback of this model is the nonaccurate behavior at low 
frequencies ( k 0) where the asymptotic group velocities (4.15), 


U P ,g,i, 0 


da)j 

3/C; 



JT CO m i 



(4.124) 


differ from the experimental results. For u IPg x,o and u Pjg , t,o ? we obtain 6400 and 
2130 m/s, compared with the experimental values of 5142 and 3391 m/s. 


(D) Tiwari Model 

In the Tiwari model [464], the dispersion is assumed to be of the form 
kl = — — — (1 + aa L ) and k t = — — — (l + jBa%), 


U L,0 


U p ,g, T,0 


(4.125) 
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where a and /3 are constants, given in [464]. Note that these equations satisfy the 
Brillouin zone boundary conditions (BZBC) (4.17) 


k i (cot — 0) = 0 and 



1 

tt p,g,i, 0 


This model does not show the observed experimental behavior of 


dcoj 

3/ct 




at the edge of the Brillouin zone X, as shown in Figures 4.3 and 4.18(b). 


(4.126) 


(4.127) 


(E) BZBC Model 

For the dispersion, a model referred to hereafter as the BZBC model has been intro- 
duced in [92]. A quadratic wave-number dependence for LA phonons and a cubic 
wave-number dependence for TA phonons are used. This model is a modification 
of the Tiwari model, in that the boundary conditions given by (4.126) and (4.127), 
and coi(ic m i) = co m i , are applied. The resulting dispersion relations are 

= tl p g \^y)K m K T (&)/ W L ^p,g,L,(Am)^ 

— a p,g,T,0^-m^ T (3(^mT ^^p,g,T ,(Am )^ T 

(Wp,g,T,0*7n “2 CO m j)K* 3 . (4.128) 


4.9.6 Comparison of Dispersion Models 

A comparison of the five dispersion models, along with the experimental data for 
Ge [349], is shown in Figures 4.18(a) and (b). Here we neglect p-e scattering, since 
it is expected to be small[199]. For the both the longitudinal and transverse polariza- 
tions, both the Tiwari and BZBC models match the experimental data reasonably 
well over most of the first Brillouin zone. The agreement is not as good for the trans- 
verse polarization above k* values of 0.7 because of the plateau behavior, which is 
difficult to fit with a low-order polynomial. The other dispersion curves are unsatis- 
factory. Of the Tiwari and BZBC models, the BZBC curve gives the best agreement 
with the experimental data. We note than none of these dispersion relations will be 
consistent with the experimental phonon density of states because of the isotropic 
assumption. Additionally, the integral of the volumetric density of states will not go 
to the expected value of 3 n, where n is the volumetric density of unit cells. For this 
to occur, one would need to set the dispersion with this result in mind. For these cal- 
culations, we are more concerned with matching the experimental dispersion data. 

Although the Tiwari and BZBC dispersion curves show some similarities, sig- 
nificant differences become apparent when the quantity they affect in the thermal 
conductivity expression, u p g /u 2 p , is considered. This is shown in Figures 4.19(a) 
and (b). The deviation is most significant for the TA phonons near the edge of the 
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Figure 4.19. u p>g /u 2 p for the five Ge dispersion models plotted as a function of the normal- 
ized wave number for (a) LA phonons and (b) TA phonons [315]. 


Brillouin zone, and will result in an overprediction of the high frequency contribu- 
tion to the thermal conductivity by the Tiwari model. This deviation occurs because 
the appropriate boundary condition at the edge of the Brillouin zone (4.127) has not 
been enforced in the Tiwari model. 

The value of the thermal conductivity is sensitive to impurities, which include 
the isotopic content of an otherwise pure crystal [159]. The impurity relaxation time 
[248, 436], (4.115), should be written in terms of phonon phase velocity as, 


V c y>,[l-(M,/M)] : 


Tp-im 


4jtu P,g l{2 P ,p 


-co 4 . 


(4.129) 
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At low frequency, where u Pfg — u p p = u Ptg ,o, the relaxation time displays an co ~ 4 
dependence (similar to photon, Rayleigh scattering). Because of phonon dispersion, 
such an assumption will not be valid at higher frequencies and will lead to an over- 
estimation of the thermal conductivity. 


4.9.7 Lattice Thermal Conductivity Prediction 
(A) Role of Dispersion Model 

The accuracy of the thermal conductivity model described in Section 4.9.2 depends 
on the nature of the phonon dispersion and relaxation-time models. To isolate the 
effects of dispersion, the relaxation-time model used in the subsequent calculations 
is fixed to that of Holland [199]. 

In Figures 4.20(a) and (b), the effect of including the difference between the 
phonon group and phase velocities on the prediction of the thermal conductivity of 
Ge is shown. The experimental data are taken from Holland [199]. The predicted 
values in Figure 4.20(a) correspond to (i) the Holland model, that is, no distinction 
between u Ptg and u PtP and a linear two-region treatment, (ii) no distinction between 
u Pfg and u p ,p, but using the frequency dependence of the group velocity, (iii) dif- 
ferent and frequency-dependent u p ^ g and u PtP , and (iv) same as (iii), plus rigorous 
treatment of the impurity scattering by distinguishing between u Ptg and u PtP . In (ii)- 
(iv), the velocities are calculated with the BZBC dispersion model. In (i)-(iii) the 
impurity scattering is calculated with u Pig — u p p = u Pfgt o for each polarization. 

In Figure 4.20(a), the relaxation-time model and fitting parameters originally 
obtained by Holland are used. In Figure 4.20(b), the curves have been refit to the 
experimental data. From Figure 4.20(a), it is evident that the fitting parameters are 
not universal and are strongly dependent on the dispersion model. Thus, to use the 
values obtained by Holland, one must also use that dispersion model. However, 
as shown in Figure 4.20(b), by refitting the relaxation time parameters, excellent 
agreement with the experimental data can be obtained in all cases, except when 
the impurity scattering is rigorously modeled. In this case, the predicted thermal 
conductivity becomes lower than the experimental data, especially at high temper- 
atures. Under the Holland dispersion, the plateau in the TA dispersion curve is not 
properly addressed, and the TA phonons make a significant contribution to the ther- 
mal conductivity at high temperatures. Here, with the proper modeling of the TA 
phonons, this contribution is reduced, and, as such, the role of TA phonons should 
be reassessed. The effect is not seen at low temperatures, where it is the lower- 
frequency phonons that dominate the thermal transport. 


(B) Role of Relaxation-Time Model 

The use of a rigorous model for the phonon dispersion has led to an apparent fail- 
ure of the Holland SMRT approach at high temperatures. The explanation for this 
must lie in the forms of the relaxation times used. Although exact expressions for 
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Figure 4.20. Effect of refining the treatment of the dispersion on the prediction of the thermal 
conductivity of Ge. (a) based on the original Holland fitting parameters, and (b) predictions 
refit to the experimental data [92]. 


the relaxation times can be developed [515], their evaluation is extremely difficult 
because of the required knowledge of the phonon dispersion and three-phonon 
interactions. Approximate expressions are generally based on low frequency asymp- 
totes [70, 199] and yet are often applied over the entire temperature and frequency 
ranges. 

Even with the observed disagreement, the importance of modeling the disper- 
sion can still be shown. The Holland relaxation times are plotted in Figure 4.21(a) 
at temperatures of 80 K for the four cases shown in Figure 4.20(b). The most strik- 
ing feature of these results is the large discontinuity in the TA relaxation time when 
k* is equal to 0.5, where the functional form is assumed to change [i.e., (4.110)]. 
As the temperature increases, the size of the discontinuity increases. For example, 
at a temperature of 900 K, the discontinuity covers four orders of magnitude. The 
size of the discontinuity decreases as the treatment of the dispersion is refined. This 
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(b) 

Figure 4 . 21 . (a) Three-phonon relaxation times for refit data from Figure 4.20(b) at T = 80 K. 
(b) Cumulative frequency dependence of the thermal conductivity for refit data from Figure 
4.20(b) at T = 80 K. The thermal conductivity is plotted as a percentage of the total value for 
each case. The curves show three distinct regions. The transition between the first and second 
regions takes place at co\, where the form of the TA relaxation time changes. The transition 
between the second and third regions occurs at co m t, after which there is no contribution from 
TA phonons [i.e., (4.110)] [92]. 


suggests that the observed behavior is more realistic. Such discontinuities are also 
found in other relaxation-time models [441, 464]. In theory, one would expect the 
relaxation-time curves to be continuous, and this has been found in MD simulations 
of the L-J FCC crystal [318]. 

The effect of the fitting parameters in the relaxation-time model can also be 
demonstrated by plotting the cumulative frequency dependence of the thermal con- 
ductivity. This is shown for the same four cases as Figures 4.21(a) and (b). Note 
that the thermal conductivity is normalized against the total value for each case. As 
the treatment of the dispersion is refined, the thermal conductivity curves become 
smoother. 
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(C) Transverse and Longitudinal Phonon Contributions 

The relative contributions of LA and TA phonons to the total heat flow at high 
temperatures have not been fully resolved. As shown in Figure 4.22(a), the Holland 
model predicts that the TA phonons are the dominant heat carriers at high temper- 
atures, even though they have lower group velocities than LA phonons. This result 
was supported in [177] by use of calculations based on a variational method, which 
does not involve the SMRT approximation. It has been ascertained that, above 100 
K, TA phonons are the primary carriers of energy in Si (which has the same crys- 
tal structure as Ge) by use of the Monte Carlo simulations [314]. However, their 
calculations were based on the original Holland relaxation times, which may have 
contributed to this conclusion. In [11] it has been concluded that, although the heat 
flow in Ge at high temperatures is primarily because of TA phonons, the LA U- 
processes cannot be ignored (as they are in the Holland formulation). In [222] it has 
been suggested that LA phonons are the dominant heat carriers in Si near room 
temperature. In [441] it has been ascertained that LA phonons dominate heat trans- 
port in Ge at high temperatures. 

In Figure 4.22(b), the relative contributions of LA and TA phonons to the ther- 
mal conductivity predicted by the BZBC dispersion model (with refit relaxation- 
time parameters) are shown. Compared with the results of Figure 4.22(a), the role 
of TA phonons is quite different when the dispersion and impurity scattering are 
rigorously modeled. We find a thermal conductivity of 5.2 W/m-K at a temperature 
of 1000 K, whereas the experimental value is 17 W/m-K. The high-frequency TA 
phonons cannot contribute much to the thermal conductivity of Ge because of their 
low group velocity, which appears directly in the thermal conductivity expression, 
and also results in a high impurity scattering rate. We note that the expected elec- 
tronic contribution to the thermal conductivity of Ge at a temperature of 1000 K is 
4 W/m-K [438], which is not sufficient to explain the predicted discrepancy. 


4.10 Einstein and Cahill-Pohl Minimum Phonon Conductivities 

In the Einstein solid thermal conductivity model, the atomic vibrational states are 
directly used (not related to phonon modes). The complete derivation of the Ein- 
stein thermal conductivity is given in Appendix C. He considers the interaction 
(through a spring constant) of the first, second, and third neighboring atoms with 
a central atom. He uses a quantum specific heat capacity and a single frequency and 
arrives at [30] 



/7 1/3 /cB x E eXE 
Te (e XE — l ) 2 ’ 


XE 


h(L)E 

k^T 
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for te — 
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Einstein model from (C.25) in Appendix C, 


(4.130) 


where n is the number density of atoms, and Te is the Einstein temperature. 
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Figure 4.22. Contributions of LA and TA phonon branches to the thermal conductivity based 
on (a) Holland dispersion model and (b) BZBC dispersion model [92]. 


Cahill and Pohl [68] extend the proceeding equation to include a range of fre- 
quencies (details are given in Appendix C.2), and arrive at 


k P ,c - p = (^) 1/3 £ b n 2/3 Y^u P A-f-) 2 [ 

b a la 


Ta/T x 3 e x hco co 

-r dx , X — - — , for T p a — 

2 knT 71 


(e x - I)" k b 

Cahill-Pohl model from (C.36) in Appendix C, 


(4.131) 


where u p0L and T D a are the phonon (acoustic) speed and the Debye temperature 
for polarization a and are related through (4.27), by use of the Debye model. 

It is generally accepted that k p c - p is the lowest thermal conductivity for a solid, 
provided the proper values of u p a or T& a [they can be related through (4.63)] are 
available. The phonon mean free path in (4.131) is X p = 7iu p a /<o, which unlike 
(4.116) is temperature independent. This is (C.32) in Appendix C. This mean free 
path is 1/2 of the wavelength X = 2ttu p , p /(d, using a constant phase velocity u p ^ p = 
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u p0L . Based on this k p c- p is used for thermal conductivity of amorphous solids and 
polymers. Figure 4.17 shows the variation of k p c- p with respect to temperature. At 
low temperatures ( T < 7b, «) it increases and for T > 7b, « it reaches a plateau. We 
will have quantitative results for k p C -?(T), for amorphous Si02, in Figure 4.34. 

For T > 7b, (4.131) becomes independent of temperature and equal to k Pt c-p = 
0.40 ^b^ 2/3 (u p ,l + w /? , t), and from Table 3.11, we can find u p x and u p j in terms of 
elastic contents. 


4.11 Material Metrics of Phonon Conductivity: Slack Relation 


Starting from the derivation in [224], in which the variational principle is used to 
obtain an analytical relaxation time for the rare-gas solids, Slack proposed that when 
heat is mainly carried by acoustic phonons scattered by means of the three-phonon 
process, the thermal conductivity of crystals with constant volume at high tempera- 
tures (normally above 1/4— 1/5 of the Debye temperature) can be given by the Slack 
relation (based on BTE and SMRT, i.e. (4.107), and a z p . p relation) [30, 437] 


3.1 x io 4 (m> Vfl 1/3 rp j00 

t(y&nX 


(4.132) 


Here (M) is the mean atomic weight of the atoms in the primitive cell, V a = 1/n 
is the average volume per atom, 7b, oo is the high-temperature Debye temperature, 
T is the temperature, N 0 (Section 4.3) is the number of atoms in the primitive cell, 
and (yg) i s th e mode-averaged square of the dimensionless Griineisen constant or 
parameter (Glossary) at high temperatures. Note that 3.1 xlO 4 has units, and k p 
is in W/m-K. The value of yc is listed in Table A.2 for crystalline elements. These 
values range from 0.5 for strong covalent bonds to 3.0 for weak van der Waals bonds 
(interactions). In Section 4.11.4, we will discuss the prediction of yq. Note that 7b. oo 
is extracted from the phonon density of states D p [437], i.e., 


5h 2 P f 0 °°f 2 Dp(f)df 


(4.133) 


where / is the phonon frequency. However, 7b, oo cannot be conveniently deter- 
mined, since it requires the information on DOS. Because the difference between 
7b, oo and the Debye temperature 7b (at 0 K), extracted from the elastic constant 
or the measurement of heat capacity, is normally small, and it is customary to use 
7b instead of 7b, oo m (4.132). Also, (y^) is often replaced with (/g ) 2 (later, for sim- 
plicity we use yc to denote (]/g>), which can be determined from thermal expansion 
data (Glossary) at high temperatures. 


' Griineisen dimensionless parameter is related to the solid properties through (Glossary) 


YG = 


3 PE p 

P c v,p 


where is the linear expansion coefficient and E p is the isothermal bulk modulus (4.70). 
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Equation (4.132) is widely tested with pure nonmetallic crystals, and the over- 
all agreement is good, even for complex crystals [30, 437]. The Slack relation 
illuminates how the atomic structure affects the thermal transport and provides a 
useful guide to tailoring the thermal transport properties. 


4.11.1 Derivation of Slack Relation 


To understand the nature of the Slack relation, we can also derive a relation sim- 
ilar to the Slack relation. To be physically meaningful, the mean free path of a 
phonon mode should be longer than one half of its wavelength [69]. Therefore, a 
two-segment mean free path model can be constructed [203], i.e., when the phonon 
frequency is below a critical frequency, co c , its mean free path will vary according to 
the relaxation-time model of Roufosse for moderate and high temperatures (above 
7b) [395]; when the phonon frequency is above the critical frequency, its mean free 
path (4.131) is set to one half of its wavelength [as in the Cahill-Pohl model, (C.32)]. 
This gives 
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where Na is the Avogadro number. This x p . p is similar in form to (4.110), but covers 
a large range of co (Figure 4.16 gives the change in power of co for FCC Ar). To 
ensure a continuous X p c( {co), co c must satisfy 


^c,«A|(l + BiCo c a ) — 


nT 


For B a < rt 2 A 2 T 2 , we have 
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(4.135) 


(4.136) 


The critical frequency co c decreases with temperature. In other words, as the 
temperature increases, an increasing number of phonon modes reach the limiting 
mean free path of one half of their wavelength. Using (4.134), (4.107) can be rewrit- 
ten as 


kp,s — 


= E 


“B 


2tt 2 u p g a Aj T 

a=l 1 6 


r (t) 


4tt \ 2/3 5 « 2 y 2/3 


-i-l 


12 ?r 2 “L.« 


+ i 


+ (I) i, 3 " 2 ,s i: 


Ti 


7T\l/3 


rk b 

7 CO c ,i 


hco 


ksToj/Ti co 2 e k ^ T 


hco 

(e‘B r - l) 2 


d co 


dco. (4.137) 


4.11 Material Metrics of Phonon Conductivity: Slack Relation 


235 


By setting co c equal to <z>d, u pgM to the mean phonon speed u Ptg = u Pt a, and 
using (4.60) con = u p ^ g (6ir 2 n/N 0 ) 1/3 , we have, from (4.137) 



4.48 x 10 3 (M)7^ 
Tn^y^No 13 


(4.138) 


which is similar to Slack relation (4.132) except for the constant. The difference in 
the constants is because of the SMRT and a different Hamiltonian used in [395] for 
the three-phonon interactions. 

As will be discussed in Section 4.13, the lattice thermal conductivity can be 
decomposed into three parts [318] 


k p — k P ,ig,A T k p s ^ a T k p Q, k p s — k p i g j\. (4.139) 

Here k p j gj a is the contribution from long-range acoustic phonons, whose mean free 
path is larger than one-half of their wavelength; k PtS h,A is the contribution from 
short-range acoustic phonons, whose mean free path is minimized to one-half of 
their wavelength; and k p ,o is the contribution from the optical phonons. 

According to the proceeding derivation, the Slack relation corresponds to k p j gt a 
and is valid only when the short-range acoustic or optical phonons are not impor- 
tant. This condition is not always satisfied for crystals with low thermal conductivity, 
such as zeolites and metal-organic frameworks (MOFs). The Slack relation is valid 
only when co c is comparable with the Debye frequency con and long-range acoustic 
phonons dominate the thermal transport. 

To use the Slack relation, T D and yq must be known, which is the main difficulty 
in the estimation of the lattice conductivities of new materials. Because these two 
parameters directly relate the atomic structure to thermal transport, the knowledge 
of their relations provides more insightful information for the thermal design and 
allows for the estimation of thermal transport properties of new materials. 

In [203] a simple microscopic model is presented for estimating these param- 
eters. This model is based on a phenomenological combinative rule for force con- 
stants and a general L-J potential form for a bond. 


4.11.2 Force-Constant Combinative Rule for Arbitrary Pair-Bond 

The vibration energy is transferred in a crystal through interactions among the 
atoms, which can be theoretically calculated by quantum-mechanical methods. 
However, a quantum-mechanical method deals with the electron clouds of the 
atoms and is very cumbersome for a system involving many particles. Based on the 
Born-Oppenheimer approximation [269] described in the Glossary, the force-field 
method uses empirical potentials (fitted to experiments or quantum mechanic calcu- 
lations), such as L-J and Buckingham potentials, to describe the interactions in the 
system. In most solids, when the temperature is well below the melting point, the 
particles only slightly oscillate around their equilibrium positions, and many of their 
behaviors (including the elastic behavior) can be well described in the framework of 
the harmonic approximation [12]. In this approximation, the energy of the system 
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can normally be decomposed into four terms corresponding to the bond stretching, 
bending, torsion, and the nonbonded interactions [269], i.e., 

E = J2 y( Ari ') 2 + E ~Y~( Ae j) 2 

i j 

+ ^(A« 2 + E (4.140) 

/ n 

where r, T#, T^, and V mM are the force constants of the bond length r, bond angle 
0 , torsion angle </>, and the distance between molecules r m . Normally the stretching 
interaction is much stronger than the other interactions (by a factor of more than 
10), so for a rigid structure, the elastic characteristics are mainly determined by the 
stretching force constants. The bending and torsion interactions are also important 
in molecular crystals and for structure stability and deformation. 

Because atomic interaction is determined by the electronic structure, potentials 
and force constants are expected to be transferable if the bond type and surround- 
ings are similar [191]. Here a phenomenological combinative rule is presented for 
the stretching and the van der Waals force constants. 

The general form of two-body potentials can be written as 

<PAs(r) = (PAB,rep(r) - <PAB,att(r), (4.141) 

where cp A b is the potential energy of the bond A-B, and the subscripts rep and att 
represent the repulsive and the attractive terms. The repulsive term is because of the 
Pauli exclusion principle and/or the electrostatic interactions. It has been shown that 
the exchange repulsive term for two different atoms can be given as the geometric 
mean of the corresponding terms for two pairs of equivalent atoms [35], i.e., 

^AB,re/?0”) — \ ( PAA,rep(, t ^)(PBB,rep{jy\ ^ • (4.142) 

The attractive term is because of the interactions of dipoles, electrostatics, or a com- 
bination of them. The exchangeability of the dipolar and electrostatic interactions 
is apparent; thus a similar combinative rule is suggested for the attractive term, i.e., 

<PAB,att(r) — [(pAA,att{r)(pBB,att{r)f 12 . (4.143) 


The potential near the equilibrium position can be described by the general L-J 
potential model (2.7) 

= y, - (4.144) 

where m and n (Table 2.1) depend on the interaction type; and their values will be 
discussed in Section 4.11.4. The force constant T (4.36) and the bond length r e at the 
equilibrium position are given as 
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where —cp Q is the potential energy at the equilibrium position. (4.145) shows that the 
force constant at the equilibrium position is proportional to cp Q when the bond type 
and the bond length are similar. Note that, at the equilibrium position, the ratio of 
the magnitudes of the contributions from the repulsive term and the attractive term 
is (m + 1 )/{n + 1). Therefore, for m^> n (e.g., for an ionic bond), the force constant 
is mainly determined by the repulsive term. 

From (4.142), (4.143) and (4.145), if Taa is defined as the force constant of the 
potential function <^aa(0 = <PAA,rep(r) — <PAA,att(r), the force constant of A-B bond 
Tab and its equilibrium bond length r G ,AB can be given as 

Tab = (TaaFbb) 1/2 , 'Lab = Olaa^bb)^ 2 - (4.146) 

Note that for ions, the A-A bond may not actually exist. However, because of the 
similarity of the electronic configuration of the ions in different compounds, we may 
assign a virtual potential cpaa to the ions, e.g., keeping the interaction that is because 
of the Pauli exclusion principle as the repulsive term and setting the attractive term 
as cpAA.att = q 2 /r, where q is the ionic charge. The properties of the virtual potential 
(e.g., Taa) can be extracted from the compounds. In this way, the combinative rule 
of (4.142) and (4.143) is still valid. Similar relations like (4.146) have been derived 
in [138] by a 12-6 L-J potential, but they did not consider the effects of bond order 
and the long-range electrostatic interactions. In addition, it is not appropriate to 
describe ionic bonds or covalent bonds by 12-6 L-J potential, as will be discussed 
later. 

Note that this combinative rule is only applicable for the bonds with the same 
bond type (m and n are close) and bond order. In real compounds, a bond with the 
same atom configuration can have different bond orders. For example, C=0 has the 
bond order of 2, and C-O has the bond order of 1. It is observed that the force 
constant is approximately proportional to the bond order [495], that is 

Fab,.v = ^Fab,i» (4.147) 

where Tab,* is the force constant of the bond between A and B with the bond order 
of 5. Thus (4.147) can be rewritten as 

Tab,.? = ^(Faa,iFbb,i) 1/2 - (4.148) 

Consequently, we have 

„ (Fab,iFbc,i 

r AC,i = S 

t BB,1 

According to (4.147), the potential energy cp can be assumed proportional to 
s, and r e is expected to be independent of 5. For ionic bonds, when this assump- 
tion is used, the resulting combinative rule for ionic bond length agrees well with 
the experiments (the error is less than 3%) [138]. However, this assumption is only 
moderately accurate for covalent bonds, because the L-J potential does not accu- 
rately describe the changes of electron clouds and the energy in the entire range 
of atomic distance. Generally, for covalent bonds, r e will decreases slightly when s 


) 1/2 


(4.149) 
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increases. In [357] an empirical bond order-bond length relationship for covalent 
bonds is developed as 

r e , s = r e \ - 0.78(s°' 33 - 1), (4.150) 

where r etS is the equilibrium bond length (in angstroms) with the bond order of s. 
(4.150) shows good agreements with the experimental results for many bonds [357] 
and can be used for the estimation of the bond length. 

Table A.2 lists the electronegativity of elements. Table 4.4 lists the force con- 
stant Taa.i, electronegativity x, and equilibrium bond length r e j for most element 
paris. Taa.i is extracted from the experimental spectra of diatomic molecules [192] 
according to (4.148) and (4.149) (the ionic Taa.i of elements, e.g., O and S, is an 
average of the values extracted from their compounds). r e \ is extracted from the 
bond lengths of the diatomic molecules [192]. Table 4.4 shows that Taa.i of ionic 
bonds for the elements with high electronegativity / (e.g., O and Cl) are normally 
twice that of the corresponding covalent bond. This indicates that the virtual poten- 
tial of ions is steeper than the covalent potential of the corresponding atoms near 
the equilibrium position. The electronegativity x can be used to determine the bond 
type. Bonds between atoms with a large electronegativity difference (> 1.7), are 
usually considered to be ionic, whereas values between 1.7 and 0.4 are considered 
polar covalent and values below 0.4 are considered nonpolar covalent bonds [362]. 
For metallic elements, even though Ax is small, their electron structures are similar 
to those in the ionic crystals, for the conduction electrons can move about [245]. 

Figure 4.23(a) shows that generally the ionic Taa.i increases as the electroneg- 
ativity increases. The alkali metals have the lowest Taa.i, whereas the halogen ele- 
ments have the highest Taa.i- When 1.0 < x < 2.5, most transition-metal elements 
and semiconducting elements have a Taa.i around 50 N/m, which is a relatively low 
value. In general, Taa.i decreases while the atomic radius increases. However, Fig- 
ure 1(b) shows that, for covalent bonds, Taa.i seems to relate to the ratio of x/z (z 
is the atomic number) rather than x- Nitrogen has the highest covalent Taa.i- 

Figure 4.24 compares the experimental results of some bonds in diatomic 
molecules along with the calculated values. The mean-square error is less than 8%, 
and the overall agreement is good. 

Note that the proceeding force constants and equilibrium bond lengths are 
derived from the data of gaseous diatomic molecules, for which the intermolecu- 
lar effects are negligible. For crystal bonds, long-range interactions (mainly electro- 
static interactions) from the surroundings may significantly affect the equilibrium 
bond length and force constant. For example, Na-Cl in a NaCl molecule has a force 
constant of 110 N/m and a bond length of 2.36 A [192], while the distance between 
the nearest Na and Cl ions in a NaCl crystal at T — 300 K is 2.83 A, and the effec- 
tive force constant of each Na-Cl pair derived from the bulk modulus is only 20 N/m 
[435]. Thus, a relation between the force constant of a bond in a gaseous diatomic 
molecule and that in a crystal must be developed to account for the effects of long- 
range interactions. Here, only the effect of electrostatic interactions is considered. 
Our approach is to include long-range interactions in an effective bond potential 
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Table 4.4. Electronegativity, equilibrium bond length, and force constants of element pairs 
(listed in order of atomic number) with the bond order of 1. The data are extracted from [192]. 
The symbols C and V represent covalent and van der Waals interactions, and the unlabeled are 
the values for ionic interactions. 


Atom 

X 

r e ,u A 

T, N/m 

Atom 

X 

r e , l, A 

T, N/m 

H 

2.20 

0.74[C] 

575.67[C] 

Br 

2.96 

2.28[C] 

250.83[C], 

539.78 

He 

- 

1.04[C] 

411.74[C] 

Kr 

3.00 

4.03[V] 

1.43[V] 

Li 

0.98 

2.67 

25.48 

Rb 

0.82 

3.79 

8.25 

Be 

1.57 

1.39 

120.62 

Sr 

0.95 

3.05 

26.57 

B 

2.04 

1.76[C] 

354.90[C] 

Y 

1.22 

- 

70.05 

C 

2.55 

1.54[C] 

510.5[C] 

Zr 

1.33 

8.41 

141.43 

N 

3.04 

1.46[C] 

771.20[C] 

Nb 

1.60 

2.36 

108.25 

O 

3.44 

1.46[C] 

593.57[C] 

1305 

Ru 

1.02 

2.17 

56.53 

F 

3.98 

1.41 [C] 

473.82[C] 

1960 

Ag 

1.93 

2.59 

59.09 

Ne 

- 

3.10[V] 

0.12[V] 

Cd 

1.69 

4.28 

44.93 

Na 

0.93 

3.08 

17.28 

In 

1.78 

2.86 

34.41 

Mg 

1.31 

3.89 

41.60 

Sn 

1.96 

2.80 

58.34 

A1 

1.61 

2.47 

49.15 

Sb 

2.05 

2.82[C] 

70.64[C] 

Si 

1.90 

2.34[C] 

109.04[C] 

Te 

2.10 

2.74[C] 

119.46[C] 

P 

2.19 

2.20[C] 

201.50[C] 

I 

2.66 

2.66[C] 

172.73[C] 

343.06 

S 

2.58 

2.08[C] 

250.65[C] 

536.92 

Xe 

2.60 

4.36[V] 

1.74[V] 

Cl 

3.16 

1.98[C] 

330.42[C] 

705.81 

Cs 

0.79 

4.47 

6.97 

Ar 

- 

3.76[V] 

0.80[V] 

La 

1.10 

2.83 

53.41 

K 

0.82 

3.90 

9.84 

Ce 

1.12 

2.74 

169.30 

Ca 

1.00 

4.28 

34.61 

Pr 

1.13 

— 

48.25 

Sc 

1.36 

2.40 

77.60 

Eu 

1.20 

— 

31.11 

Ti 

1.54 

2.17 

107.71 

Tb 

1.10 

— 

72.63 

V 

1.63 

2.09 

103.03 

Ho 

1.23 

3.11 

77.21 

Cr 

1.66 

2.17 

87.18 

Yb 

1.10 

2.89 

33.74 

Mn 

1.55 

2.59 

46.40 

Lu 

1.27 

2.63 

78.69 

Fe 

1.83 

2.04 

62.53 

Hf 

1.30 

2.44 

103.98 

Co 

1.88 

3.20 

116.61 

Ta 

1.50 

2.36 

179.07 

Ni 

1.91 

2.96 

130.00 

W 

2.36 

— 

202.54 

Cu 

1.90 

2.22 

65.82 

Ir 

2.20 

2.36 

110.01 

Zn 

1.65 

3.41 

81.15 

Au 

2.54 

2.47 

106.80 

Ga 

1.81 

2.43 

99.38 

Hg 

2.00 

3.30 

32.61 

Ge 

2.01 

2.16 

121.79 

Tl 

1.62 

3.07 

31.60 

As 

2.18 

2.42 

120.48 

Pb 

2.33 

3.03 

39.91 

Se 

2.55 

2.34[C] 

108.54[C] 

Bi 

2.02 

3.07 

49.08 
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(b) 

Figure 4.23. (a) Variation of calculated ionic force constant r AAA with respect to the elec- 
tronegativity. (b) Variation of the calculated covalent force constant r A a , i with respect to the 
ratio of the electronegativity and atomic number. The data are extracted from the spectra of 
diatomic molecules [192]. The curves are used to guide the eyes. 


of the nearest-neighbor atoms. A bond (in a diatomic molecule) with a form in 
(4.144) is considered. Because the repulsive term is a very short-range interaction, 
we assume that only the long-range attractive term is affected by the surroundings. 
This effective bond in a crystal can then be represented as 

^ (4.151) 

where ij is the correction factor that is because of the long-range interactions (in sim- 
ple ionic structures, it is related to the Madelung constant). However, ij is difficult 
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■<r AAJ r BB I )'« N/m 

Figure 4.24. Comparison of calculated force constants and the corresponding values from the 
experimental spectra, for some atomic pairs [192]. 


to determine for complex crystal structures. In practice, according to this assump- 
tion and (4.145), the force constant of the bond in the crystal r^ B can be simply 
calculated as 


r AB = r AB (^) m+2 , (4.152) 

r 
' o 

where Tab is the force constant of the bond in the diatomic molecule AB, and r' Q is 
the equilibrium bond length in the crystal. For example, for NaCl, by setting m — 6.3 
[using approximation method (4.171)], and using the proceeding bond length data, 
we have r^ aC1 = 110 x (2.36/2.83)^ 6,3+2) = 24 N/m, which is very close to 20 N/m 
derived from the bulk modulus [435]. For ionic bonds, m is large, and (4.152) indi- 
cates that r^ B is very sensitive to the values of r Q and r' Q , so the experimental values 
of r Q and r' Q will be preferred. When the experimental value of r Q is unavailable, 
combinative rule (4.146) can be used. 


4.11.3 Evaluation of Sound Velocity and Debye Temperature 

If the force constants between atoms are known, the dynamical matrix can be read- 
ily constructed to determine the sound velocity. However, for complex polyatomic 
crystals, the calculation is still very cumbersome, and it is difficult to explicitly relate 
the numerical results to the complex structure. For the purpose of estimation and 
design, a simple model that can directly relate the sound velocity and the Debye 
temperature to the crystal structure is needed. 

A real crystal structure can always be considered as an underlying lattice, 
together with a basis describing the arrangement of the atoms, ions, and molecules 
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of Basis 

Figure 4.25. Decomposition of a complex crystal into lattice and bases, with equivalent 
bonds. 


within a primitive cell [12]. The acoustic branches of the phonon dispersion cor- 
respond to the motion of the mass centers of the primitive cells [12]. Therefore, 
both the monatomic and polyatomic crystal structures can be modeled as a lattice 
with rigid bases connected by equivalent bonds with an equivalent force constant, 
as shown in Figure 4.25. 

The elastic response of a solid can be divided into two parts, namely, (i) atomic 
vibrations at a fixed volume, and (ii) unit-cell volume fluctuations for a fixed atomic 
configuration (homogeneous deformation). The first part corresponds to the inho- 
mogeneous deformation, in which the bending potentials and the torsion potentials 
may be important, especially in a flexible structure. The bending potential can also 
be converted into an equivalent stretching potential between the atoms at the two 
ends. Because the force constants of the bending potentials and the torsion poten- 
tials are normally small, the equivalent force constant will be much reduced by the 
inhomogeneous deformation. It is difficult to obtain a general simple analytical solu- 
tion for such an inhomogeneous deformation, and a numerical calculation with a full 
dynamical matrix (including the bending potentials) is preferred for obtaining the 
equivalent force constant. However, for many solids, the crystallographic symme- 
tries and the stability of a given phase with respect to small lattice deformations 
result in the diminishing effects from the first part [13], and the elastic behavior can 
be described by the equivalent force constants of the stretching potentials. In these 
cases, the bending potential and the torsion potential may contribute to the stability 
of the structure, but their contribution to the elastic response is negligible. 

When only the bond stretching is considered, it is apparent that only the trans- 
port of stretching along the translational unit vector a can contribute to the energy 
transport in this direction. Thus we define the force constant of a bond along a given 
unit vector a as [117] 


r 


jiv,a 


d 2( P/j,v 

dxl 


d 2 Vn 

dr 2 

tiv 


u (~) 2 = (« -S/xv) 2 r 


/IV 5 


fiv 


(4.153) 


where v a is the projection of the bond length r along a , and s , 1V is the unit vector 
pointing from the particle /x to the particle v. (4.153) shows that the projection of 
the force constant along a has a factor of ( a • sy v ) 2 . 
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The total deformation of the primitive cell is affected by all the bonds in 
it. Using (4.153), we may treat the bonds in a primitive cell as springs with the 
same and then convert the crystal primitive cell into a network composed 

of springs. This spring network can be simplified to obtain the equivalent force con- 
stant between two bases according to the following rules (we denote the force con- 
stants of two bonds as and T 2 , and that of the equivalent bond of these two bonds 
as 1%) 

(i) when the two bonds are in series 

17 1 = 17 1 + r-\ (4.154) 

(ii) and when the two bonds are parallel 

F e = Ti + r 2 . (4.155) 


For a monatomic crystal, the primitive cell includes only one atom, and the 
equivalent force constant is just the force constant of the bond between the atoms. 

From the lattice dynamics (Section 4.8), the sound velocities of acoustic 
branches at the long-wavelength limit are the square roots of the eigenvalues of 
the matrix [12] 


T ■ ifm, d u (i ) 

1 


d 2 (p 

dd°dd l j ’ 


(4.156) 


where s K is the unit wave vector, D(l) is the dynamical matrix, l is the position vector 
of the neighbor, is the displacement of the mass center of the primitive cell from 
the equilibrium position (o represents the origin), and M is the mass of the primitive 
cell. 

Using the proceeding simplified model for crystal structures, if only the stretch- 
ing energy is considered, we can rewrite (4.140) as 

<P = T / Y [s, ' id ' ~d°)] 2 ’ *1= ||j> (4.157) 


where T/ is the equivalent force constant between the two bases. Thus Djj(l ) = 
rjijVi. Note that l is a linear function of the lattice constants, so the acoustic (sound) 
velocity (Section 4.7.2) will have the form (4.67) 

u p ,g,i = l(s k j, {«,■})(— ) 1/2 , r s = VWz, s tii )r,], (4.158) 

l 


where {«/} is the set of the translational vectors of the lattice. Note that (4.158) has 
the same form as the formula for the one-dimensional chain [117]. It is instructive to 
consider a plane wave traveling in a crystal, wherein the lattice consists of parallel 
planes perpendicular to the wave vector and the atoms in a plane will move in phase. 
The transportation along the wave vector is essentially one dimensional. From the 
comparison with the formula of the one-dimensional chain [117], / is indeed the 
equivalent distance between the planes and normally is the linear function of the 
lattice constants. The effective force constant T s is the summation of the projections 
of the equivalent force constant in the polarization s K j, that is, rj(l, s Kj j) = ( si ■ s K j) 2 . 
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The average sound velocity u p gi a can be found from (4.57), i.e., 


M p,g, A 


3 


(£ 


1 


JU p,g,a 



(4.159) 


For cubic structures, the average sound velocity is given by (4.71) 


Up,g,A = fn a f-) 111 ’ (4.160) 

3 1/z m 

where a is the lattice constant. 

From the longitudinal and transversal sound velocities, we can obtain the 
polarization-dependent Debye temperature T D i and the average Debye tempera- 
ture 77) [12]: 


7 d , a = 


u 


h 


(6n n) 


2„\l/3 


L fy / Z -(6 n 2 N 0 p 3 


y . 1/3 ' m ' k B 


h 


1 


7b = u P , g ,A— (6tt 2 «) 1/3 = (J2 -- 3 -) 
B a=l J7 D,o. 


-1/3 


(4.161) 


where n is the number density of atoms, N 0 is the number of atoms in a primitive 
cell, and V c is the volume of a primitive cell. Here l a /V c 1/3 is only a function of the 
ratio of lattice constants and the polarization, and the Debye temperature relates to 
the ratio of the lattice constants rather than their absolute values. It is apparent that 
if the lattice constant and other parameters are the same except the lattice type, the 
order of magnitude of 7b is Tb(FCC) > 7b(BCC) > 7b (SC). 

Figure 4.26 compares the calculated and experimental Debye temperatures 
[437] (determined from elastic constants or specific heat capacity measurements) of 
some crystals. The force constants used in the calculation are from the combinative 
rule and Table 4.4. The overall agreement is good. The force constants for metals 
are calculated according to (4.152). It is found that m — 8 gives good agreement with 
experimental values. Again, it is found that, for metallic crystals, the force constants 
can be reduced significantly by the long-range electrostatic interaction (by a factor 
of about 5), which results in a low Debye temperature. 


4.11.4 Prediction of Griineisen Parameter 


The Griineisen parameter has been used to represent the volume dependence of 
the normal-mode frequencies. The overall Griineisen parameter yq (Glossary) is 
defined as [12] 


12k, a C v,p,a(l<) 


9 YG,k, 


a 


V d(o Ktl 


9 In co Ka 

9 In V 


YG = 


a>K, a dV 


(4.162) 
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Figure 4.26. Comparison of the predicted and measured Debye temperature for some crys- 
tals. The force constants for metallic crystals are calculated according to (4.152) ( m is chosen 
as 8). The experimental values are from [437]. 


where the subscript a denotes the branch of a normal mode, c VtPt(X is the heat capac- 
ity per normal mode, and V is the volume. In the Debye approximation, all the 
normal-mode frequencies scale linearly with the Debye temperature 7b, and there- 
fore [12] 


YG — YG,K,a 


d In coq 
d In V 


(4.163) 


That is, yc represents the relative shift of the Debye angular frequency with respect 
to the volume. 

We consider a crystal containing only one bond type. According to (4.158) and 
(4.163), because the Debye frequency cod oc T 1/2 [from (4.158) and (4.161)] and the 
volume V ~ r 2 , we have 


din T 
6d In r e ' 


(4.164) 


Note that yc relates only to the bond. In [508] there is defined a “bonding-scaling 
parameter” y' G as 



dinr; 

6d In r[ ’ 


(4.165) 


where T- and r[ are the force constant and the equilibrium length of the bond i. For 
the crystals containing only one bond type, the Griineisen parameter yc is equal to 
the bonding-scaling parameter y G . 
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We can rewrite (4.165) in terms of a a small relative deviation fraction e 



r o(l - 6 y&). 


( 4 . 166 ) 


where F' 0 is the initial equivalent force constant. It is apparent that y G represents 
the intrinsic anharmonicity of a bond, i.e., the relative shift of the force constant 
with respect to the bond length. It seems reasonable that the y G of each bond is 
independent of other bonds. 

We again consider the crystal containing one bond type to obtain the bond- 
scaling parameter y G . In [405] a thermodynamic description of Morse oscillators 
using a statistical treatment is developed. Here a similar approach is applied for 
the L-J oscillators representing the interatomic potentials. Consider an assembly 
of independent oscillators with the interatomic potential of (4.144), of which the 
natural angular frequency (2.54) co n = co = ( r / m ,.) 1/2 (m r is the reduced mass of the 
oscillator). If (4.144) is expanded in a Taylor series, the vibrational energy E p j and 
the mean atomic separation (r/) of the motion with the principle quantum number / 
of this oscillator can be expressed as [311] 


/ 1 x ? ?/ l x ? 5(m + n + 3) 2 

E pJ = ha>Q +-)- C e hW(l + -) 2 , C e = >- 

2 2 4c>(p 0 mn 

. 1 3 (m + n + 3) 

(n) — r Q + C r rjiu>{l + -), C r = . 

2 Z(p Q mn 

Then, we have (a similar derivation is given in [405]) 

, , M , t (^d) i , m + n+3 

Yg - YgA 1 + C ^ T / , ]. Kg.o = 7 


#(*d) = / 

JO 

^i(-^d) = / 
Jo 


XD x 3 dx 


e x - 1 
AD jc 4 (1 + e x )dx 


8 (*d) 


, ~ T-q/T 


( e x — l) 2 


( 4 . 167 ) 


( 4 . 168 ) 


Typically, the vibration energy is much smaller than the dissociation energy and 
C e k B T is small, so the temperature dependence of y' G is weak. At high temperatures, 
y G will reach y G 0 . It is very interesting to note that y G Q depends only on m and n , 
or on the bond type. 


(i) Ideal Ionic Bonds. The attractive potential is dominated by the electrostatic 
potential, and the lattice summation of the long-range electrostatic interactions 

does not change n (the Madelung term); thus n — 1. The repulsive term arises 
from the full-filled shells and the Pauli exclusion principle. The measurements 
for typical ionic bonds show m — 6-10 [12]. The midpoint m = 8 is a reasonable 

choice for the estimation; therefore y r Q — 2 . 0 . In fact, y G 0 = 2.0 agrees well with 
the high-temperature yo values of many typical ionic crystals with one bond type 

[117, 437]. 
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(ii) van der Waals Interactions. The attractive term arises from the interaction 
between dipoles and varies as 1/r 6 , that is, n — 6. The widely used 12-6 L-J 
potential chooses m — 12 for the repulsive term. However, it is found that m — 12 
makes the repulsive term very steep [269]. m — 12 gives yf Q — 3.5, a much higher 
value than the measured results. For example, at high temperatures, yo of Ne, 
Ar, Kr, and Xe are 2.76, 2.73, 2.84, and 2.65 [437], respectively. Considering the 
repulsive term of van der Waals interaction arises from the same mechanism (i.e., 
the filled outer shell) as in an ionic bond, it is reasonable to choose the same value 8 
for m. This choice gives y G Q = 2.83, which agrees much better with the proceeding 
experimental results. 

(iii) Nonpolarized Covalent Bonds. The attractive term is because of the electro- 
static interaction, therefore n — 1. For m, the case is more complicated, because the 
distribution of valence electrons differs substantially from that in isolated atoms or 
ions. The repulsive term includes the electrostatic term because of the Pauli exclu- 
sion principle. In fact, the covalent bond is more appropriately described by the 
Morse potential (Table 2.1) [269] 

<p = (p 0 [e~ 2a °^ r ~ r °^ - 2e~ aa(r - r - ) ]. (4.169) 

In [405] an empirical relation is suggested, i.e., a 0 r 0 — (m + 4)/5. For typical cova- 
lent bonds, a 0 r 0 — 1.0-1. 2, thus m = 1-2. Because m > n, we choose m — 2 and 
obtain y G 0 = 1-0. This value is also in accord with the the relation Tr 6 = constant 
for covalent bonds, as suggested in [191]. 

The covalent bond between atoms with different electronegativities is partially 
polarized (ionic bonds can also be considered highly polarized covalent bonds). 
Using the relation of the percentage of the ionic character c proposed in [362], y' G 
of a polarized bond can be given as 

Kg = Kg,ab = 0 - Oy'g.cov + c Kg,/o«’ c = 1- e ~^ A ~ XB)2/4 , (4.170) 

where y G cov and y' G ion represent the bond-scaling parameters of a nonpolarized 
covalent bond and the ideal ionic bond, respectively. Equation (4.170) together with 
(4.168) can also be used for the rough estimation of m in an interatomic potential 

m ~ 8 - 6e- ( * A -* B)2/4 . (4.171) 

(iv) Metallic Bonds. Although metallic crystals also include ions, they are very 
different from ionic crystals. The metals can be treated as ions immersed in a sea 
of free electrons [12]. Thus the interactions between ions can be treated as the 
summation of the bare interactions between ions and the electron-ion interactions. 
Both the repulsive term and attractive term include the long-range electrostatic 
interactions. However, because of the screening effects of free electrons, the 
interaction between ions decays faster than the pure Coulomb interactions, thus 
m > 1 and n > 1 (because of the attractions of ions to free electrons, the repulsive 
term decays faster than the attractive term). The derivation of y G for metallic 
bonds is complicated. To compare it with experimental results, one also needs 
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Figure 4.27. Comparison of predicted high-temperature Griineisen parameters with the 
experimental results at the Debye temperatures for some crystals [437]. The Griineisen 
parameter increases with an increase in the difference of electronegativity [201, 204]. Only 
for single-bond crystals, y G = y G . 


to include the contribution from the free electrons (it may be small at high tem- 
peratures). However, because the screening effects increase with the increasing 
electron number density [12], we would expect that, in the metals with high electron 
number densities, m ~ 8 and 1 < n < 6. For simplicity, in this work we set m — 8 
and n — 1 (the same values for ionic bonds). The resulting /g = 2.0 is close to 
the experimental results of many metals (the alkali metals have a /g close to 1.2 
because of the poor screening effects). 


(v) Other Interactions. Some other interactions, e.g., the ion-dipole interaction, 
may exist in some crystals. These interactions may be considered as the cross terms 
of the above interactions. Using the combinative rule for potentials [(4.143) and 
(4.142)], we can have 


m — 


n 


(4.172) 


where the subscripts 1 and 2 denote the individual interactions. 

It can be seen that the order of magnitude of y G for bonds is y G {v an der Waals 
bond) > y'q (ionic bond) > y ' G { polarized covalent bond) > /^(nonpolarized covalent 
bond). Figure 4.27 compares the calculated high-temperature Griineisen parame- 
ters of crystals containing only one bond type with the experimental results (at the 
Debye temperature) [437], and the overall agreement is good. Note that, for ionic 
crystals, Griineisen parameters are slightly overestimated. One reason is that the 
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temperature at which the measurements are performed is not high enough. For 
example, yq of NaCl at the Debye temperature is 1.57, but at 800 K, its value is 
1.76 [419], compared with 1.71 given by (4.170). Another possible reason is that c in 
(4.170) determined by Pauling is not very accurate. 

Note that (4.165) is valid for the equivalent force constant r, so the Griineisen 
parameter yo of a crystal can be obtained by evaluation of the equivalent y G of the 
equivalent bond. 

For two parallel bonds, (4.155) and (4.166) lead to 



F io 

rio + r 20 


Kg,i + 


F 20 

rio + r 20 



(4.173) 


where Tio and T 2 o represent the equilibrium force constants of bond 1 and 2. That 
is, the equivalent y G of the parallel bonds is the summation of the y G . of the bonds 
weighted by the fraction of force constants. 

Similarly, for two bonds in series, the equilibrium requirement gives 


F 2 o(^i + r 2 ) _ rio(n + r 2 ) 

(rio + r 20 )ri 2 (rio + r 20 )r 2 


(4.174) 


and (4.154) and (4.166) lead to 

/ / r 20 x2 r i+ r 2 

YG = ( r - r ) 

rio + r 20 n 


Yg,i + ( 


rio 


r 2 o + r io 


\2 r l±H y' 

) Kg, 2 


n 


(4.175) 


Equation (4.175) shows the equivalent y G is related not only to the force con- 
stants and y G ., but also to the bond lengths. Note when c\ — c 2 — € (homogeneous 
deformation), (4.175) can be reduced to 



r 2 o 


rio + r 20 


)Kg,i + ( 


r 


10 


r 2 o + r io 


)Xc 


G,2’ 


(4.176) 


which does not relate to the bond lengths. Note that y G f is found from (4.168). 

Assuming r\ — r 2 and y G 2 is the smaller one, the dependence of y G /y G 2 on the 
ratio of force constants V io / r 2 o is plotted in Figure 4.28. 

Figure 4.28 shows that the equivalent y G of both the parallel and serial arrange- 
ments is always higher than y G 2 . For the parallel arrangement, y G 2 < y G < y G v the 
stronger bond contributes more to the equivalent y G \ when y G l /y G 2 = 1, the equiv- 
alent y G is independent of Tio/ r 2 o- For the serial configuration, y G2 < y G < 2 y G 1 , 
the weaker bond contributes more to y G . For equivalent y G , according to (4.175), 
the lowest value 2y^ x y G 2 /(Yq i + Yq 2 ) i s ac hi eve d when Tio/g x = r 2 oyG 2 ? an d lh e 
mismatch of T, y G . of neighboring bonds causes an increase in the anharmonicity. 
To increase anharmonicity and reduce the sound velocity, the serial arrangement is 
preferred. 


4.11.5 Prediction of Thermal Conductivity 

Using the relations for yq and 7 d, when co c is comparable with con, the thermal 
conductivity can be readily calculated with the Slack relation. The predicted ther- 
mal conductivities of some crystals at high temperatures are listed in Table 4.5 and 
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Table 4.5. Predicted k p and Slack model for parameters of some crystals, at listed 
temperatures. The experimental results [437, 12] are shown in the parentheses, and the 
calculated results by Slack are shown in the brackets. Slack used 7b, oo from the D p , which is 
different from the experimental 7b. Yg used by him are derived from experiments except for 
diamond, SiC, Ge, GaAs, and BP (0.7 was used for these crystals), m is found from (4.171). 


Crystals 

7\K 

7b, K 

N 0 

YG 

k p , W/m-K 

Ar 

84 

94 (85) 

1 

2.83 (2.73) 

0.5 (0.4)[3.8] 

Kr 

66 

87 (73) 

1 

2.83 (2.84) 

1.1 (0.5)[0.4] 

C(Diamond) 

300 

2183 (2230) 

2 

1.0 (0.9) 

1292 (1350) 

Ge 

235 

382 (360) 

2 

1.0 (0.76) 

95 (83) [89] 

Si 

395 

584 (625) 

2 

1.0 (0.56) 

76.7 (1 15)[93] 

Cu 

300 

339 (315) 

1 

2.0 

14.4 (10*) 

Pt 

300 

194 (230) 

1 

2.0 

9.1 (6°) 

GaAs 

220 

367 (346) 

2 

1.01 (0.75) 

72 (81) [77] 

CaF 2 

345 

453(510) 

3 

1.89 (1.89) 

7.0 (8.5)[9.1] 

MgO 

600 

1034 (945) 

2 

1.68 (1.44) 

53 (25) [28] 

NaCl 

230 

382(330) 

2 

1.71(1.57) 

11.1 (8.6)[6.3] 

c-BN 

300 

1614 

2 

1.22 

733 (748) 

SiC 

300 

1212 (1079) 

2 

1.11 (0.76) 

463 (490) [461] 

BP 

670 

891 (982) 

2 

1.0 

97.46 (110) [166] 


a The lattice conductivities are from reference [30]. They are obtained by subtracting the electrical ther- 
mal conductivity (derived from Wiedemann-Franz law) from the total thermal conductivity. 


shown in Figure 4.29(a), and the measured values and the values calculated in [437] 
are also given. Note that Slack used T D oo calculated from the phonon DOS D p , 
which is different from the measured T b listed in Table 4.5. Table 4.5 shows that 
the thermal conductivities and the Debye temperatures estimated by our model 
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Figure 4.28. Variation of ratio of the equivalent bond-scaling parameter to the smaller bond- 
scaling parameter of the bonds Yg/Ygi with respect to the ratio of the force constants r 10 / r 2 o- 
The symbols P and S denote the parallel and serial arrangements. 
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Figure 4.29. Comparison of the predicted lattice thermal conductivity of some compact crys- 
tals with the experimental results, (b) Comparison of the calculated thermal conductivities of 
some cage-bridge crystals with the experimental or MD results [201, 204]. 
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agree well with the experimental results and the Slack results, but the Griineisen 
parameters are normally overestimated in our model, as discussed in Section 4.11.4. 
The average mean-square error between the estimated values and the experimen- 
tal results is about 20%. Slack used r D?00 along with the experimental yo (but 0.7 
was used for Ge, Si, and SiC for better agreement with the experiments [437]), both 
of which are normally slightly lower than the values estimated in our model. Note 
that we also predict the lattice thermal conductivity of A1 and Pt by considering 
only the phonon-phonon scattering. The crystalline metals normally have a low lat- 
tice thermal conductivity, not only because of the strong scattering of phonons by 
free electrons, but also because of their large Griineisen parameters and small force 
constants (caused by long-range electrostatic interactions). 

Also note that 7b and k p used in Table 4.5 are different from those in Tables 
A.l and A.2. This is because of the range of measured k p reported for diamond. 

When co c qjd, the thermal transport is dominated by the short-range acoustic 
phonons and optical phonons. Whereas the acoustic contribution can be calculated 
with a relation similar to the Cahill-Pohl (C-P) relation [69, 203], the optical part 
is difficult to determine and it is comparable to the acoustic contribution [203, 318]. 
However, for some special atomic structures, the phonon mean free path is limited 
by the crystal structure, and the thermal conductivities of such crystals often exhibit 
temperature-independence above the Debye temperature. From (4.109) and k p = 
nc v ,pU p ,pfk p /3 (cy iP is the heat capacity per atom), if the phonon mean free path k 
can be determined from the characteristics of the structure, the thermal conductivity 
can also be easily calculated. 

There exist many special structures that can limit the phonon mean free path 
at high temperatures. For example, in the filled skutterudite structures [473], the 
fillers act as scatterers and limit the phonon mean free path to be the distance 
between the scatterers. Here we discuss the cage-bridge structure, which is common 
for nanoporous crystals, e.g., zeolites, MOFs, and many molecular crystals. 

The cage-bridge structure includes complex multiatomic cages connected by 
relatively simple bridges [see Figure 4.29(b)] (sometimes the cages may also be 
joined directly without bridges). In such a structure, the atoms in the cage are nor- 
mally much more than the atoms acting as connectors. Zeolites and MOFs are good 
examples of such structures. Some siliceous zeolites, e.g., zeolite A (LTA), faujasite 
(FAU), and sodalite (SOD), contain the complex SOD cage built from Si 04 tetra- 
hedra [318]. MOF-5, the smallest cubic MOF structure, comprises Zn 40 clusters 
linked by 1,4-benzenedicarboxylate (BDC) [203]. 

Many molecular crystals consist of large, complex molecules held together by 
weak van der Waals interactions or hydrogen bonds. The intramolecular interac- 
tions are much stiffer than the intermolecular interactions. They can also be con- 
sidered a special type of cage-bridge structure, and each complex molecule can be 
considered a cage. 

When T > 7b, all the vibration modes will have the same contribution to the 
total vibration energy. Because most atoms lie in the cage, most vibration energy is 
located in the cage and a fraction of the vibration energy transports to the next cage 
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Table 4.6. Comparison of predicted thermal conductivities of some 
cage-bridge structures calculated by (4.177) and the Slack relation, with the 
experimental and the MD results. 


Crystals 

T, K 

a p. At 

m/s 

w, A 

(4.177) 

k p , W/m-K 

k p s Experiment/MD 

MOF-5" 

300 

1184 

7.16 

0.28 

0.025 

0.32 

IRMOF-16" 

300 

600 

7.16 

0.10 

0.01 

0.08 

SOD 

350 

4200*’ 

8.88 

2.79 

1.58 

3.09 c 

LTA 

300 

3200* 

8.88 

1.75 

0.47 

On 

00 

C60 

260 

2000 rf 

7.00 

0.52 

0.007 

0.4" 


a values for MOF-5 are taken from [203]. The data for IRMOF-16 are calculated 
by MD using the same potentials 

b values are derived from the bulk modulus [13], by setting the Poisson ratio as 0.3 
c values are taken from MD results from [318] 

^ values are derived from the bulk modulus [119] 
e values are from reference [507] 


through connectors. However, the large coordination number difference or bond- 
stiffness difference makes the connector a bottleneck for the energy transport, and 
most phonon energy is localized in the cage or reflected at the connectors. In [318] 
it is shown that the Si-O-Si bonds contribute to the energy localization in FAU- 
and SOD-zeolites. The work for MOF-5 [203] also showed that the carbon connec- 
tor limits the transport of phonon energy. An indicator of this phenomenon is the 
large difference between the phonon partial DOS, weighted by the concentration 
of atoms) of the cage and that of the connectors (as shown in [203]). Therefore 
the connectors will act as scatterers in the structure. If the cage is relatively rigid 
(phonons experience little scattering within the cage), the phonon mean free path 
will be limited by the distance between the connectors at the boundary of the cage, 
which is often the same as the cage size w. For molecular crystals, w is essentially 
the dimension of the molecule. Then we write (4.109) as 

k p = ^nc vp u pA w. (4.177) 

When the temperature is higher than the Debye temperature, c v can be simply set 
as 3 /cp. 

This simple mean-free-path model for the cage-bridge structures leads to good 
agreement with the experimental values or the MD results, as shown in Table 4.6. 
The values calculated by the Slack relation (k p s) are also shown, and it is apparent 
that k p s has a lower value. 

When the temperature decreases, the high-frequency phonon modes caused by 
the internal vibrations of the cage will decrease much faster than the low-frequency 
modes, and the fraction of localized energy will decrease. When the temperature is 
much lower than the Debye temperature, the fraction of localized vibration energy 
will be small and the phonon mean free path will no longer be limited by the cage 


size. 
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This simple atomic-structure-based model can be used to quickly estimate the 
high-temperature thermal conductivity of crystals. On the other hand, some useful 
insights into the design of materials with desired properties can be extracted. 
According to (4.132) and using (4.161), we have 


_ 4.0 X 10 12 /V,r 3 ' /2 V a 1/3 
y^(M)V 2 N 7 0 /6 T 


(4.178) 


where N ) is a constant related only to lattice type. Therefore, to increase the thermal 
conductivity, one may increase the equivalent force constant T and lattice constant 
a , while reducing the mean atomic weight (M), N a , and the Griineisen parameter 
Yq. Here FCC is expected to achieve a high thermal conductivity. The opposite 
approaches can be used to achieve a low lattice thermal conductivity. 

Evidently molecular crystals will normally have a very low thermal conductivity 
because of the small T, large yq and N 0 . 

Table 4.4 and Figure 4.23(a) show that most metals have a low Faaj, around 50 
N/m. Even when they bond with F (which has the highest Taa.i), Fab,i is expected 
to be lower than 250 N/m. Also, metal elements normally have a heavy mass and 
ionic bonds have a relatively high A/. In comparison, covalent bonds may have a 
higher Fab,i, lower A/, and those nonmetallic elements with a high Faa,i have a 
relatively light mass. Thus, for high thermal conductivity, covalent crystals are pre- 
ferred. Among covalent crystals, the compounds of N and C are expected to have 
a high thermal conductivity, because N and C have the highest Taaj, moderate x, 
light masses, and possibly high bond orders. In general, the sequence of lattice con- 
ductivity for crystals is k p (nonpolarized covalent crystal) > k p (polarized covalent 
crystal) > k p (ionic crystal) > k p (molecular crystal), as shown in Figure 4.29(a). 
Furthermore, the oxidation states of the elements need to match and the mass dif- 
ference should be small to achieve a small N Q . Materials satisfying these conditions 
are expected to have a high thermal conductivity, e.g., BN, AIN, BP, and SiC (listed 
in Table 4.5). 


4.12 Phonon Conductivity Decomposition: Acoustic Phonons 

Here we consider only the interphonon interactions (phonon-phonon scattering), 
which are dominant at high temperatures. Three main techniques have been devel- 
oped to predict the thermal conductivity of a dielectric material by use of MD sim- 
ulations. These are the G-K approach (an equilibrium method), a direct application 
of the Fourier law of conduction (a steady-state, nonequilibrium method, sometimes 
called the direct method), and unsteady methods. The G-K method was discussed 
in Section 3.6, and here we present some results for the Ar FCC crystal (acoustic 
phonons only, as there is one atom per primitive cell, Section 4.3) [317]. In Section 
4.13, we discuss crystal, with optical phonons. 

The net flow of heat in a solid, given by the heat current vector q (Table 3.9), 
fluctuates about zero at equilibrium. In the G-K method discussed in Section 3.5, 
the thermal conductivity is related to the elapsed time it takes these fluctuations to 
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dissipate, and for an isotropic material is given by (3.78) as 


k p — k Pt G - k = k Pt md 


V [°° (q(t)-q(O)) 

k B T 2 Jo 3 


(4.179) 


where {q(t)-q( 0)) is the heat current autocorrelation function (HCACF) (Table 
3.9). In materials for which the fluctuations are long lived (i.e., the mean phonon 
relaxation time is large), the HCACF decays slowly. The thermal conductivity is 
related to the integral of the HCACF and is accordingly large. In materials such as 
amorphous solids, for which the mean relaxation time of phonons is small, thermal 
fluctuations are quickly damped, leading to a small integral of the HCACF and a 
low thermal conductivity. The heat current vector is given by (3.78) 


q 


1 d 
V dt 


y 1 x iE it Ej = E kt i + Epj, 


(4.180) 


where the summation is over the particles in the system, and Xj and E { are the posi- 
tion vector and energy (kinetic and potential) of a particle. A pair potential, such as 
the L-J potential, (4.180) can be recast (Table 3.9) as (Chapter 3 problem) 

q = EiUi + J y>‘7 ■ Ui)xij], (4.181) 

i ij 


where u is the velocity vector of a particle, and Xjj and F ij are the interparticle 
separation vector and force vector between particles i and j. This form of the heat 
current is readily implemented in MD simulation. A derivation of (4.179) and fur- 
ther discussion is given in Appendix B. 

All simulations used in the thermal conductivity calculations consist of 10 6 time 
steps (At = 4.205 fs) beyond the standard initialization period over which the heat 
current vector is calculated every five time steps. A correlation length of 5 x 10 4 
time steps starting after 2 x 10 5 time steps is used in the autocorrelation function. 
For all cases, five independent simulations (with random initial velocities) are per- 
formed and the HCACFs are averaged before finding the thermal conductivity. This 
ensures a proper sampling of phase space [281]. For the FCC crystal at a tempera- 
ture of 10 K, where the correlation time is long, 10 independent simulations are 
performed. 


4.12.1 Heat Current Autocorrelation Function 

The decay of the HCACF for Ar is shown in Figure 4.30. The HCACF is normalized 
by its zero time value to allow for comparisons among the different temperatures. 
Longer time scales are shown for the Ar FCC crystal in Figures 4.31(a), 4.31(b), 
and 4.31(c) for temperatures of 10, 50, and 80 K, respectively. Note that, as the 
temperature increases, the HCACF decays of the three phases are approaching each 
other. 

The Ar FCC crystal HCACF shows a two-stage behavior. There is an initial 
drop, similar for all cases, followed by a longer decay, whose extent decreases as the 
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Figure 4.30. Time dependence (decay) of the HCACF for FCC, amorphous, and liquid Ar, 
for various temperatures [317]. 


temperature increases. The oscillations in the secondary decay are believed to be a 
result of the periodic boundary conditions. 

For all cases considered, the integral of the HCACF converges well, and the 
thermal conductivity can be specified directly by averaging the integral over a suit- 
able range. To remove the subjective judgment, in [281] two methods are proposed 
by which the thermal conductivity can be specified. In the first-dip (FD) method, the 
integral is evaluated at the first place where the HCACF goes negative. In the expo- 
nential fit (EF) method, an exponential function is fitted to the HCACF beyond a 
certain point (determined on a case-by-case basis), and this function is then used to 
calculate the contribution of the tail to the integral. Up to that point the integral 
is evaluated directly. In the investigation of /3-SiC [281], no significant differences 
were found between the predictions of these two methods. 

The liquid HCACF shows a single stage decay, with a time scale comparable 
with that of the initial drop in the FCC crystal HCACF. Both the FD and EF 
methods are suitable for specifying the thermal conductivity. The amorphous-phase 
HCACF shows a very different behavior. It drops below zero in the initial decay 
and oscillates between positive and negative as it converges to zero. The velocity 
autocorrelation function for amorphous L-J Ar shows a similar form [293]. This 
behavior is interpreted as follows. In the FCC crystal, each atom experiences the 
same local environment. By averaging over time, the same is true for the liquid. 
This is not the case for the amorphous solid, for which each atom has a distinct local 
environment. At short time scales, atoms near their equilibrium positions experi- 
ence the free trajectory of a liquid atom. When the atom eventually feels the effects 
of the other atoms, the trajectory changes. Because the intended trajectory cannot 
be completed, the correlation goes negative. 
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Figure 4.31. Time variation of the raw HCACF and thermal conductivity, and fits of one- and 
two-term exponential functions and the model of [482], for the FCC crystal at T = (a) 10 K, 
(b) 50 K, and (c) 80 K. Note the different time scales on the HCACF and thermal conductivity 
plots for each condition. For a number of cases, the raw data and the two-term exponential 
fits are indistinguishable [317]. 
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The time scale for this behavior is comparable with that of the liquid HCACF. 
The FD and EF methods are not appropriate here, and the thermal conductivity 
must be found from a direct specification of the integral. 

The low-temperature oscillations in the autocorrelation decay of Figure 4.30 
are because of long-range phonons (the higher thermal conductivity). In this case 
the finite computational domain and the periodic boundary conditions influence the 
results (causing the oscillations) 


Based on the observed shape of the FCC crystal HCACF, it can be fitted to a sum 
of two exponential functions as 


as suggested in [81]. The fitting procedure needs special care for large conductivities. 
With (4.179), the thermal conductivity is then 


In (4.182) and (4.183) the subscripts ac , sh, and Ig refer to acoustic, short-range, and 
long-range. The two-stage decay in the HCACF was first observed in [262]. It is in 
contrast to the Peierls theory of thermal conductivity, which has been found to be 
consistent with a single-stage decay of the HCACF [262, 280]. In [226] it is suggested 
that the two stages in the HCACF represent contributions from local dynamics and 
the dynamics of phonon transport, each having a time constant r p and strength A. 
The use of the term “local” is questionable as, in a crystal, there are no localized 
vibrational modes. The fit curves for the HCACF and thermal conductivity obtained 
from (4.182) for temperatures of 10 , 50 , and 80 K are shown in Figs. 4.31(a), 4.31(b), 
and 4.31(c), respectively. The fit captures the two-stage decay very well at all tem- 
peratures. The fits of a single exponential function with time constant r p , according 
to 

= Al exp(— ( 4 . 184 ) 
are also shown in Figs. 4.31(a), 4.31(b), and 4.31(c). The agreement with the raw 
HCACF is reasonable at low and high temperatures, but poor at the intermediate 
temperatures. 

The two-stage behavior of the FCC crystal HCACF and the resulting decompo- 
sition of the thermal conductivity into two distinct components are interpreted in the 
context of the phonon mean relaxation time. Although the relaxation time is gen- 
erally taken to be an averaged quantity, it can be applied to an individual phonon. 
For a given phonon mode, there will thus be some continuous distribution of relax- 
ation times. Physically, the lower bound on the relaxation time corresponds to a 
phonon with a mean free path equal to one-half of its wavelength. This is the C-P 


4.12.2 Phonon Conductivity Decomposition 



(4.182) 



(4.183) 
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Figure 4.32. Particle energy autocorrelation functions for the Ar FCC crystal at T — 10, 50, 
and 80 K. The energy data correspond to deviations from the mean values. Note the dimin- 
ishing long-time coherence as the temperature is increased. The inset plots show a smaller 
scale for the vertical axis for the temperatures of 10 and 20 K, along with curves representing 
the decay time associated with k p j gA [317]. 


limit, a thermal conductivity model developed for amorphous materials (discussed 
in Section C.2 of Appendix C) [69, 126]. The first part of the thermal conductiv- 
ity decomposition k p ^h , a takes into account those phonons with this limiting value 
of relaxation time. Phonons with longer relaxation times are accounted for by the 
second term k p j g _ a, which has a longer decay time. 

Self-energy correlations (i.e., an autocorrelation), similar to the nearest- 
neighbor correlations, are plotted in Figure 4.32 for temperatures of 10, 20, 50 K, 
and 80 K. Although there is coherent behavior over long time periods at the low 
temperatures, this effect diminishes as the temperature increases. This is consistent 
with the temperature trends in r p ,i g ,A and k p j g _ For temperatures of 10 and 20 
K (shown separately in the insets of Figure 4.32), exponentials with time constants 
equal to the appropriate r p ,i g ,A from the thermal conductivity decomposition are 
superimposed. The trends in the energy correlation curves are well bounded by the 
exponentials. The manifestation of both r p , s h,A and r p ,i g ,A outside of the HCACF 
supports the use of energy correlation functions for understanding heat transfer in 
the real-space coordinates. The intermediate time scale in the long-time behavior at 
lower temperatures (shown as r,- in Figure 4.32 for the 10 K curve) is thought to be 
associated with the periodic boundary conditions. 

It is interesting to note that the long-time-scale behavior is made up of suc- 
cessive short-time-scale interactions (r^ ^A, also shown in Figure 4.32). At the 
lower temperatures, the atom-to-atom interactions propagate step by step, lead- 
ing to behavior with a period of 2 r p ^h,A over the long time scale. At higher 
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Figure 4.33. Temperature dependence of the experimental and predicted L-J Ar thermal 
conductivities [317]. 


temperatures, as the mean relaxation time gets smaller, the overall behavior 
approaches that of a damped oscillator (i.e., a monotonic decay), as opposed to a 
set of coupled oscillators (as seen at low temperatures), which can gain and lose 
energy. 


4.12.3 Comparison with Experiment 

The predicted thermal conductivities, experimental values [465], and the C-P limit 
for Ar are shown in Figure 4.33(a) as functions of temperature. Also included are 
the MD results given in [280], obtained under very similar simulation conditions. 
In Figure 4.33(b), the decomposition of the FCC crystal thermal conductivity into 
k p ,sh,A and k p jg'A is shown along with the C-P limit (4.131). The FCC crystal MD 
results are in reasonable agreement with the trend and magnitude of the experimen- 
tal data (a decrease above the experimental peak value, which is near a temperature 
of 6 K), justifying the neglection of quantum effects. The data are in good agreement 
with those in [280]. 

As given in (4.110), the C-P limit is a quantum, harmonic expression. The MD 
simulations are classical and anharmonic. As such, for use in Figure 4.33, the classi- 
cal limit of the C-P limit (4.131) is taken [i.e., the mode specific heat k^x 2 e x /{e x — l) 2 
equal to k&], to give 

k P , c-p = ^(^-) 1 / 3 / 6 k B n 2/3 7 > P , g . ( 4 . 185 ) 

a 

The number density, n, is taken from the FCC crystal MD results. Because of anhar- 
monic effects at finite temperatures, the specific heat will deviate from the classical 
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value, which is accounted for by the factor /3 (0.5 < ft < 1). The FCC crystal data 
are used for the calculations, as the amorphous phase is stable only up to a tempera- 
ture of 20 K. The temperature dependence of the sound speeds, u p a (of which there 
are three, one longitudinal and two transverse), is obtained from quasi-harmonic 
dispersion curves in the [100] direction based on the FCC crystal simulation cell 
sizes. There will be a difference between the amorphous sound speeds and those 
for the FCC crystal. As no sound speed data are available for the amorphous L-J 
phase, the FCC crystal values are used, scaled by a factor of 0.8 (typical for Si and 
Ge [69, 199]). Under these approximations, the C-P limit is plotted with the under- 
standing that there will be some errors in the calculated values. 


4.13 Phonon Conductivity Decomposition: Optical Phonons 

Optical phonons contribute to phonon conductivity, but their contributions are 
weakly temperature dependent and generally small, except for low thermal con- 
ductivity crystals. An example is shown for silica structures in [318], where dense 
(quartz) and cage (zeolites) crystals have been studied by use of MD. The structures 
are shown in Figure 1.7. The G-K autocorrelation decay decomposition (4.182) for 
acoustic phonons is now extended to include optical phonons, i.e., 

(q(t) • </(0)) 

^ ~ A s h,A ^Xp( t/tp,sh, a) T Ag,A ^Xp( t/Xp ig pO 

+ B o ,i exp(-f/r p , 0 ,i) cos (co Pi0 ,it). (4.186) 

i 

Then, using the G-K relation listed in Table 3.9, similar to (4.183), we find that 
the phonon conductivity is 

/ 1 / A , A . Bo,i*p,O t i \ 

hp — - 2 \A-sh,ATp,sh,A + Alg,ATp,lg,A + 2 2 ' 

k B VI i 1 + r p,0, i^>p, 0,7 

— kp,sh , a T k p,ig , a T k p , o • (4.187) 

The results for quartz at the temperature of 250 K are shown in Table 4.7. The 
five most distinguished optical-phonon branches are listed (the dispersion results 
are given in Figure 4.7). For quartz, the optical-phonon contribution is small. Their 
MD results for the four structures, along with the experimental results for quartz, 
an amorphous silica, are shown in Figure 4.34. 

The contribution of the short- and long-range acoustic phonons, and the opti- 
cal phonon, are shown separately in Figure 4.35. The optical-phonon contribution 
is the most significant for zeolite LTA, which has the lowest conductivity. As was 
mentioned, the optical-phonon contribution is rather temperature independent. 

Although not mentioned here, the direct (or nonequilibrium) methods (impos- 
ing a temperature gradient) have also been used for the prediction of k p . Some 
aspects of these methods are reviewed in [320]. 
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Table 4.7. Thermal conductivity decomposition for quartz (a direction ) 
at T = 250 K. The time constant for the short-range acoustic-phonon 
component is obtained from the energy correlation analysis [318]. 


Component 

Tp,ps 

(i)/2 : t, THz 

k Pt i, W/m-K 

Short-range acoustic k PtS h, a 

0.016 

— 

1.143 

Long-range acoustic k p / g ^ 

2.37 

- 

9.494 

Optical k p Q 




1 

3.19 

14.2 

0.087 

2 

1.65 

18.3 

0.436 

3 

2.50 

21.6 

0.052 

4 

1.24 

22.8 

0.242 

5 

2.82 

32.8 

0.070 




0.887 

Total, k p 



11.524 


4.14 Quantum Corrections to MD/G-K Predictions 

Because of their classical nature, MD simulations cannot explicitly take quantum 
effects into account. From the standpoint of lattice dynamics, there are two signifi- 
cant points to consider. First, the energy of the phonon modes is quantized in units 
of hcok. This is not true of the classical system, in which the mode energies are contin- 
uous. The second point, and the focus of this section, is the temperature dependence 
of the mode excitations. As predicted by the Bose-Einstein distribution, there are 
significant temperature effects in the quantum system that are not present in a clas- 
sical description. The MD approach is thus not suitable near and below the max- 
imum in the crystal-phase thermal conductivity (observed experimentally around 
one-tenth of the Debye temperature [302], and for Ar at a temperature of 6 K [91]), 
where quantum effects on the phonon mode populations are important. The thermal 
conductivity in this region is also strongly affected by impurities and boundary 



Figure 4.34. MD predicted and experimen- 
tal thermal conductivities plotted as func- 
tions of temperature for silica crystals. All 
the structures are shown in Figure 1.7. 
The zeolite MD data are joined by best-fit 
power-law curves to guide the eye [318]. 
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Figure 4.35. Thermal conductivity decomposition for (a) quartz (c direction), (b) SOD, (c) 
FAU, and (d) LTA [318]. 


effects, which are not considered here. As such, an MD simulation of a perfect 
crystal with periodic boundary conditions will lead to an infinite thermal conductiv- 
ity at zero temperature, as opposed to the experimental value, which goes to zero. 

The classical nature of the MD simulations is perhaps most evident when we 
are considering the predicted specific heat, and how they differ from the quantum- 
mechanical calculations. The reason for the discrepancy is that in a classical- 
anharmonic system at a given temperature, all modes are excited approximately 
equally. The expectation value of the mode energy is about k^T . In a harmonic sys- 
tem, the excitation is exactly the same for all modes, and the expectation value of 


264 


Phonon Energy Storage, Transport and Transformation Kinetics 


the energy is exactly k&T. In the quantum system, there is a freezing out of high- 
frequency modes at low temperatures. Only above the Debye temperature are all 
modes excited approximately equally. The quantum system also has a zero-point 
energy not found in the MD system. 

There is no simple way to explicitly include quantum effects in the MD simula- 
tions. In fact, the whole idea behind the simulations is to save significant computa- 
tional resources by ignoring quantum effects. That being said, some effort has been 
made to address the classical-quantum issue by mapping the results of MD simula- 
tions onto an equivalent quantum system. Using the results for the L-J FCC crystal, 
one of these approaches [273, 281, 301, 483], is presented and assessed here. The 
main idea is to scale the temperature and thermal conductivity (after the simula- 
tions have been completed) using simple quantum-mechanical calculations and/or 
arguments. For the remainder of this section, Tmd and Imd are used to represent 
the temperature and thermal conductivity of the MD system, and T and k are used 
to represent the values for the real, quantum system. A critical assessment of these 
corrections is given in [470]. 

The temperature in the MD system is calculated from the relation (Table 2.4) 

( Y 2 m '\ u '\ 2 ) ~ 2 ^ ~ (4.188) 


which equates the average kinetic energy of the particles (summed over the index 
i) to the expectation value of the kinetic energy of a classical system. For a har- 
monic system, where equipartition of energy exists between the kinetic and poten- 
tial energies, and between the modes, the total system energy will be given by 
3 (N — 1)&bTmd- The temperature of the real system is found by equating this energy 
to that of a quantum phonon system (4.50), as suggested in [273, 281] from (4.50), 
we have 

3<N - DCAo = X>.[1 + exp(fai/ 1 t|i7 . ) _ 1 ]. <4.180) 


where the summation is over the a normal modes of the system. A similar relation 
has been proposed without the zero-point energy included [i.e., the factor ofhco a /2 
on the right-hand side of (4.189) is not considered] [301, 483]. 

For the thermal conductivity, it has been proposed [273, 483, 281] that the con- 
duction heat flux q , in the classical and quantum systems, should be the same. Writ- 
ten in one dimension, 


such that 


d7MD j dT 



= k p MD 


dlMD 
d T 


(4.190) 


(4.191) 


The predicted 7 md an d dTMD /dr curves for the cases of both including and neglect- 
ing the zero-point energy are shown in Figure 4.36(a). The data are plotted up to a 
temperature of 87 K, the melting point of the MD system. 
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Aid ( Zero Point) T md = T 

r MD (No Zero Point) dT MD /dT 

(a) (b) 

Figure 4.36. (a) Temperature and thermal conductivity scaling relations, (b) Scaled thermal 
conductivities with raw Ar FCC MD predictions and experimental data [317]. 


When the zero-point energy is included, the MD simulations are of interest only 
at temperatures of 31.8 K and higher. This is an indication of the magnitude of the 
zero-point energy. The 7md curve approaches T as the temperature is increased, 
and more modes are excited in the quantum system. The value of 7 md will always 
be higher than T because of the zero-point energy. The thermal conductivity scaling 
factor starts at zero. This ensures that the thermal conductivity will be zero at zero 
temperature. As the temperature increases, the scaling factor approaches unity. 

When the zero-point energy is not included, the temperature scaling has the 
same shape as before, but has been shifted downward. In this case, 7 md will always 
be lower than T because of the manner in which the energy is distributed in the 
modes of the quantum system. The 7 md value of zero is relevant in this case, because 
the associated quantum system can have zero energy. The thermal conductivity scal- 
ing factor is identical to when the zero-point energy is included, as the energies differ 
only by a scalar. 

The scaled thermal conductivities and unsealed Ar FCC MD predictions are 
given in Table 4.8 and shown in Figure 4.36(b) along with the experimental data. 
To obtain these results, the T values corresponding to the available 7 md values 
are obtained. Because of the nature of the scaling relation, not all the Tmd values 
have a corresponding T. The appropriate thermal conductivity scaling factor is then 
determined. Overall, the agreement with the experimental data worsens for either 
of the scaling possibilities compared with the raw MD data. Others have found an 
improved agreement (for /3-SiC including the zero-point energy [281], and for Si, not 
including the zero-point energy [483]). This lack of consistency raises a high level of 
doubt about the validity of this approach and its possible widespread acceptance. 

The main idea behind this somewhat ad hoc temperature scaling procedure is to 
map the classical MD results onto an equivalent quantum system. By not including 
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Table 4.8. Scaled temperatures and thermal conductivities. The first two 
columns correspond to the raw Ar FCC MD data. The third through fifth 
columns correspond to the inclusion of the zero-point energy. The last three 
columns correspond to ignoring the zero-point energy [317]. 


7md, 

K 

kp,MD, 

W/m-K 

T , 

K 

Zero-point 

dAiD/dr 

kp, 

W/m-K 

T, 

K 

No Zero-point 
dAiD/dT 

kp , 

W/m-K 

10 

3.44 







31.0 

0.684 

2.36 

20 

1.22 

— 

— 

— 

43.9 

0.831 

1.01 

30 

0.718 

— 

— 

— 

55.4 

0.889 

0.639 

40 

0.467 

27.3 

0.656 

0.306 

66.4 

0.921 

0.430 

50 

0.323 

40.6 

0.815 

0.263 

77.2 

0.940 

0.304 

60 

0.255 

52.3 

0.881 

0.225 

— 

— 

— 

70 

0.201 

63.3 

0.916 

0.184 

— 

— 

— 

80 

0.162 

74.2 

0.938 

0.151 

- 

- 

- 


the zero-point energy, a true quantum system is not being considered. For this rea- 
son, if such corrections are to be used, the zero-point energy should be included. 

As it stands, there are a number ways that this method could be improved. 
These are related to the harmonic nature of the energy calculations on both sides of 
(4.189). The classical energy is based on an assumption of equipartition of energy. 
The average, total energy of the MD system is in fact less than 3 (N — 1)&b7md 
because of anharmonic effects. As shown in Figure 2.15, at a temperature of 20 K, 
the deviation is 2.6%, and increases to 12.6% at a temperature of 80 K. This correc- 
tion is straightforward to implement. The phonon-space energy is most easily calcu- 
lated with the zero temperature, harmonic dispersion relation. However, tempera- 
ture has a significant effect on the phonon dispersion, and temperature-dependent 
normal modes would make the the temperature scaling more rigorous. 

That being said, it is unlikely that these modifications would lead to a much 
improved model. The main drawback of this temperature/thermal conductivity scal- 
ing approach, as discussed in [280], is that it is a postprocessing step that maps the 
entire MD system onto a quantum description. The effects are manifested on a 
mode-by-mode basis, and on the basis of how the energy is distributed, therefore 
making corrections on an integrated level simply not suitable. In [280], it is sug- 
gested to link the classical MD system to a quantum description through the BTE. 

In [81] a more general approach is used to investigate the classical-quantum 
issue by comparing the general forms of the classical and the quantum HCACFs. 
They do not find evidence to support the use of quantum corrections with MD 
thermal conductivity predictions. They argue that this is because long-wavelength 
phonons are the dominant contributors to the thermal transport, which are active 
even at low temperatures. This is in contrast to the specific heat, for which it is the 
high-frequency (short-wavelength) modes that get excited as the temperature of the 
quantum system is increased and lead to the significant temperature dependence up 
to the Debye temperature. 
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Figure 4.37. The N- and U-interphonon- 
scattering processes and momenta shown in 
reciprocal lattice space. 



1 — ► 

8 X 

(a) N-Processes (b) U-Processes 


As discussed, the MD simulations are classical because it is within this frame- 
work that computational costs become reasonable enough to perform simulations of 
big systems or for long times. When comparing the results of MD simulations with 
experiments, there are additional factors beyond their classical nature that need to 
be considered. These include the interatomic potential used, size effects, and the 
simulation procedures. It is difficult to isolate these effects. Efforts are needed on 
all fronts to increase the confidence in the results of MD simulations. 


4.15 Phonon Conductivity from BTE: Variational Method 

Interphonon scattering, which dominates the phonon conductivity at high tempera- 
ture, has in turn been assumed to be dominated by the three-phonon scattering pro- 
cesses. These are shown in Figure 4.37. There are two types of such interactions: type 
I (1 -> 2 + 3) and type II (1 + 2 -> 3). Because these scatterings change the energy 
of each phonon involved, it is not expected that they can be accurately presented by 
a relaxation-time approximation. These three-phonon interactions are divided into 
the N-Processes, in which the crystal momentum (and energy) is conserved, and the 
U-Processes, where the crystal momentum is not conserved (however, energy is). 
These are shown in Figures 4.15(c) and 4.37, and we write 

ki + = K 3 (momentum), a>i co 2 = C 03 (energy), (4.192) 

three-phonon N-Processes 

ic 1 + ic 2 = K 3 + g, co\-\- C 02 — C 03 , three-phonon U-Processes, (4.193) 

where g is the reciprocal lattice vector. The reciprocal lattice vector is not limited to 
a process that flips the wave-vector summation to the neighboring reciprocal space 
unit cell only but can involve other cells. 

In addition to (4.193) and (4.193), there are other restrictions on 3-phonon 
interactions, for example, inspection of both energy and momentum conservations 
(N-Processes) indicates that such interactions cannot involve phonons of the same 
polarization (a?i, a 2 , CI 3 ) [33], whereas the U-Processes allow for the probability of 
this occurrence. 
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The Peierls interphonon interactions (scattering) are given by the in-and-out 
scattering (3.1.3) and the FGR (3.27), as [175] 

I 5 = Yp,ai,a2,a3(lC 1? K 2, + !)(//?, 1 + 1) 

*2 Oil OL 3 

— (fp, 3 + l)//?,2/p,l)^D(&>l + — <^3) 

Vp, ai, 012,013 ( ^-1’ ^-2> ^3)((//?,l T l)/p,2/p,3 
013 

~ f p , 1 ( f p , 2 + !)(.//?, 3 + 1 ))<$ d (^1 ~ U>2 — <^ 3 )], 

three-phonon scattering rate, (4.194) 

or in terms of the scattering rate the results are 

1 nh 

Yp'OtuaiMWl* ^ 2i ^ 3 / — 


^p-p,al,a2,a3^\ , tcf) 4 p' 0)10)2^3 

d 3 (cp) 


X 


EE 

i,j,k oi,f3,y 


3d[ a 3d 3dfcy 


0*1,011 0*2,012 0*3, 0t3 

e fi e y 


X exp{i'(/Cl -Xoj +k 2 -x oJ +k 3 ■ Xo,k)}}' 


three-phonon scattering relaxation time. (4.195) 


The first triple summation is over the atoms in the system and the second is 
over the Cartesian coordinates. An example of an MD calculation of this scattering 
rate, for Ar FCC, is given in [319], where they also discuss the phonon-phonon 
interaction rules within classical MD simulations. 

Note that the scattering matrix element is third-order in the interatomic poten- 
tials. The variational method is applied to the BTE [16, 62, 126, 177, 445], in which 
the phonon distribution function is explicitly involved. The deviation from equilib- 
rium is 


/»(*0 = fn( K ) ~ <PlC 


3/;(*) 

dE K 


= /» + </>, 


/;q + /;) 

k B T 


(4.196) 


where we have used (Table 1.2) 

f°p(E p ) = 


E 


(4.197) 


exp(-^)-l 

k B T 


' As an example, for acoustic-optical phonon upconversion (+) and downconversion (— ) we have 


Yp, A+A^O = 


h M A+A^O R 


Mp,A^ p , 0 Mp,A,2fp(Up,A^fp{M P 'A,2)[fp(Up,0) ± 1 ], 


8jt P U p,A u p,0 
where the interaction matrix is 

m a+a^o — 4p z yo w p,A M p,0’ 
and R is related to the force constants of the constituent atomic pairs [445]. 
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The left-hand side of the BTE (Table 3.1) can be written as (4.95) 

-u p -vC-E= d -E\ s . (4.198) 

a 1 ot 

For three-phonon scattering processes, shown by (4.193) and (4.193), we have 

(* i, Oil) + (*2, 0i 2 ) -* (*3, 0i 3 ), (4.199) 


where the scattering rate df p /dT\ s is written in terms of the transition rate y* 3 
[from FGR (3.27)]. Then the BTE becomes 

- M K )V T = J J ({f P (Kl)f p (K 2 )[l + fp(K 3 )] 

- [1 + /p(Kl)][l + Z^)]/^)}^, 

+ ^{/p(*l)[l + flM 2 )][ 1 + /p(K3)] 

- [1 + /p(*:)/p(#C2)/ j ,(/i:3)]}5> K *i 2 ’ ,:3 ) d * : 2d«3- (4.200) 


With the deviation from the equilibrium given by (4.196), the isotropic phonon 
thermal conductivity is given by [33] 



(4.201) 


which is based on the variational principles and should have the minimum when the 
trial function 0* satisfies the BTE. The introduction of trial functions is discussed in 
[177]. 

The numerical results of [177] for the predicted phonon resistivity 1 /k p of Ge 
are shown in Figure 4.38, along with experimental results (experimental results were 
also given in Figure 4.20). To predict the low-temperature regime, where impurity 
and crystal boundary effects dominate, these numerical results are included in the 
model (similar to treatment of Section 4.9.7). The U-Processes dominate at high 
temperature and are influenced by the N-Processes with this influence increasing 
with decreasing temperature. The resistance is minimum when the interphonon 
interaction diminishes and the impurity effect begins to dominate. The very low- 
temperature regime is dominated by crystal boundary scattering (Figure 4.17). 

Note that in Section 4.9.7 the many constants in Tables 4.2 and 4.3 were adjusted 
for best fit with the experiment, including r p - p ,\j. Whereas here no fitting constant is 
used for r p - p ,n and r p - p ,u. 


4.16 Experimental Data on Phonon Conductivity 

Figure 4.39 shows typical measured phonon conductivity results as functions of tem- 
perature [465]. The theoretical treatments of Sections 4.9 and 4.11 predicts these 
trends. The results for amorphous phases of Se and Si are also shown. The theoreti- 
cal treatments of Section 4.10 predict these trends. 
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T, K 


Figure 4.38. Prediction of the variational method, including the three-phonon interactions, 
for the variation of the phonon resistivity^//^) of Ge, as a function of temperature. The 
experimental results are also shown [177]. 



Figure 4.39. Measured variations of measured phonon conductivity, for a few elements in 
crystalline and amorphous phases, as functions of temperature [465]. For C, the diamond and 
graphite (anisotropic) crystalline phases are shown. For Si both single crystal and amorphous 
phases are shown (electronic contribution to k is very small), and for Se only the amorphous 
phase (low phonon conductivity) is shown. 
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Figure 4.40. Measured variations of high-temperature phonon thermal conductivity of crys- 
tallized zirconia (Zr02) with respect to temperature. The effects of impurity [yttria, used to 
make the material a better ion conductor (electrolyte)], grain boundary, and pore scatterings, 
are shown [413]. These scatterings lower k p and nearly eliminate the temperature dependence 
at high temperatures (i.e., the long-range acoustic phonons are suppressed). 


For crystalline dielectrics, a maximum in k p occurs at a fraction of the Debye 
temperature 7b, whereas for the amorphous phases, the conductivity increases 
monotonically with temperature and will eventually reaches a plateau (as shown 
in Figure 4.17). Some intermediate plateaus are also observed. 

Figure 4.40 shows how the impurity, pores, and grain size can reduce the phonon 
conductivity of crystallized ZrC> 2 . The lattice structure change resulting from impu- 
rities are also shown. It is expected that would result in diminishing long-range 
acoustic-phonon contribution to thermal conductivity (Sections 4.12 and 4.13), i.e., 

kp,ig,A 


4.17 Phonon Boundary Resistance 

At interfaces between two materials (discontinuity), the mismatch between phonon 
populations (including maximum frequency) and speeds across the interface results 
in a resistance to the heat current. This is most pronounced at low temperatures 
where mismatch in phonon populations is significant. This interfacial resistance is 
generally referred to as the Kapitza resistance, because of phonon scattering. 

Currently two theories have been applied to the prediction of the phonon 
boundary resistance [453]. The first is the acoustic mismatch model (AMM), which 
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assumes scattering because of the difference in acoustic impedance (product of den- 
sity and speed of sound) and does not distinguish between various phonon wave- 
lengths (for example, if the surface roughness is of the same order of magnitude as 
the phonon wavelength). The second theory is the diffuse mismatch model (DMM), 
which assumes that all phonons incident upon the interface will scatter diffusely (i.e., 
a rough interface with diffuse reflections). For this, the interface roughness (<5 2 ) 1/2 
is larger than the dominant phonon wavelengths, estimated as (Tv/T)a, where a is 
the lattice spacing. Then for grain boundaries (same materials on both sides) the 
AMM prediction that no scattering occurs at the interface is reasonable at very 
low temperatures, where the phonon wavelength is larger (k 0) than the inter- 
face length scales. As the temperature increases the phonon wavelength decreases, 
compromising the AMM theory. Both theories have their shortcomings, but at high 
temperatures, DMM results are in better agreement with the measurements and 
MD results. 

The analysis of [366] shows that, by using the measured phonon DOS (com- 
pared with the Debye DOS), the DMM predicts the phonon boundary resistance 
relating accurately. The details of the DMM derivation are given in Appendix D 
and here we use the results. 

The net conduction heat flux q k from material 1 at temperature T\ to material 2 
at temperature T 2 is 


where R p ^{ K/W) is the phonon boundary thermal resistance, G p ^ (W/K) is the 
phonon boundary conductance, A is the area, and q k is the conduction heat flux 
across boundary. 

Starting with the general expression for the energy transported per unit time 
from material 1 to material 2, and assuming that the transmission coefficient r^i - 2 is 
independent of the temperature on either side of the interface (only one side of the 
interface is considered), from (D.14), we have for the dimensional and dimension- 
less DMM phonon boundary resistance and for T\ -> T 2 -> T , 
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1 Sit 2 h 3 
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(AR p ,t)* 



T[,{T\ - T 2 ) 
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where co d and 7b are the lower (softer) of those for the two media, and a is the 
phonon polarization. 

The DMM phonon boundary transmission coefficient is approximated as 1 

y u~\ 

/ v p, 2,01 

tb,i -2 — — phonon boundary transmission coefficient. (4.204) 

U p\,a + U pXu 
ck a 


Since u p is related to modulus through (4.72), then when 2 is much harder than 1, a 
small fraction of phonons are transmitted from 1 to 2. This is due to higher popula- 
tion of the low energy phonons in the softer material. The high energy phonons of 
harder material do not transmit. 

For T > 7b, (4.203) gives l/{AR p h y = 1/3 (Figure D.l), for Ji -> T 2 -> T 
(independent of 7\, 72, and T). 

For three-phonon wave speeds (two transverse and one longitudinal), we have 
from (4.57) 

= + < 4 - 205 > 

a U p, 1 ,L U p, 1 ,T 


The phonon model speed u p j t0[ is related to the Debye temperature 7b,/, a through 
(4.63) and to the Debye angular frequency through (4.60). 

For hcDs/k^T 1, we find an exact solution. Using these, the dimensionless 
phonon boundary conductance becomes 

S ” V =24[l-C(5)](^, *^»1. 


l 


( AR P*T (AR p , b )k 4 B T* r bt i. 2 y 


u 


-2 

p,l,a 


T T d k B T 


a 


(4.206) 


where C{T^/T) is defined as 


c( Y ) = ex P (— Y ) [i + ( Y ) + ^ ( Y ) 2 + ^ ( Y ) 3 ] , of softer material. 

(4.207) 

Figure 4.41(a) shows the measured and the Debye model of D p for Bi 2 Te 3 and 
Sb 2 Te 3 (thermoelectric material discussed in Sections 5.16 and 5.17). The variation 
of the phonon boundary conductance AR p b (4.206) as a function of temperature for 
Bi 2 Te 3 with a Cu interface is shown in Figure 4.41(b). The Cu 7b = 315 K (Table 
A. 2), and Td for Bi 2 Te 3 is 165 K (softer material). As Td of BbTe 3 (softer material) 
is reached, all its high energy phonons are occupied. The minimum is associated with 
the interplay between D p and /° in (4.203). For BbTe 3 , V~ l — 5.95 x 10 27 m -3 , and 
this and other properties are given in [106]. 


' The general expression for normal incidences is (D.24), 

4p\U p ,A,\P2U p ,A,2 

T M- 2 = 7 ry 

{plUp,A,l + P2 u p,A,2) 


E p , eV 

0.004 0.008 0.012 0.016 0.020 0.024 




Figure 4.41. (a) Variation of predicted phonon density of states V c D p ( f) with respect to fre- 
quency /, for Bi2Te3 and Sb2Te3. The experimental results are also shown. The Debye den- 
sity of states D p D and the numerical integration results are also shown [106]. (b) The phonon 
boundary resistance of Bi2Te3/Cu as a function of temperature. The low temperature approx- 
imation is for T\ —>■ T2 T, and the full integral results are for T\ — T2 = 1 K. 
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Figure 4.42. Variation of the measured and pre- 
dicted phonon boundary conductances of the 
epitaxial TiN/MgO[001] interface as a function 
of temperature. The solid curve is the DMM 
prediction for TiN/MgO, and the dashed curve 
is the DMM with acoustic phonons only. The 
Debye temperature of TiN is 740 K [100]. 



T, K 


The full solution has an asymptotic high-temperature (T > 7b, l) limit. As the 
temperature increases and more and more modes are excited, the phonon boundary 
resistance reaches its minimum value. The solution for hco/k^T 1 also has the 
same asymptotic high-temperature limit. 

Note that in many cases the Debye model is not an accurate representation. 
The numerical evaluation of the (4.203) should be performed [425]. Figure 4.42 
compares the experimental results of [100] with the prediction of (4.203) for TiN 
deposited (epitaxy) on a MgO substrate. By excluding the optical phonon heat 
capacity (when the optical phonons are removed from the DOS), a better agree- 
ment is found. This is because they are not expected to contribute to transport due 
to their low velocities. 


4.18 Absorption of Ultrasound Waves in Solids 

In previous sections we have discussed phonon heat capacity and thermal conductiv- 
ity (storage and transport). We now consider an energy conversion (heating) involv- 
ing phonons. The external sound wave (long wavelength, elastic waves) attenuation 
in a crystalline dielectric can be treated using BTE, allowing for deviation from the 
equilibrium distribution function f' p of thermal phonons caused by absorption of 
sound waves. This is referred to as the thermoelectric internal friction [243] and the 
attenuation is by phonon scattering. The theoretical treatment allows the absorbed 
energy to transfer to an ideal bath, thus making for a steady-state, isothermal treat- 
ment [500]. 
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For these dielectric, crystalline solids, in the low-temperature limit, the spectral 
acoustic absorption coefficient for a sound wave of angular frequency co is [500] 


(X 


p,co 


— Yg 


2 C v,pT 


(D Tp 


2 u p A 1 + 2 co t 


2_2 


P 


Yg = 


pc v 


(4.208) 


where yc is the Gruneisen parameter (4.162), f is the solid linear thermal expansion 
coefficient, E p is the isothermal bulk modulus, and r p is the single-phonon relax- 
ation time (4.109), i.e., 


3 k p 

t p = — , 

P c v,p u p, a 


(4.209) 


where we have used u p a as defined in (4.57). 

The Gruneisen parameter is near unity and is generally assumed independent 
of temperature. The two frequency limits for (4.198) are 


a 


P,CD 


= Yg 


co 2 k p T 
PU 5 p, A 


COT p < 1, 


(4.210) 


and 


o 


p ' a) ~ 4 


IT ^ coc v , p T 


P U l,A 


coz„ > 1. 


(4.211) 


These show co 2 dependence at low frequency and a linear dependence at high fre- 
quencies. 

The acoustic-wave (mechanical) absorption heating rate is given in terms of the 
external acoustic intensity I ac as [500] 


s P -p,co = s m ,ac = 2o p ^I ac ultrasound heating. (4.212) 

Examples of acoustic intensities and spectral acoustic absorption coefficients 
are given in [232]. 

Using the relaxation time (4.209) and the fluid particle viscosity (6.91), a phonon 
viscosity fi p has been suggested [310] with application to motion of dislocations. 


4.19 Size Effects 


4.19.1 Finite-Size Effect on Phonon Conductivity 


When the length (average linear dimension) of the solid L is not significantly larger 
than the average phonon mean free path X p (4.109), then the interface scattering 
occurs [Casimir effect discussed in Section 4.9.4(A)]. A simpler model for this effect 
is to define the phonon mean free path using L — ► oo, and then including the finite- 
size effect by using [412] 


1 = 2 1 ! 4 
kp nkBUp^ hp E 


(4.213) 


where n — 4/a 3 (FCC), and n — 2 /a 3 (BCC), where a is the lattice constant. Here 
L/4 is the average distance a phonon travels after the last anharmonic scattering 
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(a) 



(b) 

Figure 4.43. (a) Variations of the inverse of predicted lattice conductivity (for nonmetals), 
with respect to the inverses of computational (solid) linear dimensions [412]. (b) Variations 
of the inverse of predicted lattice conductivity (for metals), with respect to inverse ratios of 
computational (solid) linear dimensions to the phonon mean free path [186]. 


event. We note that for L/X p -> oo, (4.213) becomes k p = k^nu pA X p /2, which is 1/2 
of k p in (4.109). This is because the specific heat per atom in (4.213) is taken 3k& /2, 
i.e., half of total phonon c v , p , to correct for the optical phonons which do not have 
significant travel speed. 

The MD and direct method [315] predictions of [412] for Si and C(diamond) 
are shown in Figure 4.43(a) and follow the relation just given. 

Similar MD predictions (using the direct method, where a temperature gradi- 
ent is imposed across the sample, also called nonequilibrium method [320]) results 
are found for the lattice thermal conductivity of metals [186], where k p is a small 
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Layer 1 




T, K 
(b) 

Figure 4.44. (a) Two alternating layers making a superlattice. The heat flow is in the cross- 
plane direction. The phonon intensity I p is divided into forward and backward components 
(so-called two-flux model), (b) Variation of predicted [84] effective lattice conductivity, with 
respect to temperature, for a Si/Ge superlattice and comparison with experiment [272]. 


fraction of k for these metals. These results are shown in Figure 4.43(b), along with 
the proportionality of (4.213). 

A more general analytical model is derived in [321] for thin films (in- and 
cross-plane) and wires, using r p - p and r p ~b. It is based on a dimensionless length 
3kBU p ,AL/2u p , 00 V c , where k Pt00 is the bulk phonon conductivity and V c is the primi- 
tive cell volume. For wire AD /n replaces 3L/2. 


4.19.2 Superlattice Phonon Conductivity 

A superlattice is a crystalline solid with periodic, alternating (Section 5.22.2 gives 
a general definition of molecularly constructed layers), very thin layers of two or 
more substances. Their properties (including lattice conductivity) are vastly differ- 
ent in the in-plane (along layers) and in the cross-plane directions. Because of scat- 
tering at the layer interfaces, both the in-plane and cross-plane lattice conductivities 
decrease compared with the thick-layer composites. Phonon boundary scattering is 
discussed in Section 4.17 and in Appendix D, where the scattering is because of 
the abrupt charge in the material acoustic impedance PiU p ,Aj • Figure 4.44(a) shows 
a superlattice made of two alternating layers (made of substances 1 and 2) having 
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thickness L\ and L 2 . In a superlattice these layer thicknesses are much smaller than 
the phonon mean free path of the respective materials, i.e., L\ k Pi \ and L 2 k Pt 2 
(using a single, average mean free path for each substance). This regime is called 
the ballistic phonon transport regime, because the boundary scattering dominates 
the bulk scattering mechanisms. 

The one-dimensional BTE has been solved for this two-layer superlattice for 
the general case of inelastic, diffuse-specular scattering interface [84]. 

The intensity form of the BTE for a phonon is similar to that derived for a pho- 
ton in Section 7.6. The resulting effective cross-plane phonon thermal conductivity 
(k p ) of the superlattice is 
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(4.214) 


The specular parameter p is found to have an intermediate value when the pro- 
ceeding prediction is matched with the experiment [84]. 

Figure 4.44(b) shows the predicted and measured [272] results for (k p ) as a func- 
tion of temperature for a Si/Ge superlattice [84]. The specular reflection parameter 
is set to p — 0.83. The bulk k p for Si and Ge at T — 300 K are given in Table A.l and 
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are 149 and 60.2 W/m-K. The mean free paths for these (based on acoustic-phonon 
heat capacity only) are 260 and 199 nm [84]. 

The experimental results [272] show that (k p ) does not monotonically decrease 
with Li = L 2 , suggesting that the phonon tunneling is not completely described by 
the proceeding treatment. 

The cross-plane phonon thermal conductivity has also been calculated for 
superlattices, by use of the MD-G-K [267], verifying the boundary phonon scat- 
tering and reduced effective thermal conductivity. 

The wave treatment and interference for the larger thickness smaller than mean 
free path shows a minimum (k p ) [431]. 


4.19.3 Phonon Density of States of Nanoparticles 

The deviation of lattice vibration from bulk behavior occurs when the solid size 
decreases. Here we examine MD results for nanoparticles. The Debye DOS has a 
parabolic distribution resulting from an assumption of an isotropic medium with 
no dispersion, or any effect of the optical phonons. The measured phonon DOS of 
nanostructures, however, deviates from that for bulk crystals, because of quantum 
size effects [502]. 

The phonon DOS may be calculated with lattice-dynamics calculations or MD 
simulations [288]. In lattice-dynamics calculations, the dynamical matrix is diagonal- 
ized and the vibrational eigenvalues and eigenvectors determined. This approach 
actually calculates the harmonic modes, e.g., at T = 0 K. In MD, the velocity auto- 
correlation function is calculated for each species and the partial phonon DOS is 
then obtained by taking the Fourier transforms of this autocorrelation function. The 
results of these two approaches have been found to agree well with one another 
at low temperatures [288], as expected. However, at high temperatures the first 
method is not suitable, because it is harmonic. Also, for systems containing more 
than a few thousand atoms, it becomes unfeasible to calculate the frequencies of 
the vibrational modes by diagonalization of the dynamical matrix. For this reason, 
here D p (co) is calculated with MD simulations [3, 327]. The solid material used is 
Y 2 O 3 , which has applications in lasers, including laser cooling [397]. More details 
are reported in [398]. 


(A) Nanoparticle Atomic Structure and MD 

The X-ray diffraction [361] and neutron diffraction [352] experiments have shown 
that Y 2 O 3 has a FCC structure, which is retained in nanocrystals [252]. Eight metal 
ions are in the positions (1/4, 1/4, 1/4); the remaining 24 occupy the sites (u, 0, 1/4). 
The 48 oxygen ions are in general positions (x, y, z), arranged in distorted octahe- 
dra around the metal ions, the metal-oxygen bonding distances being unequal. The 
values of u, x, y, z are listed in [361, 352]. The crystal structure is shown in Figure 
4.45. 
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Figure 4.45. Crystal structure of Y 2 O 3 . (a) The oxygen ions are arranged in distorted octahe- 

o 

dra around the yttrium ions. The listed measured equilibrium bond lengths are in A. (b) The 
structure of a cubic unit cell. 


The nanopowder is generated by cutting a sphere out of a much larger bulk 
crystal, as shown in Figure 4.46. Note that the center of the sphere can be randomly 
selected; we have many possible configurations given the diameter. 

In a MD simulation, we predict the phase-space trajectory of a system of parti- 
cles by solving the Newton equations. The required inputs are an atomic structure 
and a suitable interatomic potential, which can be obtained from experiments and/or 
ab initio calculations [90]. 

The interatomic potential is the modified B-K-S potential (2.10), i.e., 



(a) d s = 3 nm (b) d s = 4 nm 


Figure 4.46. The structure of the spherical Y 2 O 3 nanoparticle (cluster) used in the MD sim- 
ulations. The boundary is free and the particle structure is relaxed, (a) d s = 3 nm, and (b) 
d s = 4 nm [397]. 
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Table 4.9. Parameters used in the Buckingham potential, atomic 
charges: cjy = 3e c , qo = —2e c . 


Atom-Atom 

Aij, eV 

r o,i j ? A 

Cij , eV-A 6 

Reference 

Y-Y 

0 

1 

0 

[60] 

Y-O 

1345.6 

0.3491 

0 

[60, 279] 

0-0 

22799 

0.149 

27.93 

[60, 279] 


where ^(r /y ) is the interaction energy of atoms i and j, which consists of a Coulomb 
term and a covalent (short-range) contribution, cast into the usual Buckingham 
potential [65]. Here cp is an effective charge of the ith atom, r-p is the interatomic 
distance between atoms i and j , Ap ( r Q jj and Cp are parameters for covalent inter- 
actions). For ionic materials, this Buckingham interatomic potential model has been 
shown to perform well. The parameters in (4.215), obtained from [60, 279], are listed 
in Table 4.9. This potential set has been verified to reproduce the bulk properties 
(lattice constant, lattice position, bulk modulus, elastic constant, etc.) well [237]. 

To determine the DOS of the bulk crystal, MD simulations are carried out in a 
cubic computation domain that contains 2 x 2 x 2 = 8 unit cells containing N = 640 
atoms (256 Y and 384 O). The computational method developed in [317] is used. 
Periodic boundary conditions are applied in all directions. For the nanopowder, the 
computation domain is a sphere of diameter d s , which is cut from a much larger bulk 
crystal, as shown in Figure 4.46. It should be noted that a nanopowder generated in 
this way may not be neutral in charge; thus some atoms at the surface may need 
to be removed accordingly to eliminate any net charge of the nanopowder. Also, 
because the center of the sphere can be randomly selected, we have many possible 
configurations given the diameter. As such, a number of spherical particles with dif- 
ferent configurations are considered in this study, and their behaviors are compared. 
The free boundary condition is used. 

For both bulk crystal and nanocrystals, an initialization period of 5 x 10 4 time 
steps is used, with the time step At = 1.6 fs. The system is run in the NVT [Section 
2.5.1(A)] ensemble. To set the temperature for the NVT ensemble, the potential 
energy of the system is monitored every time step. When it reaches a value within 
10 _4 % of the desired value, the ensemble is switched to NVE [Section 2.5.1(A)], 
and the system is run until the total number of time steps is 1.5 x 10 5 . 

(B) Simulation Results and Analysis 

Typically, the normalized velocity-velocity autocorrelation function is determined 
for each species in the system. Here we have yttrium and oxygen atoms, and the 
autocorrelation function for the species a (a = Y, O) is 

N a N a 

«o*(0 = ( Y ' “'«(°)>/<5Z U A°) • M '«(°)>’ a = Y, O, (4.216) 

ia = 1 = 1 
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Table 4.10. Number and fraction of atoms for the nanocrystals, for several diameters d s . 


Particle 

diameter d s , nm 

Surface Y 

Internal Y 

Surface O 

Internal O 


% 

N a p 

% 

N a p 

% 

N a p 

% 

3 

182 

19.4 

198 

21.1 

265 

28.3 

293 

31.2 

4 

349 

15.7 

512 

23.0 

543 

24.4 

825 

37.0 

5 

564 

12.9 

1203 

27.4 

839 

19.1 

1782 

40.6 

6 

825 

10.9 

2212 

30.0 

1225 

16.1 

3340 

43.9 


where N a is the number of atoms of species a, u ia is the velocity of atom i a , and ( ) 
is an ensemble average. 

For nanocrystals, the internal and surface atoms vibrate differently. The crystal 
structure of the internal region is similar to that of bulk crystals, which implies that 
the internal atoms behave as if they were in a bulk crystal. On the other hand, the 
surface structure deviates much from the bulk structure because surface atoms lose 
their outer neighboring atoms, leading to different bond lengths, bond angles, etc. It 
is straightforward to consider the internal and surface regions separately, although 
the exact boundary between these regions cannot be well defined. In our practice, 

o 

the spherical shell with a thickness of 3 A is taken as the surface region, and the more 
inside region is considered as the internal region. All atoms are hence decomposed 
into four categories: surface yttrium atoms, internal yttrium atoms, surface oxygen 
atoms, and internal oxygen atoms. The number and population fraction for these 
four categories are shown in Table 4.10 for nanoparticles with increasing size. As 
expected, the surface region takes a smaller portion as the particle becomes larger, 
and the limit is that the surface effects can be neglected as the system is extremely 
large to recover the bulk phase. 

The autocorrelation function for species a (a = Y, O), region f = surface, 
internal) is given by 


N a p 

"afi ( 0 = < E ' «^(°))/( E 

*ar/3 = 1 = 1 

a — yttrium, oxygen, f = surface, internal, (4.217) 


where the double subscript u/3 denotes atoms of species a and in region /3; then N a p 
is the number of atoms of species a and in region /3, u iap is the velocity of atom i a p. 

The velocity-velocity autocorrelation functions are calculated for these four 
categories of atoms, and are shown in Figure 4.47. The vibrational frequencies of 
yttrium atoms are considerably lower than those for oxygen atoms, because the 
atomic mass for the yttrium atom is much larger. However, no evident difference 
is observed between the surface and internal regions for the same species, and it 
will be resolved in the phonon DOS in the next section. 
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Figure 4.47. Velocity-velocity autocorrelation functions for (a) surface yttrium atoms, (b) 
internal yttrium atoms, (c) surface oxygen atoms, and (d) internal oxygen atoms [ 397 , 398 ]. 


(C) D p for Nanoparticles 


The frequency spectrum of the normalized velocity autocorrelation function gives 
the partial D p ^p(co) as 



u a p(t) cos(W)do 


(4.218) 


Generally, the partial phonon DOS calculated in this way can give only the shape of 
the spectrum, and the absolute values are meaningless. Recognizing that a system 
with N a p atoms has 3N a p modes, where 3 is the number of degrees of freedom, we 
can scale D p ^p(co), 


D p ,a(3,N a p = C\D p (4.219) 
where c\ is a constant such that from (4.56) 

^p,afi,N aP (o))d(o = 3N a p. (4.220) 

Then these partial phonon DOSs are addable, and the total phonon DOS of a 
system is just the summation of the partial phonon DOS, 

,<J.fS,N ar (4.221) 

a p 

It is evident that D pM p^ Nap is dependent on N a p, the size of the system. To com- 
pare the spectra shapes for systems with different numbers of atoms, it is necessary 
to define a normalized partial phonon DOS, as 

n * _ Pp,up,N afi 

p ’ af> ~ 3 N aP 



(4.222) 
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Figure 4.48. Normalized partial phonon DOS of the surface Y atoms, internal Y atoms, sur- 
face O atoms, and internal O atoms [398]. 

Therefore D* a p (co) satisfies the condition 


and therefore it is called a normalized partial phonon DOS. The normalized partial 
D* a p(co) are calculated for a Y 2 O 3 nanoparticle with d s — 5 nm, and the results are 
shown in Figure 4.48. As indicated by the velocity-velocity autocorrelation function, 
oxygen atoms have more high-frequency modes than yttrium atoms, because of their 
lighter mass. For yttrium species, the surface region has more modes in high- and 
low-frequency tails, whereas the internal region has more modes in the intermediate 
frequency range. Similar behavior is observed for oxygen species. 

These normalized partial phonon DOSs can be used as building blocks for 
higher-level partial DOSs. For example, the normalized partial DOS for the species 
a is given by 


00 


D* pap (co)dw = 1, 


(4.223) 



(4.224) 


where c a is the population weight for species a, given by 



(4.225) 


P 

Similarly, the normalized partial DOS for the region f J > is given by 



(4.226) 


where cp is the population weight for region f J >. given by 



(4.227) 


a 
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Figure 4.49. Comparison of the phonon DOS of the bulk crystal and nanocrystal for Y 2 0 3 . 
The nanocrystal DOS possesses extended low- and high-frequency tails [398]. 


The total phonon DOS is obtained by summing over the partial DOS weighted 
with the population, i.e., 

°; = EE^-W (4.228) 

OL P 

The normalized partial D* p(co) for the surface and internal regions are calcu- 
lated for the same nanocrystal, and the results are shown in Figure 4.49. Also shown 
are the total phonon DOS for the nanocrystal and for the bulk material [the bulk 
D p is also shown in Figure 4.8(c)]. It can be seen that the phonon DOS of nanocrys- 
tals is distinct from that of the bulk crystal, in its broadened peaks, and extended 
tails at low and high frequencies. The bulk crystal has sharp, well-defined peaks (or 
modes) related to the rigorous periodic structure, while these peaks are broadened 
in the nanocrystal, because of the loss to some extent of this periodicity. The high 
frequency tail in the nanocrystal phonon DOS is believed to result from the surface 
atoms. Because of the loss of the attraction from their outer neighbors, these atoms 
have contracted bonds with their inner neighbors, compared with the bulk crystal. 
This leads to a harder surface and the increased vibrational frequencies. 


4.19.4 Phonon Conductivity Rectification in Anisotropic, 
One-Dimensional Systems 

Nanotubes have one-dimensional thermal conductivity, and adding heavy atoms to 
the outside of the nanotube and in a manner to create a gradient in the added-atom 
layer thickness can result in greater conductivity along the decreasing thickness [79]. 
Figure 4.50 shows the added heavy molecules CgH^Pt used in experiment reported 
in [79], on carbon nitride, and boron nitride multiwell nanotubes (MWNT), with 
outer diameters of d Q — 30 to 40 nm. 
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Figure 4.50. Asymmetric phonon conductance for heat flow along decreasing thickness G p ^-u 
is larger than the opposite direction G p j- h when nanotube of diameter d 0 is nonuniformally 
coated with amorphous heavy molecules [79]. 

The rectification R is defined in term of asymmetric conductance along 
decreasng coating thickness G Pt h-i and increasing coating thickness G p j-h , i.e., 


and they report up to R = 0.07 ( 7 % rectification). 

They suggest the transport is by a stable, single phonon soliton (nonperturbative 
solutions of nonlinear systems) in nanotubes. These localized particle entities collide 
with each other without changing shape. 

The thermal rectifiers have also been suggested in a linear-chain lattice with 
a nonlinear (anharmonic) interatomic potential [365]. This nonlinear lattice repre- 
sents soft molecules attached (locally), with temperature dependent vibration, on 
an atomic chain (such as a nanotube). It is suggested that the variable wall thickness 
of a nanotube (multilayer nanotubes) will result in similar thermal rectification. 

Thermal rectification in nanodevices has been discussed in [417] based on 
anharmonicity and structural asymmetry (spin-boson nanojunction). 


stochastic thermal fluctuations, with significant representation of these fluctuations 


solids is discussed in [74]. 

In a molecular chain or wire (subsystem) connecting two thermal reservoirs, 
shown in Figure 4.51, under steady state, the conduction heat flow vector from the 
master-equation quantum mechanics (Glossary) is [417, 501, 416, 418] 


G p,h—l G p,l—h 

Gpj-h 


( 4 . 229 ) 


4.19.5 Heat Flow in Molecular Wire 


Pumping of heat by vibration of a nano-molecular element bridging two solids is 
addressed in [501, 416]. Heat flows between distinct solids when the bridge suffers 


in the phonon density of states of one of the solids. The interface of soft and hard 




1 


1 


( 4 . 230 ) 
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Figure 4.51. Heat flow through a molecular wire connecting two phonon baths [501, 416]. 


where the subsystem is excited from state E n (with normalized population f n and no 
transfer of population between subsystem and reservoirs) to energy state E m . Here 
S ri jn is a subsystem operator and for an harmonic model is given as 

I S n ,m\ 2 = | (n\x\m)\ 2 = (l + n)<V«+i +n8 m , n - 1 . (4.231) 

The interactions with reservoirs are at rates r~\ m , and r~[ m p . 

Equation 4.231 expresses excitation induced by L minus that excitation relax- 
ation by R , and similarly for excitation by R in relation to L. Under steady state 
these two are added and then divided by 2. 

The results of [418] show that, using an alkane chain, temperature dependence 
of the wire conductance depends on the cut-off frequency of the reservoirs, the 
degree of localization of molecular normal modes, and the interaction rates. They 
also find that the classical (Fourier) conduction overestimates the heat conduction. 


4.19.6 Quantum Vibrational Energy Flow in Nanostructures 

The Landauer formulation for electron transport across a nanostructure is extended 
to phonons [45], which gives the phonon junction conductance G p j as 


Gp,j — 


(Qk) 


itklr v r°° 


Ti - T 2 6 Tl J E„ i0 / kftT 


gtV2.dE* 


(4.232) 


8 = 


3 e;,e; 


n 2 (e E ~p — 1 ) 


2 ’ 


e* = El 

p k B T’ 


(4.233) 


where T\ and T 2 are the temperature on the two sides of the junction (and T is 
the average), and ru is the joint transmission of energy E p in sub-band n of side 1 
transmitted into sub-band n' of side 2. Also, g satisfies 



= 1. 


(4.234) 
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Figure 4.52. Carbon nanocone of 113° diverging angle. 


Then in the absence of scattering (in = 1) a sub-band n contributes to the conduc- 
tance (in the limit of E n , 0 lk&T -> 0) 

Gpj^ = xts d (4.235) 

T6Ti K ’ 

= 9.465 x 10 -13 W/K 2 , 

which is called the universal phonon quantum transport (per mode). 


4.19.7 Nanocone Conductivity 

Nonequilibrium MD results for carbon nanocone (Figure 4.52) show larger phonon 
conductivity along the decreasing area [503]. The rectification in a 14 nm long 
nanocone is predicted to be more than 100% at 200 K and decreases with an increase 
in temperature. The directional thermal conductivity is found to be insensitive to the 
nanocone length (unlike nanotubes). 


4.20 Problems 


Problem 4.1 

Describe the Born potential model given by the equation. What is the potential 
energy of a single bond in the Born potential model? The Born model is similar to 
the harmonic potential given in Table 2.1, where only the leading terms are taken, 
and assumes a slight displacement and considers bond stretching F s and bond bend- 
ing r 0 ,i.e., 


<Pi,j — 2^ s i Si J ‘ (dj di)\ + ^(f){\dj di\ [si,j • (dj di)\ }, 
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where s { j is the unit vector in the equilibrium direction from atom i to atom j and 
di and dj are the displacement vectors for atoms from atom i to atom j, respec- 
tively. 


Problem 4.2 

(a) Using the Born potential model (Table 2.1), also given below, which con- 
siders only the nearest-neighbor interactions, write the expression for the potential 
energy of a one-dimensional (along x) monatomic chain in terms of the atomic dis- 
placements from the equilibrium positions. Use an interatomic distance a. 

1 7 1 7 
cp = -T[J(x) — d(x — a)] H — r[d(v) — d(x + a)]~ Born potential. 

2 2 

(b) Using the expression for the potential energy, determine the force (F = 
— dcp/dd ) on a given atom in the crystal in terms of its displacement and the dis- 
placements of its neighboring atoms. Write the atomic location using exp(/cx). 

(c) Derive the expression for the dynamical matrix, in M~ 1 D(k) — co 2 I , where I 
is the identity tensor. Note that the single component of the dynamical matrix gives 

d = d 2 (p/dd 2 . 

(d) Derive the dispersion relation using this dynamical matrix and compare the 
result with ( 4 . 6 ), in the case of mi — m 2 — m. 


Problem 4.3 

Consider the case of one-dimensional displacement of a chain of atoms with two 
different atoms in the primitive basis. 

(a) Using the Born potential model (Table 2.1, also Problem 4.2) that considers 
only the nearest-neighbor interactions, write the expression for the potential energy 
of atom m\ in the one-dimensional (along x), two-mass atoms per primitive basis 
(mi and m 2 ). Use a single spring constant T, and the atomic displacements from the 
equilibrium positions. Start with cpi written in terms of relative displacement of atom 
1 with respect to its right and left neighbors. 

(b) Use the expression for the potential energy to determine the force on a 
given atom in the crystal in terms of its displacement and the displacements of its 
neighboring atoms. Use F\ — —d<p\/ddi, etc. Note that for harmonic potential used 
in the dynamical matrix, the second derivative of the potential is used to obtain the 
components of the matrix. The components of the dynamical matrix have the form 
given by (4.40). 

(c) Derive the expression for the dynamical matrix D. Note that M~ l D(ic) = 
oj 2 I, where I is the identity tensor. Use Z) /; = d 2 (p/ddjddj. 

(d) Derive the dispersion relation using the dynamical matrix (by setting the 
determinant equal to zero) and compare the result with (4.6). Note that a symbolic 
solver can be used to determine the determinant of the matrix. 
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Problem 4.4 

For the longitudinal phonon in a linear, monatomic lattice, the exponential dis- 
placement of the j th atom in the chain given by (4.3) is written as the real part of 
the exponential function, i.e., 

dj = d Q cos (—jica + cot). 

Using this and for a monatomic chain with the nearest-neighbor interaction (force) 
constant r, show the following about the phonon energy. 

(a) Show that the total phonon energy E p (the sum of kinetic and potential 
energy) of the wave is 

Ep — E p t k + Ep'p — —m y^(— — dj+ 1) » 

j j 

where j is over all atoms. 

(b) Use the proceeding expression for dj and show that the time-averaged, total 
modal energy per atom is 

1 1 

E p — -dim co 2 + -dlr[ 1 — cos(/ra)] 

i zL 

= \dlma?, 

using the dispersion relation for monatomic chain co 2 = (4V/m) sin 2 (/ca/2). This 
shows that the modal (and average) kinetic and potential energies of this harmonic 
lattice motion are equal. When placing a thermostat on this system, for a single 
degree of freedom, the kinetic energy is equal to k^T /2. Note that 1 — cos {kg) — 
2sin 2 (Ka/2). 

Note that 

/co 

sin ~(b + cot)dt — n/2co , 
where b is a constant. Also cos(x) — cos(y) = 2sin[(v + y)/2]sin[(x - y)/2\. 

Problem 4.5 

Consider a monatomic lattice chain (acoustic phonon only) and show that the 
equation of motion (3.11) becomes the one-dimensional elastic wave equation, 

d 2 d 2 d 2 d 

d 7 ~ Up ' L d?’ 

for k 0 (i.e., u Ptg — u p , p or linear dispersion). 

Note that 

d 2 d _ d j+1 + d j ~ x - 2 d j 
dx 2 a 2 

where a is the interatomic spacing. 
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Note that the elastic, longitudinal, wave phase speed (Section 4.7.2) is found 
from a ) /k because of (4.9), i.e., 


tt p, L 


- = ( — ^ = fl(-)l/ 2 K -> 0. 
k m m 


In Table 3.11 and Section 4.7.2, the elastic wave equation becomes evident. Note 
that for a constant volume, compression wave speed is u p x — (Fy/p) 1/2 > where Ey 
is the Young modulus. 

Problem 4.6 

(a) Derive (4.5) by substituting (4.3) and (4.4), into (4.1) and (4.2), and setting 
the determinant of the coefficients to zero. 

(b) Plot the dispersion curve (in dimensional form) for a linear chain of Ar 
atoms, using Table 2.7 for the spring (force) constant. The scales used to convert to 
dimensional forces are given by (4.8). 

(c) Increase the mass of the alternating (every other one) atoms (so the optical 
phonons are also present) by a factor of 2, and repeat (b). Note that this gives 
m\ — 1/3, whereas Figure 4.5 is for m\ — 0.5 and 0 . 75 . 

Problem 4.7 

Use the Debye-Gaussian DOS model (4.51) to curve fit the FCC Ar phonon 
MD results given in Figure 4.7. The results should appear similar to those of Figure 
4.8(c). Comment on the suitability of this model for representing (a) the peaks, 
(b) the low-frequency regime, and (c) the area under the curve, (d) What is the 
magnitude of the dimensionless frequency at which the dimensionless form of the 
model D* peaks? 

Problem 4.8 

The FCC Ar phonon dispersion graph shown in Figure 4.7 can be produced by 
use of the dynamical matrix. 

(a) Using the Matlab code, plot the dispersion curve, showing the three acoustic 
branches for FCC Ar along T-K, from T to k* = 1. The tc direction results are along 
T to K, and only a portion of the results of Figure 4.7. 

(b) Comment about the behavior of the branches in the T-K line. 

(c) Examine the code and comment about the dimension of the dynamical 
matrix. 

Problem 4.9 

Write the primitive lattice vector for the FCC zinc-blende structures, such as 
SiC, GaAs, and ZnS. 
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Problem 4.10 

The cubic zinc-blende structure may be viewed as two FCC structures displaced 
from each other by 1/4 of a body diagonal. Write these reciprocal lattices of 
FCC. 

Problem 4.11 

Consider SiC crystal and assume that Si is at the origin (see the figure). Around 
this atom, there are four carbon atoms, all at an equal distance from this central Si. 
The basis consists of Si at the center and C at a(0.5, 0.5, 0.5). Show that the primitive 
and reciprocal lattice vectors are those given in the figure. 


Conventional 
Unit Cell 


/ Lattice 

/ Parameter Silicon 



(a) Primitive lattice vectors for SiC: 
/ 1 = a(0,0.5,0.5), h = a(0.5, 0,0.5), Z 3 = 
a(0.5, 0.5,0) 



(b) Reciprocal space lattice vectors for SiC: g! 
(2tt/«)(— 1,1,1), g 2 = (2/r/tf)(l, — 1 , 1), g 3 
{2n/a)(\. 1,-1) 


Problem 4.11. Primitive and reciprocal space lattices for FCC SiC. 


Problem 4.12 

Show that the following are the unit vectors from C to Si atoms (place Si at the 
origin) as given as Problem 4.6 for SiC 3 ~ 1/2 a(s x + s y + s z ) 

3 ~ 1/2 a(-s x - s y +s z ) 

3 ~ l/2 a{s x — s y — s z ) 

3 ~ l/2 a{—s x + s y — s z ). 

Use the figure in Problem 4.11. 

Problem 4.13 

Using the Born potential model that considers only the nearest-neighbor inter- 
actions, derive the expression for the potential energy of SiC in terms of their dis- 
placements from equilibrium. 
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Use vectors A to H to represent the vectors in the Ath and H th unit-cell, com- 
ponents of linear superpositions of the FCC unit lattice. Note that 

4 4 1 ^ 

V — = V! y . 1 2 ' ( d J — di)\ + -V,p{\dj — di\ — 

i,j i = 1 j = l 

[■'/,/ • (dj - di )] 2 }} 

H> = f s \l A • (rfi(x) - d 2 (x) I 2 
+ l -r s \i B ■ {d,{x) - d 2 {x + B))\ 2 
+ ^sVc ' (d,(x) — d 2 (x + C))| 2 
+ ^r s \i D ■ (d^x) - d 2 (x + D))\ 2 
+ f'^di^x) - d 2 (x)\ 2 - I l A ■ (d 2 {x) - d 2 (x))\ 2 } 

+ l -r^{\ d 2 (x) - d 2 (x + B) I 2 - 1 1 B ■ 0 d 2 {x ) - d 2 (x + B))| 2 } 

+ ^diix) — d 2 (x + C)| 2 — | lc ■ (d\{x) — d 2 (x + C )) | 2 } 

+ d i( x ) ~ d i( x + D )\ 2 ~ I b ■ ( d 2 (x ) - d 2 (x + Z)))| 2 1 

+ ^r s \ - l F ■ (d 2 (x) - d 2 (x + F))\ 2 

+ 2^*1 — 1° ' ( d z( x ) — d 2 (x + G))| 2 
+ l -r s \-i H .(d 2 {x)-d,{x + H))\ 2 

+ f'^,{\d 2 (x) - di(x + F) I 2 - \—l F ■ (d 2 (x) - di(x + F))| 2 } 

+ d 2 ( x ) ~ d i( x + G )l 2 -\~ 1 g ■ {diix) ~ d ii x + G))| 2 ) 

+ ir^{| d 2 (x) - d 2 (x + H)\ 2 - \-l H ■ (d 2 (x) - d 2 (x + H )) | 2 }, 

where l A to l H are defined as l A — 3~ 1/2 (s x + s y , + s z ), l B — 3~ 1/2 (—s x — s y + s z ), 
l c = 3 _1/2 (s, - Sy - s z ), l D = 3~ 1/2 (-s x + Sy - s z ), l F = -Ib, lc = -lc, and l H = 

—Id- 

Considering d\(x) = d\ x (x)s x + d\ y (x)s y + d u (x)s z , 
d 2 (x) = d 2x (x)s x + d 2y (x)s y + d 2z (x)s z 
d\(x + B) — d\ x (x + B)s x + d\ y (x + B)s y + d\ z (x + B)s z , 
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then, 

l 

<P = - r s |3 ~ V2 {d u (x) - d 2x {x) + d ly {x) - d 2y {x) + d u (x) - d 2z (x)}\ 2 

+ ^r s |3 ~ 1/2 {-d lx (x) + d 2x (x + B) — d ly (x) + d 2y (x + B) + d u (x) - d 2z (x + B)}\ 2 

+ -F S |3 l ^{d\ x (x) — d 2x (x + C) — di y (x) + d 2y (x + C) — d 2z (x ) + d 2z (x + C)}\ 2 

+ h s |3 ~ 1/2 {-d u {x) + d 2x (x + D) + d ly (x) - d 2y (x + D) - d lz (x) + d 2z (x + D)}\ 2 

+ ^r 0 {(d u (*) - d 2x (x)) 2 + (d ly (x) - d 2y (x)) 2 + ( du(x ) - d 2z (x)) 2 } 

- * r 0 |3~ 1/2 {d Lt (.r) - d 2x (x) + d ly (x) - d 2y (x) + d lz (x) - d 2z (x)}\ 2 

+ ^,lMd\ x (x) - d 2x (x + B)) 2 + (d ]y (x) - d 2y (x + B)) 2 + (d ]z (x) - d 2z {x + B)) 2 } 

— 2 r 0 |3 1,/- { — d\ x (x ) + d 2x (x + B ) — d\ y (*) + d 2y (x + B ) + d\ z (x ) — d 2z (x + B )} | 2 

+ ^ r V(WuC*0 ~ d 2x (x + C )) 2 + (d ly (x) - d 2y (x + C)) 2 + (d lz (x) - d 2z {x + C)) 2 } 

~ 2 Fi/i|3 l ^{d\_ x (x) — d 2x (x + C) — d\ y (x ) + d 2y (x + C) — di z (x) + d 2z (x + C)}\ 2 

+ 2 ^ <!>{{d\ x {x) - d 2x (x + D)) 2 + (d\ y (x) - d 2y (x + D)) 2 + (d u (x) - d 2z (x + D)) 2 } 

^~ lr ~{-d\ x (x) + d 2x {x + D) + d ly (x) - d 2y {x + D) - d lz (x) + d 2z (x + D)}\ 2 

+ ^r,| — 3 1 ^~{—d 2x (x) + d\ x (x + F) — d 2y (x) + d\ y (x + F) + d 2z (x) — d\ z (x + -F)}| 2 

+ -TJ - 3 -1/2 {d2*(*) - d ix (x + G) - d 2y (x) + d ly (x + G) - d 2z (x) + d u (x + G)}\ 2 
\ 

+ 2 r sl ~ 3 ~ ll2 {-d 2x (x) + d ix (x + H) + d 2y (x) - d ly (x + H) - d 2z (x) + d lz (x + H)}\ 2 

>ii{{d 2x {x) — di x (x + F)f + (d 2y (x) — d\ y (x + F )) 2 + ( d 2z (x ) — di z (x + F))~} 

~ 2 r ^l “ 3~ 1/2 {~d 2x (x) + d lx (x + F) - d 2y (x) + d ly {x + F) + d 2z (x) - d lz (x + F)}\ 2 
+ ^F 0 {(rf 2i (^) - d lx (x + G)) 2 + (d 2y (x) - d ly (x + G)) 2 + (d 2z (x) - d lz (x + G)) 2 } 
-^F 0 | - 3~ ll2 {d 2x (x) - d lx (x + G) - d 2y (x) + d ly (x + G) - d 2z (x) + d lz {x + G)}\ 2 
+ 2 I V( C W*) - d lx (x + H )) 2 + (d 2y (x) - d ly (x + H)) 2 + (d 2z (x) - d lz (x + H)) 2 } 

-^r 0 | - 3" 1/2 {— + du(x + H) + d 2y (x) - d ly (x + H)~ d 2z (x) + du(x + H)}\ 2 
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Problem 4.14 

Use the expression for the potential energy to determine the force on a given 
atom in the crystal in terms of its displacement and the displacements of its neigh- 
boring atoms. Note that force is 

d(Pij 


F — 

1 tj,x — 


F Y — — 


dXij ’ 


d 


4 4 


E E \ T ^j ■ ~ d ')1 2 + \ T ^ d > ~ d i\ 2 - ihj • ( d j ~ d,)f ) 


3 ^ 1 ,* , , 2 

1=1 1 = 1 


d (p 

— — = -^-{du(x) - d 2x (x) + di y (x) - d 2y (x) + d iz (x) - d 2z {x)} 

u d'lx ^ 

Te 

- -j{-d\ x {x) + d 2x (x + B)- di y (x) 4- d 2y (x 4 B) + di z (x) - d 2z (x + #)} 

Te 

+ y {di*(x) - d 2x (x + C) - di y (x) + d 2> ,(x + C) - + d 2z (x 4 C)} 

Te 

- y {-Ju-(x) + d 2x (x 4 D) + </i y (x) - d 2j (x + D) - di z (oc) 4 d 2z (x 4 D)} 
4- r 0 (Ju(x) -d 2x (x :)) 


r 


- y (rfu(x) - <fex(x) 4- diy(x) - d 2 y(x) 4- di z (x) - d 2z (x)} 
4- r 0 (Ju(x) - d 2jc (x 4- B)) 


r 


H — ~{—d\ x (x) 4- d 2x (x 4- B) — d\ y (x ) 4- d 2y (x + B) + d\ z (x) — <i 2z (x 4- -6)} 
4- r 0 (J u (x) - d 2x (x 4- C)) 


r 


- L ~{d ix (x) - d 2x (x 4- C) - diyO) 4 d 2> ,(x 4 C) - di z (x) 4- d 2z (x 4- C)} 
4- r ( f ) (di x (x ) — J 2a: (x 4- #)) 


p 

+ y Wi*(*) + cM* + £>) + ^iy(x) - d 2y (x + D)~ d lz (x) + d 2z (x + D )} 
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The zero force is because the various contributions exactly cancel each other. 

d (p 1 11 

TT~j — h 9 [ yy d\ x (x ) — d2x (*0 ~z d2y (*^ ) 2 Z ^2 z i.X ) 

o cl\x *3 *3 3 

iii 

— ^d2x(x B) — —d 2 y(x + Z?) + -d 2 z(x + 5) 

11 1 
~^2x(x + C) + -r,d 2y O + c) + -d2 z (x + C) 

111 

— ~d2x(x + ZZ) + -d2 y (x + ZZ) — -d2 z (x + ZZ)] 

+r 0 [4Ji x (x) -d 2x (x) - d 2x (x + B)- d 2x (x + C) - d 2jc (x + ZZ)] 


-r 0 [jJi x (x) --d 2 x (x) - -d 2 y (x) - -d 2 z (x) 

111 

— ^d 2 x(x + B) — —d 2 y(x + Z?) + -d 2 z(x + Z?) 

11 1 
~^d2x(x + C) + -r 5 J2y(^ + C) + -d2z(x + C) 

111 

— ^d 2x (x + ZZ) + -d 2 y (x + ZZ) — -J 2z (x + ZZ)] 


= ^(r, + 2r*)(di x (x)) 

— ^(Tj + 2r0)(J 2 jv:(^) + d2x{x + B) + d2x(x + C) + <Z 2 .*(x + ZZ)) 
1 

--(r, - r 0 )(j 2> ,(x) + j 2> ,(x + z?) - <z 2> -(x + c) - </ 2> -(x + zz)) 

-^(r 5 - r 0 )(j 2z (x) - <z 2z (x + #) - <z 2z (x + c) + d 2z (x + zz)) 

= g(r, + 2r0)^i A: (x) 

-l(r, + 2r 0 )(l + e 1 * B + e iKC + e iKD )d 2x {x) 

-l(r, - r 0 )(l + e‘ K B - e*'*- c - e iK D )d 2y (x) 

-l(r, - r 0 )(l - e'* B - e*'*- c + e iK D )d 2z (x). 


Other terms 


9<p 


3<p 


9<p 


dip 


dip 


dd\y(x)' dd\ z {x Y d d 2 x(x)’ dd 2 y (x )’ dd 2 z (x) 


similar mathematical processes. 


can be also obtained by 
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Problem 4.15 

Derive the expression for the dynamical matrix using 


DiM) 


£££o 2 


Z )e~ i ^' Xp \ 

ddj[x s +x p ]ddj[x s ] 


dlx d\y 

d\ z 

d 2x 

dly 

^2 z 


” A 

0 

0 

B 

C 

D " 

d\x 

0 

A 

0 

C 

B 

fi 

d\y 

0 

0 

A 

D 

E 

fi 

d\z 1 

fit 

Ct 

fit 

A 

0 

0 

d 2x 

Ct 

fit 

fit 

0 

A 

0 

d2y 

_£> f 

fit 

fit 

0 

0 

A _ 

d2z 


where 


A 

B 

C 

D 

E 


= 4 (— 


= ( 


r s + 2 

~ 1 _|_ e i(K x +Ky)a/l _ e i(K y +K z )a/ 2 _ e i(ic z +K x )a/ 2^ 


£9 + 2r 0 ^ e i( Kx + Ky )a/ 2 + e i(K y +K z )a/ 2 e i{K z +K x )a/ 2^ 

- r 


( ^0 ^ 5 )(1 — e dKx+Ky)a/2 _ e i{Ky+K z )a/ 2 e i{K z +K x )a/ 2^ 

3 

~ ^ )(1 _ e i(Kx+iCy)a/2 + e i{K y +K z )a/ 2 _ e i{tc z +K x )a/2y 


Problem 4.16 

Use the Matlab code for the dynamic matrix of SiC. Examine and comment on 
the structure of the matrix. 


Problem 4.17 

Use the Matlab code for the SiC dispersion curve (co-k relation). It uses the 
function developed in Problems 4.14 and 4.15. Draw the dispersion curve along 
T— X— L— T, T— L, X— L, and X. Use the relation M~ l D(/c)s a = co 2 s a and properties 
for SiC (force constants F s = 414.14 kg/s 2 , = 53.405 kg/s 2 , lattice constant a = 
4.35 x 10~ 10 m, and mass of Si and C: m\ — 4.66 x 10 -26 kg, m 2 = 1.99 x 10 -26 kg). 

Problem 4.18 

Use the Matlab code for the DOS of SiC and draw the D p versus co curve. 

Problem 4.19 

Plot the dimensional phonon DOS (4.24) for Problem 4.18, parts (b) and (c). 
Comment on the differences. Note that both D p (k ) and co(k) relations should be 
used. 
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Problem 4.20 

Use the Matlab code for the specific heat capacity of SiC (use the DOS 
developed in Problem 4.18), and plot the c v p versus T curve. 

Problem 4.21 

(a) Plot the specific heat capacity per atom for a Cu crystal as a function of 
temperature (up to 27b), using the Debye model of lattice specific heat capacity. 

(b) Compare with the experimental results, at selected temperatures, given 
in the following table (in J/kg-K). Note that the high-temperature experimental 
data do not match the Debye model. The low-temperature data agree better [232]. 
At higher temperatures, the contribution from conduction electrons (Section 5.8) 
becomes noticeable. 


T,K 

c v , p , J/kg-K 

200 

356.1 

250 

374.1 

300 

385.0 

350 

392.6 

400 

398.6 

500 

407.7 

600 

416.7 


Problem 4.22 

Use the Matlab code for the specific heat of SiC, apply the Debye model and 
the Einstein model. Draw c V jP as a function of temperature and compare the results 
with the experimental results. Use the cut-off frequency in the Debye model as 
/d = 1.58 x 10 14 Hz. Use the frequency in the Einstein model as that of the highest 
frequency in the DOS found in Problem 4.18. 

Problem 4.23 

(a) Show that the specific internal energy per unit mass and per unit volume 
(4.53) can be written as 


r M D 

= — hcofp D p j)dco 

m Jo 1 


3 k^T 4 


l 


Td/T 


= 9 


2mn u p A /r Jo 
k B T . T 3 


m 


{ — fn [ 

V 7d Jo 


e x -1 


t d /T a 3 


e x -1 


dx 


dx. 


(b) For T Td, 7b/T ^ 00 , and 
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show that for T T&, (4.64) becomes 


Cy,p — 


12tt 4 A- b , T , 3 

w( ) , 

5m V T d 


which is the so-called Debye T 3 -law. 


Problem 4.24 

(a) By expanding the exponential terms in (4.64), for small x (T 7b), show 
that (per atom) 

— a ^5. 

Cv,p — o , 
m 

which is the Dulong-Petit limit for harmonic lattice vibration. 

(b) Similar to Figure 4.13(a), using (4.64), plot c v p m/k b (per atom) versus 
temperature (7b is given in Table A.2) for Cu, and for T — 300 K, use the value in 
Table A.l to compare. Note that the tabulated c v p value is in J/kg-K. 

Problem 4.25 

(a) Use (4.98) and plot f° + f' p as a function of E p lk^T , for Si using u p - 6.4x1 0 3 , 
T = 300 K, r p = 10~ n s, V7 1 -a\ s x , with (i) a = 0, (ii) 5xl0 8 K/m and (iii) 10 9 K/m. 

(b) Considering a cut-off energy of 0.07 eV, repeat (a) using E p (eV) and plot 
the population up to the cut-off energy. Use a\ - 10 9 K/m, and T = 300 and 1000 K. 


Problem 4.26 

Derive the Callaway phonon conductivity model (4.108), starting from (4.106). 
State all the assumptions. Use (4.55) to write c v , p — k^x 2 e x /{e x — l) 2 . Note that 
all three acoustic-phonon modes are treated the same in the Callaway model. Use 
(4.63) for the relation between Tv and u p _ a (in the Debye model only this average 
phonon speed is used). 

Problem 4.27 

The porous crystal, MOF-5 shown in the figure is made of BDC (CgH^C^) links 
with Zn^O corners and has a lattice spacing a = 12.92 A. 



Problem 4.27. Metal-organic porous crystal 
is made of BDC links and Zn 4 0 corners. 
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(a) For a single crystal, determine the number density n. Also, find the molecu- 
lar weight. 

(b) For amorphous solids, we have three acoustic modes, one longitudinal and 
two transverse. Assuming the longitudinal and transverse velocities are 2500 and 
1250 m/s, respectively, use the following relation to predict the Debye temperatures 

7b, / = j—u p j(67T 2 n) 113 , i = L, T, 

/c B 

and compare to the simplified average value 102 K. 

(c) The C-P model (4.131) for the minimum thermal conductivity of amorphous 
solids is 


k p ,c - p = (g) 1/3 fen 


2/3 




Td.i/T 


x 3 e x 

V^) 


d.v], 


where the summation is over the three acoustic modes. Determine k m i n at room tem- 
perature (T = 300 K). What major assumption did we make in using the equation? 

(d) The Slack [437] relation for the phonon thermal conductivity of crystals at 
high temperatures is (4.132), i.e., 

3.1 x 10 4 (M)T 3 
P pS TnWy&N ? 3 ’ 

where (M) is the average molecular weight of the constituents (4.65), yq is the 
Griineisen parameter (Section 4.11), and N 0 is the number of atoms per primitive 
cell. Note that 3.1 x 10 4 has a unit such that k p is in W/m-K. Assuming yg = 1.5 
(the structure includes ionic and covalent bonds) and using the higher Debye tem- 
perature, predict the thermal conductivity at room temperature. Is this higher than 
k p , c-p? If not, explain possible reasons. 

(e) Compare this with k p from (4.177), i.e., the mean-free-path model, using 

o 

c v — 3k B and n from the atomic structure. Use k p — w = 7.6 A, and the average 
acoustic phonon velocity u p , a- The MD simulations (Table 4.6) give k Pt MD = 0-32 
W/m-K. 


Problem 4.28 

The high-temperature thermal conductivity of crystals is given by the Slack real- 
tion (4.132) 

3.1 x 10 4 (M)T 3 
P P ' S Tn^ylNl ' 3 ’ 

where (M) is the average molecular weight of constituents, 7b is the Debye temper- 
ature, n is the number density (atom/volume), yq is the Griineisen parameter, and 
N 0 is the number of atoms per primitive cell. Note that 3.1 x 10 4 has a unit such that 
k p is in W/m-K. 

(a) For diamond-structure crystals, diamond C, Si, and Ge, determine n. 
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(b) Predict the room temperature (T = 300 K) thermal conductivity of C, Si, 
and Ge. Obtain theoretical values of yq and T b from Table 4.5 for these diamond- 
structure crystals, and use N 0 =2 (Section 4.3.3). 

(c) Determine the percentage error between the predicted and tabulated 
(Table A.l) values. Note that the measured k p for diamond may be for crystals 
containing isotopes, thus this value may be lower than that for pure samples. The 
Slack model prediction is within about 30% of the experimental results in Table 
A.l. However, he used his own experimental results for comparison in Table 4.5. 

Problem 4.29 

Starting from (4.64) divided by n (so c VfP is per atom), derive the first term of 
the extended Callaway phonon conductivity model in the extended Callaway lattice 
conductivity model [70] 


3 r ■ r 3 

k p = (487T 2 ) 1/3 -^|^-[gi(/, T, r p ) + 
a hi 1 D 


§2 (/’ T ■> Cp, Cp- pn ) 

83 (.A T, T p , T p - p ] sj , T p >-) 


L 


using (4.119) to divide the phonon scattering into normal and resistive groups. 

The integrals g n , g r \, and g r ^ and the relaxation times r pn , z p r , and r p are 
defined as 


Si 

82 

83 


r D /r 


L 

[ Td,T ^p_ 

Jo 'tp-p, 


P (e*-1) 2 


dx 


x 4 e x 


p-p , N ( e x — l) 2 


dx 


t TD/T r p 

Jo 'Cp-p,N'C p,r 


x 4 e x 

(e x ~ l ) 2 


dx 


1 


1 1 1 

H , — 


T- p-p, N 


Cp,r ~Cp f 



hco 

k^f' 


State all the assumptions. The second term involves treatment of the normal 
and resistive processes, whereas the normal processes conserve momentum. 

Start from the thermal conductivity relation based on the mean free path 
(4.109), i.e., k p — pc v p u p \X p /3, X p — u p \Xp. 

Problem 4.30 

(a) Plot the variation of the phonon conductivity with respect to temperature, 
using the Callaway model (4.108) and (4.109) and the following relaxation resis- 
tive and the normal relaxation time, and the data for crystalline alumina (sapphire) 
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AI 2 O 3 given below, for 0 < T < 400 K. 


1111 

+ + + 


~Ep , r 


t p-d 


t p-im 


T'P-p, U Tp-b 


A(2^) 4 rV + A( ^ )W + avi 2 ^ ) 2 T 3 e -T D/{a T) x 2 + 

/z p h p /?p L 




5 

«n — 7 X. 
n 


Note that Umklapp scattering has a extra, exponential temperature dependence. 

(b) Plot the various relaxation times, with respect to temperature at co = con 
(note thathcon/ I crT = 7b/ T). 

(c) Examine the role of scattering mechanisms on the conductivity, by repeating 

(a), while suppressing individual scattering contributions (setting relaxation time 
constant to a very large value). 

(d) Show that the Umklapp scattering r~} y dominates at high temperatures. 
For crystalline AI 2 O 3 , we have = 2.7 xlO -13 1/K 4 , A = 4.08 xlO -46 s 3 , a\j = 

1.7 xlO -18 s/K, 7b = 596 K, a = 0.35 nm, L = 4.12 mm, a = 2, and u p% a = 7009 m/s. 

Verify that the peak value is 7097 W/m-K, and occurs at T = 29 K. The peak 
value is sensitive to the accuracy of the integration scheme. 

As a check against the experiment, at T - 300 K, the measured conductivity is 
29.2 W/m-K. 


Problem 4.31 

Using the structural metrics for the phonon conductivity at high temperatures, 
i.e., the Slack relation (4.132) and the relations for the associated properties, predict 
the phonon conductivity of GaAs taking the following steps. Find the force constant 
T for the diatomic compound GaAs using to the combination rule (4.148) with 5 = 
1, and the pair force constants from Table 4.4. 

(a) Find the Gruneisen parameters yc using (4.170) and the electronegativity 
from Table A.2. 

(b) Using T as the equivalent force constant for the conventional cubic unit cell, 
calculate the Debye temperature from (4.160). 

(c) Using the Slack relation, calculate the phonon conductivity of GaAs (exper- 
imental value at 300 K is 55 W/m-K). 

o 

The lattice constant for GaAs is 5.56 A. Note that (M) is the average atomic 
weight and M is the mass of a unit cell which here contains 8 atoms. 


Problem 4.32 

Derive the expression for phonon boundary transmission (D.13) for the Debye 
phonon DOS model, starting from (D.12). 


Problem 4.33 

(a) Plot the variation of the dimensional phonon boundary conductance AR p b , 
using (4.203), as a function of temperature (0 < T < 7b), for BbTe 3 (material 1) 
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bounded by Cu (material 2). The properties to be used are a single Debye tem- 
perature 7b = 7b, i = 165 K, and n = 5.95 xlO 27 1/m 3 , and use the Debye phonon 
speed u pA from (4.27) to determine u p _\ M (for all modes). For u p ^, a (for Cu), use 
u p, 2 ,l = 4760, and u p xt = 2325 m/s. 

(b) Plot AR p b using the high-temperature approximation (4.206), for 0 < T < 
300 K, for T\ — T 2 = 1 K, T\ — T , and compare with results of (a). Note that Figure 
4.41(b) shows these results. 

(c) Comment on the difference between the results of part (a) and part (b). 

Problem 4.34 

Use the expression for the effective lattice conductivity of a superlattice, (4.214), 
and calculate the effective lattice conductivity ( k p ) of a Si/Ge superlattice, for the 
following conditions, and for inelastic scattering: 

(pc l( ) Si = 0.93 x 10 6 J/m 3 -K, (pc v ) Ge — 0.87xl0 6 J/m 3 -K, u p A si — 1804 m/s, 
Up, A, Go = 1042 m/s, L S i = L Ge , and P = °- 8 - 

(a) Plot (k p ) versus L, L = Lsi + Lqq, for 10 < L < 1000 A. 

(b) Plot (k p ) versus p (0 < p < 0.8), for Lsi = L Ge = 50, 200, and 1000 A. 

Note that (pc v )i is for the acoustic phonons only [84]. Use Table A.l for 

densities. Also note that the definite integrals can be evaluated numerically. 

Problem 4.35 

(a) Consider high-temperature phonon scattering (T 7b) dominatd phonon 
conductivity k p and a constant z p . p (for a given temperature T). Then using (4.108), 
show that this x p . p can be found from known k p through 

3 h\k p 

Tp ' p ~ (48^)VV7^2 • 

(b) Using the given properties of CoSb 3 at T = 300 K, calculate r p - p . Note that 
this is a poor estimate, since r p - p is frequency and temperature dependent (Table 
4.3). k p = 10 W/m-K, n~ 1/3 = 2.886 A, and 7b = 307 K [Journal of Applied Physics 
80: 4442 (1996)]. 


Problem 4.36 

Consider the high-temperature phonon conductivity with interphonon and 
defect scatterings (Table 4.2), i.e., if 1 = BTco 2 + Aco 4 , then use (4.108) to shows 
that 

(a) For A 0, 


kp = (— t ) 1/: 




4 7T 4/ aBT 

i.e., similar to the Slack the 1 IT relation. Here a is the lattice constant 
(b) For high defect content [use tan _1 (Z)7b/T) = nil, D 2 = Ak^T !Bh) 

k - ( 3 ) i/3 n 
p y 22n’ aT D (ABT) 3/2 ' 


i.e., the 1/T 1 / 2 relation. 
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Problem 4.37 

Starting from the Landauer relation (4.232) 



1 

2n 


hcozn 



doo, 


and using zu = 1, show that 


G pJ = G 


PJ,o 


ttJcqT 

6h 


Problem 4.38 

The cross-plane phonon boundary resistance can become very significant in thin 
films of thickness L (which can be smaller than the phonon mean free path X p ). This 
resistance can also be included as part of the bulk resistance (or conductivity) and 
one such attempt is given in Liu and Asheghi, ASME J. Heat Transfer , 128:75-83, 
2006 by modifying (4.109) as 

1 fTa/T 

kp,A. ~ ^ ^ p,a I Cv,p,aTp-p,aZ(T )dv, CK — L, T, TU, 

J a 

where 

^• ) = i -8? + 2?r ( 7-7 ,exp( - r ^ 

T — t , Xp a — u p a z p~ p a . 

^ p,a 

In this model the length along which k p ^ is predicted and scaled with respect to the 
phonon mean free path k Pt(X and z p . p a is the bulk (no interfacial boundary effect) 
relaxation time (4.119), based on the following relaxation time only. 

Using only the three interphonon scattering relaxation times z p - p , l,n> t p - p . t,n ? 
and Zp-p ju in the low-T regime in Table 4.2 (constants given in Table 4.3, also use 
co ^ coi) for Si, plot k p as a function of L (log-log scale), for 1 < L < 1000 nm, and 
T — 300 K. Assume c v , p , a — c v _ p and use (4.55) without the integration. Note that 
with this k p (L) model, k p (L oo) is about 80 W/m-K. 
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The solid electric thermal conductivity tensor K e , in addition to the phonon thermal 
conductivity tensor (i.e., total conductivity K — K e + K p ), determines heat conduc- 
tion in solids through the Fourier law = —K • VT . The heat capacity of an elec- 
tron c V:e when in local thermal equilibrium with the lattice (i.e., phonon) is small, 
except at very high temperatures. Electrons can also have a net motion under an 
applied electric field e e , thus creating opportunities for exchange of their gained 
kinetic energy, e.g., with the lattice through inelastic scattering in Joule heating. 
The coupling of electronic and thermal transport, known as thermoelectricity, leads 
to Peltier heating/cooling. 

In Section 2.6.5, we examined the electronic energy states of an idealized elec- 
tron gas by solving the Schrodinger equation for the case of a collection of free 
electrons while for metals the conduction electron density n e?c does not change with 
temperature, for semiconductors n e , c (T = 0 K) = 0 for intrinsic (non-doped) semi- 
conductors and increases with temperature. In Section 2.6.6 we also derived the elec- 
tronic energy states of hydrogenlike atoms, along with the designation of the quan- 
tum numbers and atomic orbitals. As atoms gather in a cluster or a bulk phase, their 
orbiting electrons and their energy states are altered because of various nuclear and 
electronic interactions (Section 2.2), including representation as interatomic poten- 
tials. These interactions may increase or decrease the energy gaps between the elec- 
tron orbital states of individual atoms. The electrons can gain sufficient energy to 
be free (conduction) electrons or lack this and be bounded (valence) electrons. If a 
significant electronic energy gap exists between these two electron states, then this 
cluster or bulk matter may become an electrical insulator. Once an electron is in the 
conduction state (or band), its kinetic energy can be increased by imposition of an 
electrical field or by other excitations (such as absorption of photons). 

Figure 5.1(a) gives an idealized presentation of the electronic orbital overlaps 
and the formation of finer energy states (sublevels). The band formed from the 
ground-state valence level is called the valence band. The band immediately pre- 
ceding is called the conduction band. The interval between the top of the valence 
and the bottom of the conduction bands is called the forbidden energy gap A E e , g . 
For ideal electrical insulators, A E e _ g oo. 
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Insulator Metallic Semiconductor Isolated-Atom 


0 


-0.06 




- 0.12 


-0.18 

0 2 / 4 6 8 10 12 14 16 

Cl o 

a, A 

(b) Band Formation in Solid C 

Figure 5.1. (a) Idealization of formation of electronic bands (sublevels) and bandgaps as 
atoms C lattice approach each other and electronic orbitals (energy levels) overlap, (b) Quan- 
titative energy bands for C lattice as a functions of interatomic spacing a [475]. 


Behavior Behavior Behavior Behavior 



Figure 5.1(b) gives these energy bands quantitatively for C (Table A.2, 
ls 2 2s 2 2p 2 , group 14) atoms as they form covalent bonds (four valence electrons) 
equilibrium in a lattice, as a function of lattice constant. This diamond lattice con- 
stant (diamond lattice constant in Table A.2) is marked. The isolated carbon atoms 
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contain six electrons occupying Is, 2s, and 2 p orbitals in pairs (Section 2.2.1)'. The 
2s and 2 p orbitals are shown in Figure 5.1(b), and as the wave functions overlap by 
reduced spacing (and because of the Pauli exclusion), energy-level splitting occurs, 
giving 2N states (spin splitting) in 2s and 6N (due to spin splitting of 2 p orbitals) 
states in 2 p, where N is the number of neighboring atoms in the crystal. The 2s 
bands will grow to 4N (due further splitting and overlap) as the distance is further 
decreased, but the 2 p bands decrease to 4N (due to overlap). Figure 5.1(b) shows 

o 

quantum states per atom and suggests that, with a lattice constant of about 7 A, 
a metallic behavior (no bandgap and constant conduction electron density) can be 
found in this carbon (C) structure, such as in graphene and carbon nanotubes (one 
delocalized, electron per atom in graphene). 

Figure 5.2(a) shows the electronic energy states in bulk solid metals, semicon- 
ductors (conduction electron density depends on temperature), and insulators (very 
low conduction electron density, even at high temperatures). Also, for intrinsic 
semiconductors the number density of conduction electrons and holes are the same. 
When electrons are allowed to equilibrate with a reservoir (or a source), their chem- 
ical potential equilibrates with this reservoir (and this is represented by the Fermi 
energy). Metallic solids have very closely spaced electronic energy states, and there 
are also possibilities of energy overlap (this will be discussed in Section 5.16). These 
energy states are readily accessible by the thermal energy k^T . Also shown in Fig- 
ure 5.2(a) are the p- and /7-type semiconductors (Glossary), which have moderate 
gaps (for example A E e%g = 1.13 eV for Si). The valence band is fully occupied, and 
some electrons can be thermally promoted to the conduction band. For insulators 
these gaps are rather large [AE e g = 5.45 eV for C in the diamond phase, Figure 
5.1(b)], compared with the thermal energy, so no promotion of an electron to the 
conduction band occurs. 

Figure 5.2(b) contrasts the electronic band structure of a semiconducting crystal 
with that of a molecule. In molecules, the bandgap is the difference between the low- 
est unoccupied molecular orbital (LUMO) and highest occupied molecular orbital 
(HOMO). Quantum dots are nanoscale, three-dimensional (isolated or embedded) 
structures and have larger bandgap energy and discrete energy levels. 

' The C ground state is 

H H J_ J 

Is 2s 2 p x 2 p y 2 p z 

The first step in hybridization is 

tl t t t t „ 3 

1 3 3 3 3 ’ i 

ls sp sp sp' sp' 

which forms four sp 3 valence electrons. There are also sp 2 and sp hybridization giving double and 

triple bonds, i.e., 

li ^ ^ ±, V, delocalized 

Tv sp 2 sp 2 sp 1 2 p 

delocalized. 

Is sp sp 2 p 2 p 
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(b) Size Effect in Semiconductors 

Figure 5.2. (a) The electron energy states in bulk metals, semiconductors (T > 0 K), and insu- 
lators. Progressively higher Fermi energy (chemical potential) is needed to conduct electrons 
(b) Size effects in semiconductor band structure and bandgap in molecules. 


In this chapter, we begin with a discussion of electron energy bands structure 
E s (k) in solids. Then we discuss its electronic transport properties which use these 
E e (ic) in BTE. We do not consider electron (or charged particles, in general) beams, 
but we consider electron currents in solids. When electrons are part of a particle mix- 
ture, such as in thermal plasmas (high temperature, charged gases), we will use some 
of the fluid particle features discussed in Chapter 6. Finally, we discuss size effects. 

5.1 Schrodinger Equation for Periodic-Potential Electronic Band Structure 

In Section 2.6.5 we found the solution to the Schrodinger equation for free elec- 
trons in periodic structure, as it applies to free (conduction) electrons in metals. 
However, for bound electrons their interaction with the nuclei should be included, 
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as was done in Section 2.6.6 for hydrogenlike, single atoms. Here we extend this to 
periodic structures (crystal) and potentials. 

As two atoms approach, the electronic energy levels of the atom pair split 
because of the Pauli exclusion principle. The potential energy of the shared elec- 
trons is the average of the energy levels of the valence electrons. For an A-atom 
system, the energy levels split into N levels, with the inner shell overlapping to a 
lesser extent. For large A, the spacing can be large, resulting in energy bands. Bands 
are energy levels for the crystal. Between bands, forbidden energy ranges exist, and 
each band may be from several atomic energy levels. Electron conductivity requires 
mobile electrons (i.e., electrons in the conduction bands). 

The time-independent Schrodinger equation (Table 2.8) for electrons is 

h 9 

[-X V 2 + (p c {x)]fe^(x) = E e i/s etlc (x). (5.1) 

Zm e 

The crystal periodic lattice potential cp c (x ) is presented (assumed to be the stationary 
form of the lattice used for the lattice vibration in Chapter 4) as a Fourier series 
used as the basis of the solution for \j/ e . The symmetry of the reciprocal lattice space 
(and Brillouin zone, Section 4.3) is most useful, and therefore the crystal potential is 
given as a series [satisfying cp c (x + /) = <p c (x) where l is the lattice real-space vector] 
expansion in g as 

cp c (x) = (p g Qxp[i(g • x)] periodic crystal potential, (5.2) 

g 

where g is the reciprocal lattice vector, where cp g are constants. For the Coulomb 
potential, cp g decreases rapidly with increasing g. The square-well potential is a sim- 
plified model, representing infinitely fast decay outside a cut-off region. The periodic 
(crystal) potential is a Fourier series in reciprocal lattice space. 

The Bloch wave function, using an orbital centered around a (translational) 
lattice vector /, is the solution for i/^ along (2.68), i.e., 

^eA x ) = *exp [i(ic • x)] Bloch plane-wave series. (5.3) 

K 


Substituting these \// e ^ and (p c in (5.1), we have 


h 


E-2^ 2a ‘ ex p['(* + = 


g K 


E e y2 a « ex p['( K • *)i- 

K 

Using the orthogonality of we have the delta function 

i j exp[— z(/e' • x)]exp[/(/e • *)]dV = 8k'k, 

where S K ^ K is the Kronecker delta. Then (5.4) becomes 

h 2 


(5.4) 


(5.5) 


2m. 


k a K ' T ^ ^ ^Pg^K r —g — E e a K ' . 


(5.6) 
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The preceding set of algebraic equations is called the central (or secular) equation 
for quantized energy E e . 

By rearranging, this equation becomes 

J * V - s 2 ) 


[ 


2m, 


— E e ]a K - g + ^ (p g ’_ g a K - g ' — 0 central eigenvalue equation. (5.7) 


Note that for the time-independent Schrodinger equation (5.1), we have 

Hi lr e , K (x) = E e (K)ir etK (x), (5.8) 


or 

J = J f] K E e f eiK AV = E e 

relation between energy and wave function. (5.9) 

The central role of the periodic potential (p c (x) is to create the eigenvalues of 
electron energy E e , with energy gaps, and this distinguishes it from the nonperiodic 
potential of hydrogenlike atom electrons treated in Section 2.6.5. 

In (5.7), for a given tc, only coefficients a K - g are needed, and for tc in the first 
Brillouin zone, g is evaluated in the neighboring zones (multiples of the reciprocal 
lattice vector). Then (5.7) gives the solution to E eM {tc), i.e., the eigenvalues of the 
central equations, where n is the electron band number. 

We now proceed with an example of a linear lattice with a single, periodic crystal 
potential. 

5.2 Electronic Band Structure in One-Dimensional Ionic Lattice 

To demonstrate the electronic energy gaps occurring for conduction electrons in 
periodic lattice (ionic) potentials, consider the one- dimensional (linear) atomic 
chain shown in Figure 5.3 [245]. 

The one-dimensional form of (5.1) along x, is 

Ti d 2 

[- — -J ~2 + <Pc(x)]^ e , K (x) = E e f e , K {x) periodic potential, (5.10) 

1 1 g LIa 

where <p c (x) is the periodic crystal (lattice) potential! In Section 2.6.5, we found 
the solution for cp c = 0, i.e., the free electron in a box which is the idealized metal- 
lic behavior of conduction electrons. Here by using a nonzero cp c , the dispersion 
relation E e (ic ) is no longer the explicit relation (2.94), and this also leads to the 
energy bandgap. When the potential is idealized as having the square-well potential 
distribution also shown in Figure 5.3. This is called the periodic Kronig-Penny 
potential model of electron in an ionic lattice. 

' This potential, for a lattice parameter a, is of the form [287] 

cp c = (p Q + 2(p\ cos (2irx/a) + 2(p2COs(4jr x / a) + • • • , 
and has a nonlinear, periodic variation as shown depicted in Figure 5.3 


(5.11) 
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Figure 5.3. A linear, ionic chain lattice and the periodic potential experienced by an elec- 
tron, causing electronic energy gaps. The electron wave function \j/ e ^{x) is expressed as plane 
waves. Various approximation of the periodic potential are also shown. 


In region 0 < v < a, <p c — 0, and in —b < x < 0, we have (p c — <p Ci0 (well poten- 
tial). Then, the periodic behavior is 

<p c (x) = <p c (x + a + b). (5.12) 

In region 0 < x < a, the wave function (5.3) is the solution to (5.10) with cp c = 0, and 
we have 

i p e ,K(x) = Ae' KlX + Be~ lKlx , 0 < x < a, (5.13) 

with E e — h 2 Kf/2m e as in (2.97). 

For —b<x< 0, we have cp c = (p CiQ and the solution becomes 

t 2 m„ 

teA x ) = CeKoX + De K ° X 1 K l = -pr(<Pc,o - E e ), -b < X < 0, (5.14) 

n 

where k q is wave number corresponding to energy cp c , 0 — E e . The periodic condition 
(Brillouin zone boundary) would require that 

\lf e , K (a < x < a + b) = f/ e ,K(—b < x < 0)e IK ( a+b \ (5.15) 

We determine the four constants are determined by evaluating the two solutions 
V'e.K and their first derivatives di/f etK ldx at x = 0 and x — a and setting them equal. 
These give for x — 0 (two equations) and for x — a (two equations) 


A + B = C + D (5.16) 

//ci (A -B) = k 0 (C - D ) (5.17) 

Ae iKia + Be~ iKia = (Ce~ K ° b + De K " h )e iK{a+b) (5.18) 

iKi(Ae ilcia - Be~ iKia ) = K 0 {Ce~ K - b - De K “ h )e iK{a+h \ (5.19) 


where we have referred to the wave number in 0 < x < a as k\. Note that, from 

(5.15), ir e , K (a) = f e A~b)e iK(a+b) . 


5.2 Electronic Band Structure in One- Dimensional Ionic Lattice 


313 


The nontrivial solution requires that the determinant of the coefficient matrix 
of the constants to vanish. This gives the characteristic equation (end-of-chapter 
problem) 

2 2 
£ ^ 

— sinh(/c 0 Z?) sin(/cia) + cosh (K 0 b) cos(/ci«) = cos[/c(a + b)]. (5.20) 

2k 0 k\ 

This is the eigenfunction (or characteristic equation) for the discrete values of E e (jc). 
From (5.14) we also have 


n 2 K 2 
E e = 2. 

2m 


+ <Pc,o, 


(5.21) 


which is an extensition of (2.94). 

Now consider a simplified case. For k q k\ and K 0 b 1, and for the special 
limiting case of b -> 0 and <p c ^ 0 -> oo, we define 


K 2 ab 

~Y~ 


m e ab 

—r^—{(Pc,o ~ E e ) = s 
h 


potential strength s is finite. 


(5.22) 


Here s (dimensionless) is the strength of the potential well. For s = 0, there is no 
potential, and we have the free electron (Section 2.6.6). 

Then using s and these limits, the characteristic equation (5.20) becomes 


sin(/citf) + cos(/cia) = cos(/ea), Z? — > 0, (p c 0 — ► oo. (5.23) 

K\a 

Using the electron energy, the dimensionless wave number is defined as 



K\a 

71 


2 m e E e a 2 1/2 

1 7T 2 h 2 } ’ 


or E e 


Ti 2 k l 
2m e 


(5.24) 


This makes (5.23) along with the periodicity at the Brillouin zone boundaries give 
the constrained characteristic equation 


S K Cl 

— - sin (tikI) + cos (jtk'i ) = cos ( ttk *), —1 < cos ( ttk *) < 1, k* — — . (5.25) 

7TK* 71 


Then only discrete values of k* are allowed for a given 

For s = 2, 6, and 18, the preceding characteristic equation is plotted in Figure 
5.4, and the first three areas where the solution exists are highlighted. For example, 
for k* = 0, no solution exists. Note that /c* 2 = E*, i.e., 


K = 


2 m e E e a 2 

7t 2 h 2 


= K 


*2 


(5.26) 


Figure 5.5 shows the allowed energies in the E*(k*) space, where a:* = 0 is des- 
ignated as the center and k* = 1 is the edge of the first Brillouin zone. The energy 
gap at the edge of the Brillouin zone is evident. 
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Figure 5.4. The left- and right-hand sides of the characteristic equation, for s — 2,6, and 18. 
The right-hand side is represented by the bounds (+/— 1). 


Numerically, the electron energy equation (band structure) is found by solving 

— S -—^j 2 s i n (tt-E*^ 2 ) + cos (jcE* 1/2 ) = cos (jtk*), (5.27) 

nE* 7 

and allowing for progressively larger eigenvalues E*. So, this replaces (2.94) for 
E e (jc) of the bound electrons. This is the electron dispersion relation. 

Note that in this simple model the only parameters are s,m e , and a. Also, note 
that to obtain the solution for the free electron, we need to use s = 0, and also apply 
the boundary condition ^,*(0) = \j / e * (L) = 0. These would lead to the results given 
in Section 2.6.5. 

The solution for s = 0 is also shown in Figures 5.4 and 5.5. The parabolic rela- 
tion between E* and k*, (2.94), is evident in Figure 5.5. Also note some similarity 
between the electron energy of Figure 5.5 and the phonon energy of Figure 4.3, 
including energy gaps. 


5.3 Three-Dimensional Bands Using Tight-Binding Approximation 

In semiconductors the valence atomic electrons in s and p orbitals, when brought 
together in a crystal, become perturbed. The core electrons are not perturbed much 
and perturbed outer orbitals are presented with the atomic orbitals as their basis in 
the tight-binding approximation reviewed here. 

In the tight-binding method, the energy eigenstates of (5.7) are determined 
near the band edges, using the outermost (highest principal quantum number) 
orbitals, thus excluding those electrons tightly bound to their nuclei. In particular, 
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n = 0 
X 


Figure 5.5. The Kronig-Penny electron dispersion relation. The first three electronic bands 
and the first two bandgaps for the limit (b — > 0) square potential with linear, atomic chain. 
The results are for s = 2, 6, and 18. The electron gas model is also shown. 


when this assumption is used along with the linear combination of the atomic 
orbitals (LCAO) to the energy eigenstates, it makes for a simplified treatment for 
the semiconductors [433]. 


5.3.1 General LCAO 

As we did for the hydrogenlike isolated atoms in Section 2.6.7 for an isolated atom 
with an electronic structure, we use the Hamiltonian H 0 (H 0 = —h 2 S7 2 /2m e + cp e , 
where (p e is the Coulombic potential) and represent the eigenstates of the time- 
independent Schrodinger equation by 

= E e ^ n \j/ e ^ n n = 1, 2, . . . , N for orbitals of isolated atom, (5.28) 

where N is the number of atoms. The crystal is now made of these atoms with a 
known atomic electronic structure represented by 1/1 ejl [i.e., (2.113)]. 

The LCAO methods allow for the construction of crystal wave function from 
the preceding relations by use of the Bloch wave form [433] 

y^,/cO) = X ^e,n{x - Xo)e' (lc x) = X <t>(x - x 0 )e ,(KX \ 

n,x Q n,x o 


(5.29) 
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where x Q is the center of orbital n, and the basis function </> is constructed with the 
atomic eigenfunctions, i.e., 

N 

4>(x) = ^flnV'e.nQr). (5.30) 

n= 1 

The following steps are for the determination of constant a n . 

The perturbation Hamiltonian is due to the neighboring atoms H ' = <p c , where 
(p c is the crystal potential, thus we have 


or using (5.1), we have 


H = H 0 + H'(*), 


(H 0 + H ’)if e , K = E e {K)te , K . 


(5.31) 


(5.32) 


Because functions are orthogonal, by multiplying by pl.. m and integrating, we 
have 


f tl,m f [Ho + H'] AX ~ X 0 )e^ 

^ n,x Q 


- E c (k ) ^ a nteA x ~ Ar 0 )e i{ ' c jr) }dx = 0. (5.33) 

n,x Q 


The result is (seperating x Q = 0, and x Q / 0 terms) 


N 

[F e (/f) Ee,m\^m ~ [F e (/f) E e,m\ ^ ^ &m 

n = 1 


where 




tt m (x)W (x)^eA x )dx 



fl m {x)W(x)f e Ax - x 0 )e aic Xo) dx, 


F 8 

L^j p 117 U 


ejn^mn 


^e,m (-^)-Ho0e,Ardx , 8 nm 


J tl(x)\ K(x)dx, 


(5.34) 


(5.35) 


which is of the form given in (5.9). Here 8 mn is the Kronecker delta. Note that 
f 0e,m (*^)0e,n (*^ ^o) $mn i for x Q ^ 0. 

In the tight-binding approximation, the first integral term on the right-hand side 
of (5.34) is set to zero by assuming negligible overlap between neighboring atomic 
wave functions, i.e., atomic functions are tightly bound to atoms [433]. 

For most potentials, the second integral term also vanishes [433]. 
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The preceding equation is solved for the eigenvalues E e (ic), and is a set of N x N 
coupled equations. Also, for each tc, there are N solutions, which provide the N- 
band E e -tc structure. 


5.3.2 Example of Tight-Binding Approximation: FCC, Single s-Band 

As an example, consider a monoatomic crystal with a single orbital s. Cu for exam- 
ple, has a 4s electron in its outmost orbital. Because there is only one energy level, 
{a m } = 0, except for the coefficient, a s — 1. Then (5.34) is only one equation, i.e., 

E e ( K ) ~ E s = J i/i s (x)H'(x)i/ e . s (x)dx 
+ 52 f 'l f h( x ) ii '(x)‘&eAx-x o)e' ilc Xo) dx. (5.36) 

x ol kO J 

This is written as 

E e (K) = ft - ft - ^ y(x)^ k ' Xo \ (5-37) 

where using the periodic crystal potential H ' = <p c , we have 

Ps = ~ f ^ls(x)U' (x)\l/ e ^ s (x)dx (5.38) 

y(x Q ) = — f 'i/te, s (x)(p c (x)i/f e>s (x — x 0 )djc overlap energy integral. (5.39) 

The wave function for \j/ e ^ s and \j/ e p s are listed in Table 2.10. Here f3 s and y can 
be treated as given constants, and then it becomes clear that, because of exp \i(jc • 
x 0 )], thecontribution from other than the nearest neighbors may be neglected. Also 
note that y(x Q ) = y(— x Q ). 

For example, for the FCC crystals, the 12 nearest neighbors around the atom at 
x = 0 are given by (4.33), i.e., 

x Q = <2(dz0.5, =t0.5, 0)* a{3z 0.5, 0, d=0.5); $(0, =1=0.5, d=0.5), (5.40) 

and the first Brillouin zone designations for FCC are shown in Figure 4.6(d). 

Then the electron energy equation (or scalar equation) (5.36) becomes 

£«(*) = ft - ft- y J2 ei(K Xo) 

— £ s _ p s _ y[ e i<*(K x +Ky)/2 + e ia{K x -K y )/2 ^ a(~K x +K y ) /2 e ia(-K x -K y ) / 2 _|_ j 

= E s -ft - 4y[cos( — )cos( — ) + cos( — )cos(^) 

mk 7 . yCuCx^-, 2 tt 2tt ^ 

+ cos(— 21 ) cos(— - )], < Kj < — (first Brillouin zone). (5.41) 

2 2 a a 

Figure 5.6(a) shows the variation of E e (ic) along the k space L-T-X-K-T-W. This 
is a typical presentation of the band structure (having only one band s). The results 
are for y — 1.0 eV and E s — f3 s — 0, and the width of the band is 16y. 
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(a) Predicted for a single 5-Band Using Tight-Binding 
Approximation 





(d) Full-Band Structure of Cu 

Figure 5.6. Predicted electron-band structure for (a) an idealized 5-band model (tight- 
binding approximation) and full bands of (b) Si (indirect bandgap) [433], (c) GaAs (direct 
bandgap) [433], and (d) Cu (overlapped bands resulting in conduction (delocalized) elec- 
trons) [67] at T = 300 K. 
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This constant-energy surface in { k x , K y , /c z } space or the reciprocal lattice is the 
Fermi surface. The constant-energy surface for (5.41) can be shown in the /e-space 
and is an end-of-chapter problem. 

Near the zone center T, where k x — K y = k z and Ka < 1 (small k), (5.41) 
becomes (end-of-chapter problem) 

E e (ic) = E s - p s - 12 y + ya 2 K 2 , 

parabolic energy relation for /ca « 1, for electron in a crystal, (5.42) 
compared with the free-electron energy (Section 2.6.4), i.e., 

Ti 2 k 2 

E e (ic) = E e {p ) = E e o + — — parabolic energy relation for electron gas, (5.43) 

2 m e 

which provides the parabolic model for small k. 

Based on this, the effective electron mass m e , e [will be defined in (5.45] is defined 
as/? 2 Ilya 2 . 

Note that the overlap energy integral y (has units of energy through (p c ) depends 
on a. Also note that Cu has a FCC structure and atomic orbital of (Table A.2) 
[Ar] 3d 10 4s 1 , and the s- band in Figure 5.6(a) has similar T-point behavior as Figure 
5.6(d). 

The preceding example can now be generalized. By combining (5.29) and (5.30), 
the wave function is written as 

N 0 N a 

*.,(-) = E EE*.. j(ic)<p m j(x - Xj - x 0 j)e l(lc ' x "- i \ (5.44) 

Xi m = 1 / = 1 

where the sum is over the unit cells, m is for the different atomic functions (p m j (up 
to N 0 orbitals) used as the basis, and j is the atoms in each unit cell (up to N a atoms). 

The Hubbard model [205] improves on the tight-binding model, and describes 
the transition between conductor and insulator. In this model the Hamiltonian has 
a kinetic term (allowering for hopping or tunneling) and a potential term for the 
on-site interactions (not included in tight binding). 

5.4 Ab Initio Computation of Electron Band Structure 

Amongst methods for calculation of the electronic band structures are the nearly 
free-electron model [298], tight-binding method [12, 433], Green function [12, 254], 
orthogonalized plane wave method [101, 189], and pseudopotentials [12, 101, 258]. 
When the unit cell contains a large number of atoms, only the density functional the- 
ory (DFT) offers sufficient accuracy and computational efficiency. DFT is based on 
one-to-one correspondence between the ground-state density of a many-electron 
system and the external potential. The accuracy of this method depends on the 
relation between the energy of the electrons and their density. The most accurate 
approximation is the generalized gradient approximation (GGA). The combination 
of GGA, full-potential, linearized augmented plane-wave (LAPW), and local orbits 
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(LO) methods, leads to the most accurate scheme for the band structure calculation, 
which is an all-electron scheme (including relativistic effects) [101]. This method is 
used in an available computer program WIEN2k [101, 43] and is widely tested. Fig- 
ure 5.7(a) shows the band structure of CoSb 3 , a high- temperature thermoelectric 
material, and its structure is also shown in Figure 5.7(b), calculated using WIEN2k. 
The input data is given in the footnotes. 

I. Input crystal structure 

(1) Click “Execution StructGen™” to start the struct-file generator 

(2) Input the configuration of atoms as given in table below 

Title CoSb3 
Lattice 204_Im-3 

a 9.0385 A(select the Ang button) 
b 9.0385 A 
c 9.0385 A 
o', K y 90°, 90°, 90° 

Atom Co, enter position (0.25, 0.25, 0.25) 

Atom Sb, enter position (0.0, 0.3351, 0.1602) 

(3) Save structure. 

(4) Click “save file and clean up” 

II. Initialize the calculation 

(1) Click “Execution initialize calc” 

(2) Click “x nn” (use “2” for nn-band length factor) 

(3) Click “view outputnn” (don’t change any parameter) 

(4) Click “x sgroup” 

(5) Click “View outputsgroup”. Do not use the struct-file generated by “sgroup” 

(6) Click “x symmetry” 

(7) Click “copy struct_st” 

(8) Click “x lstart” [use “GGA (Perdew-Burke-Ernzerhof96)” for exchange correlation 
potential and “- 6.0 Ry” for energy to separate core and valence states] 

(9) Click “view outputst” 

(10) Click “check CoSb3.inl_st” 

(11) Click “check CoSb3.in2_st” 

(12) Click “check CoSb3.inm_st” 

(13) Click “Prepare input files” 

(14) Click “x kgen”. Use 3000 for the k-mesh, and choose “Yes” to shift mesh 

(15) Click “view CoSb3.klist” 

(16) Click “x dstart” 

(17) Click “view CoSb3.outputd” 

(18) Do not perform spin-polarized calculation 

(19) Click “Continue with SCF” 

III. Submit the calculation and start SCF cycle (for convergence criteria, choose 0.001 Ry for 
energy, 1 mRy/au for force, and 0.0001 e c for charge) 

IV. Calculate band structure. 

(1) Click “Band Structure” in “Tasks” menu 

(2) Click “Create CoSb3.klist_band” 

(3) Click “x lapwl -band” to Calculate eigenvalues 

(4) Edit CoSb3.insp. Select an energy range from -2.0 to 2.0 eV, and set Fermi energy to be 
0.56372 Ry (this is slightly different from the value calculated by the program) 

(5) Click “x spaghetti” to calculate band structure 

(6) Plot band structure (needs “ghostscript” installed). 
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2.0 


1.0 



Low, Nearly Uniform Electron Density Region 


CoSb3 



(a) (b) 

Figure 5.7. (a) Atomic structure of CoSb 3 . The constant electron density lines in a unit cell 
are also shown, (b) Calculated band structure of CoSb 3 , using WIEN2k. 


WIEN2k can also take into account the spin-orbit coupling, which is important 
for calculations of valence band structure and bandgap, especially for heavy atoms 

[44, 101]. 

Another program using GGA is VASP, which uses the pseudopotentials to 
deal with the core electrons. Since VASP only needs to deal explicitly with the 
valence electrons (rather than full electrons as in WIEN2k), VASP is much more 
efficient and can handle much larger system. Though VASP makes a pseudopo- 
tential approximation, its accuracy is acceptable and similar to that of the LAPW 
method in many cases [44, 257, 197]. In general, WIEN2k is suitable for the accurate 
investigation of small systems, while for large systems VASP is suggested because 
of its high efficiency. 


5.5 Electron Band Structure for Semiconductors and Effective Mass 

The electrons in the periodic potential of a crystal are represented by the eigenvalue 
wave functions in tc -space. These energy-states that are periodic in ic -space are sep- 
arated by certain energy gaps or forbidden energy regions (energies not reached by 
any real /c). 

This electron band structure E en (k:) found from (5.7) depends on the con- 
stituent atoms (their electrical orbits). The semiconductors have the most complex 
band structures. Table A.2 (perodic table) gives the electron orbits, and for example 
Si has a ls 2 2s 2 2p 6 3s 2 3p 2 electron structure and the last s— and p— orbit do tend to 
influence the bandgaps separating the valence and conduction bands [Figure 5.1(b)]. 


322 


Electron Energy Storage, Transport and Transformation Kinetics 


Each band has 2N (because of spin degeneracy) allowed tc states and each unit 
cell (basis) in the crystal contributes electrons to these states. 

Figures 5.6(a) and (b) show the predicted electron band structures for Si and 
GaAs, respectively. There are four valance bands (E BiV < 0) for Si and three conduc- 
tion bands. There are many band overlaps. Figure 5.6(c) shows the band structure 
for Cu. Note the lack of bandgap in Cu. 

The three-dimensional eigenfunction E e (ic) for semiconductors is rather com- 
plex, and therefore simplification is made in their presentation. Figure 5.8(a) shows 
the model band structure for diamond and zinc-blende crystals (e.g., Si, GaAs). For 
them, the conduction band has three minima, namely at T(/c = 0), at L (along the 
(111) direction at boundary of the first Brillouin zone), and at A (along the A line). 
The modal semiconductor also has three valence bands, each having a maximum at 
k — 0, and one is split-off by the spin-orbit interaction [294]. 

The K-space designation for the first Brillouin zone is given in Figure 5.8(b), for 
FCC lattice. More complete designations are given in Section 4.3. 

Figure 5.8(c) shows the six valleys (constant-energy surfaces) in the E e -tc - space 
of Figure 5.6(b), for Si. Note that none of these valleys is located on the Brillouin 
zone edges. With phonon-induced transitions (scatterings), conduction electrons 
can transit between these valleys (intervalley scattering). This will be discussed in 
Section 5.15.3. 

In the periodic electron gas treatment of Section 2.6.5, the electron energy dis- 
persion was presented by the wave-number parabolic relation (2.94). Using the 
parabolic band model, an effective electron mass is defined as the electron kinetic 
energy (as a function of wave number) expressed through the Taylor series expan- 
sion as 


Ee,k{p) = E e ,k(ic) = E e ( 0) + 


dE e (K ) 
9/c 


K + 


K= 0 


d 2 E e ( K ) 

3k 2 


H 2 K 2 

= E e ( 0 ) 4 " ~z » W^e.e — 


/f 


3 2 E e (K) 


dK 2 

K= 0 


effective mass in parabolic energy band, 



(5.45) 


where the first derivative dE e (K)/dK\ K= o — 0 because of assumed symmetry and m e e 
is the effective electron mass (which can be smaller or larger than the electron mass 

m e ). 

Then for a direct gap (when the minimum of conduction electron and maxi- 
mum of valence electron occur at tc - 0), we can use the parabolic dispersion (2.97) 
approximation, i.e., 

fi 2 \ic\ 2 

E e (ic) = ± , + conduction, — valence, band at T, direct band, (5.46) 

2 m et6 

which represents a band as a spherical energy surface (but is called parabolic) in 
k -space. This single effective mass indicates an isotropic E c -k. 
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r - Point : — (0,0,0) Zone Center 
X- Point: ^ (1,0,0) 

L - Point : — (-j, 

K- Point 3,o) 

W- Point: ^(1,^,0) 


(b) First Brillouin Zone for Face-Centered Cubic (Zinc-Blende) Lattice 



(c) Equivalent Valley in Conduction Bands of Si and Intervalley Transitions 

Figure 5.8. (a) Model electronic band structure for diamond and zinc-blende crystal semi- 
conductor. The kinetic energy E e>k (p) = E ek (jc) and potential energy E e p {x) and valleys are 
also shown, (b) Standard notation for labeling high-symmetry lines and points in FCC lattice 
Brillouin zone [294]. (c) Six equivalent valleys (constant-energy surfaces) in the conduction 
bands of Si (the f and g intervalley scatterings are also shown) [294]. 
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Table 5.1. Model band parameters of common cubic semiconductors [433] at T = 300 K. 
m e , e is for parabolic and m e>e x and m e ^ j are for ellipsoidal band (dispersion) models. 

The crystal structure is also listed. DIM (diamond), ZB (zinc blende), SP (sphalerite), and 
(-) indicates unusual structure. 


Compound 

A E et r, 

Crystal structure eV 

A E et L, 
eV 

A £7, a, 
eV 

ATso, 

eV 

m e , e 

m e 

Wl e ,e,L 

m e 

™e,e,T 

m e 

C 

DIM 

11.67 

12.67 

5.45 

0.006 



1.4 

0.36 

Si 

DIM 

4.08 

1.87 

1.13 

0.044 

— 

0.98 

0.19 

Ge 

DIM 

0.89 

0.76 

0.96 

0.29 

— 

1.64 

0.082 

AlSb 

ZB 

2.5 

2.39 

1.6 

0.75 

— 

1.64 

0.23 

GaP 

ZB 

2.7 

2.7 

2.2 

0.08 

— 

1.12 

0.22 

GaAs 

ZB 

1.42 

1.71 

1.90 

0.34 

0.067 

— 

— 

GaSb 

SP 

0.67 

1.07 

1.30 

0.77 

0.045 

— 

— 

InP 

ZB 

1.26 

2.0 

2.3 

0.13 

0.080 

— 

— 

InAs 

ZB 

0.35 

1.45 

2.14 

0.38 

0.023 

— 

— 

InSb 

ZB 

0.23 

0.98 

0.73 

0.81 

0.014 

— 

— 

ZnS 

ZB 

3.8 

5.3 

5.2 

0.07 

0.28 

— 

— 

ZnSe 

ZB 

2.9 

4.5 

4.5 

0.43 

0.14 

— 

— 

ZnTe 

ZB 

2.56 

3.64 

4.26 

0.92 

0.18 

— 

— 

CdTe 

ZB 

1.80 

3.40 

4.32 

0.91 

0.098 

- 

- 


Then the electron group velocity (4.15) is 

1 hie 

u e , g = r V,(*)£<(*) = > (5.47) 

n m e , e 

and the momentum is (de Broglie relation) 

p — hie — m e _ e u e g de Broglie relation. (5.48) 

For indirect bandgap, for bands at L and along A, the ellipsoidal dispersion of (5. 45) 
is given by 

h 2 k 2 k 2 

E e , k {p) = E e {K) = ^ 

2 f^e,e,l^ 1We,e,T 

ellipsoidal energy dispersion model at L and along A, in direct band. (5.49) 


Table 5.1 gives the model band parameters of common cubic semiconductors. For 
the ellipsoidal bands, the conduction band is flatter (larger effective mass) and thus 
have a larger DOS (to be shown in Section 5.7). For Si, a single effective mass of 
1.08 m e is used for electrons. 

As an approximation a single wave vector is also used with a correction for high 
energies, called the Kane model [294], 


E e (*)[i + 5*57] = ± 


T 2 2 

n k 


A E 


e,g 


2m 


nonparabolic dispersion model, (5.50) 


e,e,o 


where m eeo is the DOS average effective mass equal to {in ee \m 2 e T ) 1/3 . 

We will further discuss the Kane model (including relaxation times) in Section 
5.17.3, in connection with thermoelectric property predictions. 
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As will be shown, when using the BTE, it is more convenient to use E e (p ) in 
place of E e (ic) by using (5.48) for the convection term. 

The bandgap energy A E 6ig is temperature dependent (for most semiconductors, 
decreases with increase in temperature; exceptions include PbTe). Empirical rela- 
tions such as A E e g (T) — A E e , g — aT 2 /(T + b) are used. For Si and the A bandgap, 
a — 0.473 x 10~ 3 eV/K, and b = 636 K. As will be discussed, Table 5.6 includes some 
data on A E e , g at 0 and 300 K. 


5.6 Periodic Electron Gas Model for Metals 

The Fermi surface separates the occupied from unoccupied levels. Then the Fermi 
momentum hie? — pf and its energy Ef, is the highest occupied energy level. As 
we discussed in Section 2.6.5, the Fermi wave vector is given by (2.101) as kf — 
(3n e?c n 2 ) 1/3 , where n e , c is the number density of conduction electrons. The Fermi 
velocity is uf — pF/m e . 

The Fermi energy is defined through (2.94) and number density from (1.19), i.e., 


Ef = 


r 2 2 

h /Cp 

2 m e 


parabolic energy dispersion relation for metals 


(5.51) 


n e , c = / D e (E e )f e dE e . (5.52) 

Jo 

For metals, n e , c is found directly from the number of conduction (delocalized) 
electrons and is independent of temperature, i.e., (2.103). For semiconductors, 
n e , c depends on temperature and on Ef, as we will show in Section 5.7, or if 
n e c and T are known, Ef is determined. Using D e (E e ) = dn ex /dE e — 3n e , c /2E e — 
l} l2 mj 2 E l J 2 /(jt 2 h 3 ) (end-of-chapter problem). 

For metals using (1/17), we have [Figure 2.17(c)] 


n, 


r°° r 

, c = / D e {E e )ffdE e = nz e , D e (Ee ) = - 
Jo j 

f Ep 1 ,2m e 

= / D e dE e = —y(— ^F f )' /_ metals, 

Jo 37T z b L 


.kf 2}l 2 rtiJ 2 E l J 2 


jj 2 h' 


(5.53) 


which is the same as (2.101), where is the number of electrons per atom. We have 
used /° = 1 for E e < Ef, for Ff/^bT 1 (Chapter 1 problem). Note that metals 
have large nz e , and therefore, large F f . 

Also note that, by combining (5.53) and (5.53), we have 


K , 


n e , c = 


3tt 2 


= nz e - 


(5.54) 


Also from (5.53), we have the Fermi energy for an electron gas 

h 2 


E f = 


2m. 


(3n 2 n e , c ) 2/3 metals. 


(5.55) 
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Table 5.2. The number of free electrons per atom, free-electron number densities, 
Fermi energies, Fermi temperatures, Fermi wave numbers, and Fermi velocities, for 
metals [12]. The crystal structure is also listed, BCC (body-centered cubic), FCC 
(face-centered cubic), HCP (hexagonal close packed), and (-) indicates unusual 
structure. 


Element (structure) 

Ze 

n e , c , 10 28 m 3 

Ef, eV 

r F , io 4 K 

Kp, 10 10 m 1 

up, 10 6 m/s 

Li (BCC) 

1 

4.70 

4.74 

5.51 

1.12 

1.29 

Na (BCC) 

1 

2.65 

3.24 

3.77 

0.92 

1.07 

K (BCC) 

1 

1.40 

2.12 

2.46 

0.75 

0.86 

Rb (BCC) 

1 

1.15 

1.85 

2.15 

0.70 

0.81 

Cs (BCC) 

1 

0.91 

1.59 

1.84 

0.65 

0.75 

Cu (FCC) 

1 

8.47 

7.00 

8.12 

1.36 

1.57 

Ag (FCC) 

1 

5.86 

5.49 

6.38 

1.20 

1.39 

Au (FCC) 

1 

5.90 

5.53 

6.42 

1.21 

1.40 

Be (HCP) 

2 

24.7 

14.3 

16.6 

1.94 

2.25 

Mg (HCP) 

2 

8.61 

7.08 

8.23 

1.36 

1.58 

Ca (FCC) 

2 

4.61 

4.69 

5.44 

1.11 

1.28 

Sr (FCC) 

2 

3.55 

3.93 

4.57 

1.02 

1.18 

Ba (FCC) 

2 

3.15 

3.64 

4.23 

0.98 

1.13 

Nb (BCC) 

1 

5.56 

5.32 

6.18 

1.18 

1.37 

Fe (BCC) 

2 

17.0 

11.1 

13.0 

1.71 

1.98 

Mn (-) 

2 

16.5 

10.9 

12.7 

1.70 

1.96 

Zn(-) 

2 

13.2 

9.47 

11.0 

1.58 

1.83 

Cd(-) 

2 

9.27 

7.47 

8.68 

1.40 

1.62 

Hg(-) 

2 

8.65 

7.13 

8.29 

1.37 

1.58 

A1 (FCC) 

3 

18.1 

11.7 

13.6 

1.75 

2.03 

Ga(-) 

3 

15.4 

10.4 

12.1 

1.66 

1.92 

In (-) 

3 

11.5 

8.63 

10.0 

1.51 

1.74 

Tl(HCP) 

3 

10.5 

8.15 

9.46 

1.46 

1.69 

Sn (-) 

4 

14.8 

10.2 

11.8 

1.64 

1.90 

Pb (FCC) 

4 

13.2 

9.47 

11.0 

1.58 

1.83 

Bi (-) 

5 

14.1 

9.90 

11.5 

1.61 

1.87 

Sb (-) 

5 

16.5 

10.9 

12.7 

1.70 

1.96 


For completeness, we also repeat (2.103), i.e., 


^ e,c — flZ-e 


Na 

M 


PZ e 


metals, 


(5.56) 


where Na is the Avogadro number, M is the molecular weight, p is the density, and 
Ze is the number of free electrons per atom. This is the number of valence electrons 
for each atom in the metallic bond (Section 2.1.2). This is related to the npms elec- 
tron becoming delocalized. Table A. 2 shows the outmost electron orbitals, and for 
example, for Cu we have one 4? (4s 1 ) electron, while we have two 2s (2s 2 ) electrons 
for Be. Bi and Sb used in thermoelectic compounds, have z e = 5, which is 2 from 
the s orbital and 3 from the p orbital. This also corresponds to one of the oxidation 
states listed in Table A.2. Table 5.2 lists z e , Fp, Tp, Kp, and up for metals. As we 
discussed in Section 2.6.4, for n e c conductive electrons per unit volume, the ground 
state is formed by occupying all single-particle levels with k < Kp and leaving all 
levels with k > Kp unoccupied. 
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(c) Insulator (d) Semiconductor (Direct Band) 

Figure 5.9. Electron DOS D e (E e ) for metals, insulators, and direct-band semiconductors, at 
T = 0 K [63]. The shaded region shows the filled (occupied) states. Thermal excitation (of the 
order of k B T) moves the electron across the gap for semiconductors. 


Then the Fermi velocity based on E F and m e is 



Mf = ( 2£f )1/2. 
m e 

(5.57) 

The Fermi temperature is 

E f 

Tf= tT 
k B 

(5.58) 

and the Fermi momentum is 

p F = 2(m e E F ) 1/2 . 

(5.59) 

The electron group velocity u €tg is defined similarly to that for phonons (4.15) as 

1 

Ue,g — 

h 

E e (ic) electron group velocity. 

(5.60) 


5.7 Electron/Hole Density of Carrier and States for Semiconductors 

The electron DOS D e (E e ) will allow for determination of the transport properties 
as well as the electron number density. For metals, insulators, and semiconductors, 
the general distribution of D e (E e ) is shown in Figure 5.9 for T — OK. For metals 
there is no energy bandgap and for insulators this gap is very large (so all electrons 
are in the ground state at all temperatures), and for semiconductors at T = 0 K all 
electrons are in the valence band and as the temperature increases more move to 
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the conduction band. The conductive electron density is (5.52) 

poo 

n e , c = / D e (E e )f e (E e )dE e = Y f e [EM)l (5-61) 

Jo 

The electron equilibrium distribution function /° is given in Table 1.2. 

For a general treatment of electrons, the electron energies E e (x 9 p) is the sum 
of the potential and kinetic energy, E e p (x) and E e ^ k (p), and using the Fermi energy 
in place of the chemical potential /x, we have [294] 

fe= ~ \ V = E F 

k n T 


exp fhET + Eek ^ ~ Ef 


, E e = E e „{x) + E e , k (p), (5.62) 


k B T 


] + l 


where p = E\ . 

The potential energy E ejP (x ) is the same as the lowest energy of the con- 
duction band, as shown in Figure 5.8(a). For the nondegenerative approximation 
( E e — Ep k B T , or for small n e ^ c ), and E e k = p 1 2 /2m e ^ e , we have 


no ,Ee~E F 

fe =exp( ) = exp( 


Ef — E e p 

) exp( 


P‘ 


)• 


(5.63) 


k B T ' k B T 2m e?e k B T 

Then the nondegeneracy equilibrium conduction-band electron density is given as 
based on momentum integration of (3.11); (5.61) becomes 

p 2 ■ i 

t 7 TP(P) = — — / expn-n„ „ - - 
h 


= 3 £ / ° W = ^vl exp[( - 


Ee ' p 2m 


e,e 


+ E F)-j~^]dp 
k B T 


1 


4jr 3 7i 3 Jo 


poo 

/ exp( 
Jo 


P ^ ____,~ E e,p + E F N/1 2 


2m e , e k B T 


)exp( 


k B T 


)47Tp-dp 


= - ( 2m e, e k]i T 3/2 Ef E ep E e Ef 

4^ tcTi 2 J ^ k B T ’ k B T 


= n e , F exp( 


Ff E ep . . 

), n eF — 2( 


^3/2 


(5.64) 


k^T ' ^ ' 2nh 

equilibrium n e c and effective n e F conduction (nondegenerate) electron densities, 

where we have allowed for two possible spin states. The effective electron density 
assumes all states are at the bottom (edge) of the conduction band (E F — E ep ) - 0. 

t For the free-electron gas, the chemical potential a is replaced with the Fermi energy E F , but there 
is a temperature dependence given by [12] 


1 7rk B T 2 

M = £f[1 -3 ( W } + "‘ ] ‘ 


Ef 


which is negligible for T 
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This presentation of the states makes for a T 3/1 dependency. The effective density of 
conduction band n e j has a counter-part for the valence band (e.g., the hole density). 
The intrinsic carrier density n, is related to n e _ p, h/ 7 ,f and A E 6yg / 

Figures 5. 10(a) (i) and (ii) show the variations of the intrinsic (electron e~ or 
hole h + ) density /i, = rihj — n e j for Ge and Si (end-of-chapter problem), as a func- 
tion of temperature. For the extrinsic semiconductors, the charge carrier which has 
the larger number density is called the majority carrier (so p-type semiconductors 
have excess holes which are the majority and rc-type has excess electron, so holes 
are the minority). Also, for the extrinsic carriers, we still have n e , c n\ x , c — nj, i.e., the 
product of the minority and majority carrier densities is constrained by /i, . 

The general (degenerate) form of /°, (5.62) leads to integrals called the Fermi- 
Dirac integral of order /, where the integrand is E J e k /{exp[(E e ^ + E CyP — Fp)/ 
k^T] + 1} (Chapter 3 problem). The exponential term is called the Fermi function. 

Equation (5.64) relates the equilibrium conduction electron density n e , c to the 
Fermi energy Fp, and n e $. Here n e $ is the effective electron DOS (conduction 
band) for the case of E SyP = E e c = Fp [Figure 5.8(a)]. We have also used E e c 
for the conduction-band-edge energy. So, unlike metals where n e c and Fp are 
stated through (2.102), for semiconductors n e c and Fp are related through the 
temperature-dependent relation (5.64). 

From (5.64), the larger the Fermi energy (chemical potential), the larger are the 
number of conduction electrons (carriers). Compared with metals that have large 
Fp, semiconductors have a small Fp (or n 6yC ). Doped semiconductors have larger 
carrier concentrations than those of shown in Figure 5.10(a)(i) and (ii), however 
they are yet much smaller than n e c listed for metals in Table 5.2. Then, Fp in semi- 
conductors is generally smaller than k^T . We will use this in treatment of the semi- 
conductors in Section 5.9. 

The semiconductor Fermi energy can be determined from (5.64), where n e c is 
known. The density of electronic states in energy space D e (E e ) is the number of 

' The Fermi energy of semiconductors can be found from [Figure 5.7(a)] 

E F = E e , p + k B T ln^. 

The hole (/? + ) counterpart of this is 

E F = E h ,p ~k B T In 
or 

F _ E 6yP + Eh^p kB T . n i , , f 
- 2 + 2 n e , F ' 

where «/, iC is the valence-band density (conduction hole density) and n / h f is the effective-valence- 
band density. By eliminating between the above two relations, the intrinsic carrier density is 
defined as (the mass action law) 

Mi = (^e,F^/z,F) ^ 2k B r ^ Ee,g — Ee,p Eh ,p- 

For evaluation of nh,F, the effective hole mass mh, e /m e is used. 

Also, similar to (5.64) the equilibrium conduction hole density is 
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T,K T K 

(a) (i) (a) (ii) 



Figure 5.10. (a) Intrinsic electron (equal to hole) density for (i) Ge, and (ii) Si. Because A E e _ g 
is smaller for Ge, its n t is larger than Si (at a given T) [245]. (b) Predicted DOS for the electron 
bands of Si [82, 260]. The nonparabolic density of states is given in footnote of Section 5.4. 
Also shown are the parabolic and nonparabolic models. 


electric states having energy E e (jc) and is also represented as (2.99) or (per volume 
V) by (2.99) or (4.21), i.e., 

D e [E e (*)] = E[, ~ E -(*')] 


(5.65) 
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Then, for parabolic energy bands [near the band maximum and minimum given by 
(5.45)], and for two spins, we have 


D e [E e (K)\ = —3 f «$ D ( 
471 J K t 


2.2 


h k 


2/2 


h k 


)4TTK ,2 dl<' 


2m 


e,e 


2m 


e,e 


1 f 2 m ee Ti 2 k' 2 Ti 2 k 2 2 /z 2 /c /2 Ti 2 k 2 

47T J k' 2 k'Ti 2m^ g 2 m^g 2m^g 2 m^g 

2 1/2 m%El /2 

_2t- 3 
71 h 

Semiconductor DOS parabolic energy band (same as electron gas), (5.66) 


i.e., D e (E e ) is proportional to E l J 2 . This is the same as (5.53) shown graphically in 
Figure 2.17(c) for metals, except here we use the effective mass and bond energy 
E e (ic)K 

The same is obtained using the definition given in the Glossary, D c (k) = 
4nK 2 dK /(2n) 3 , i.e., (4.19), and noting that for metallic dispersion di</dE e — 
m e , e /h 2 K(m e , e /2h 2 Ee) l t 2 and 4nK 2 dK /dE e — 4nm e ^ e K /h 2 — 4n2 l ^ 2 m 2 J 2 e]/ 2 /h 3 , 
allowing for the particle spin of 2, and divided by (27r) 3 , we have (5.66). This shows 
that the electron dispersion relation is quadratic for the parabolic model. Also note 
that the electron group velocity is related to dEJdK, through (5.60). 

For the ellipsoidal band model (5.49), the effective mass in (5.66) becomes 
(mLmx) 1/2 = m et e t0 and is called the density-of-states effective mass. Figure 5.10(b) 
shows the DOS D e (E e ) for model (parabolic and nonparabolic) and full-electron- 
band structure for Si. The parabolic model bands do not predict the full-band 
results, leaving out the high energy electrons. The nonparabolic band approxima- 
tion, (5.49), overpredicts the density of high-energy electrons. However, for the con- 
duction electrons only, the parabolic model is satisfactory. Note that for electron 
gas (or free electrons) the DOS is that given by (5.66), except m e is used instead 
of m ee . 


5.8 Specific Heat Capacity of Conduction Electrons 

When the conduction electron is in thermal equilibrium with the lattice, (phonon), 
i.e., T e — T p — T, below we will show that electron specific heat is not large com- 
pared with that of the phonon (lattice). In Sections 5.18 and 5.19, we will discuss the 
case of local thermal nonequilibrium, T e T p . 

For metals, in the electron-gas approximation the electrons have an equilibrium 
energy pdf (fermion) that gives their energy with respect to the chemical potential 


t The nonparabolic band model (5.50) gives, after integration, the D e (E e ) given by (5.65) as (Sec- 
tion 5.17.3) 

2 1 / 2 m 3 / 2 F F 

D e (E e ) = ^E\l\ 1 + + 2^). 


7 x hr 


A E 




A E 
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p and thermal energy k B T as (Table 1.2) 



1 


ex p( 


E e p 
k B T 


) + l 


1 


exp( 


E e — E F 
k B T 


) + l’ 


(5.67) 


where p is assumed to be equal to the electron Fermi energy E F . In solids, T = T p 
is the lattice temperature. As will be shown, because E F is large, the high energy 
electrons are not excited until very high temperatures and this tends to vanish the 
equilibrium electron heat capacity at low and moderate temperatures. 

The specific heat of the electron gas is defined similarly to (4.53) and given in 
terms of the electron DOS D e as 


H-e,cCv,e — 


d((E e ) - E f ) 
dT 


v 


where the energy of a system of electrons is given as 


poo 

(E e ) = (E e — E F )f e °D e (E e )dE e . 
Jo 


Then, 


(5.68) 


(5.69) 


r°° df° 

n e , c Cv,e = (Eg - E F )-^D e (E e )dE e , 

Jo 

or using (5.85), we have 

/>oo 

Cv,e = (Ee - E F )D e (E e ) 

Jo 


(5.70) 


d 


dT , E e E F 
exp(- 7 ) + l 
k B T 


■dE*. 


(5.71) 


We can approximate this by changing the limit of the integral by noting that 
D e (E e ) — D e (E F ) and then moving this outside the integral; then by also making 
a variable substitution x — (E e — E F )/k B T, we have 


n e , c Cv,e = k F TD e (E F ) J 
On using (5.53), we have 


oo 


je 2 e* 


-E F /k B T (e x + 1 )' 


dx. 


^ 3^2 p e 

n e , c c v ,e = kp 


'OO 


2 x 

x e 


= kp 


2 E F J-E F /k B T (' e X + l) 2 
2 l ' 2 ml' 2 E l J 2 r°° 


dx 


7i h 


L 


x 2 e x 


-E F /k B T (e x + l) 2 

electron-gas specific heat capacity. 


dx 


(5.72) 


(5.73) 


We can use (5.53) to introduce n e c as the coefficient of (5.73). 

Figure 5.11 shows the specific heat capacity ( n ec c ve divided by k B n e c ) of Cu 
electrons, where E F (7.00 eV for Cu) is given in Table 5.2. Because E F /k B T is rather 
large at moderate temperatures, the integral in (5.73) is small, and therefore the 
specific heat capacity of electron gas is small. This is because electrons with energy 
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Figure 5.11. Variation of predicted specific heat capacity (per conduction electron) of Cu 
conduction electrons, with respect to temperature. The low-temperature limit is also shown. 
Because the Fermi energy is rather very large (compared with k B T), the electron specific heat 
capacity is small. 

less than the Fermi energy are already occupied. So, very small fraction of electrons, 
those within k^T of E ¥ are able to contribute to c ve . 

Because at moderate temperatures k^T E ¥ , and by using (2.101) for n e c and 
using that in (5.56), we have (end-of-chapter problem) 


and now by using this in (5.72) for E? k^T we have (end-of-chapter problem) 


which, if the classical behavior for a particle were used, would be 5n e ^k^ /2, which is 
independent of the temperature and extremely large for low and moderate temper- 
atures. 

Similarly, using (5.64) for E^lk^T « 1, we also have the same result for a non- 
degenerate semiconductor with parabolic bands, i.e., 

n 2 k 2 T E ¥ 

n ec c ve — -—--^—n ec {T) for T — = Tp nondegenerate semiconductors. (5.76) 
2 &b 

where n e c c v e here is per unit volume. This shows a linear temperature dependence 
of electron specific heat capacity at moderate temperatures in addition to the n e c (T ) 
dependence given by (5.64). 

This is unlike the lattice specific heat c VfP , shown in Figure 4.13(a) and given 
by (4.64). Note that here T e — T p — T is the lattice temperature, because the kinetic 
energy of the electrons (which leads to their temperature) was not defined and used 
here. 


D e (E F ) = — — low-temperature limit, 
2Ep 


(5.74) 



(5.75) 
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The free-electron specific heat in metals and semiconductors is much less than 
3 &b/ 2, which may be assigned based on its temperature. Therefore, in nc v = n ec c ve 
+ nc v p (per atom or per kg or per m 3 ), in general for solids only the lattice specific 
heat is used. 

When thermal nonequilibrium is used between the free electrons and the lat- 
tice (Sections 5.18 and 5.19) or when gases with thermal nonequilibrium are used 
between electrons and heavier species (Section 6.13), the temperature of the elec- 
tron is defined based on its kinetic energy, and then the classical limit of translational 
kinetic energy is used for the specific heat capacity. 


5.9 Electron BTE for Semiconductors: Thermoelectric Force 


Similar to our treatment of k p in Section 4.9, we now address the transport proper- 
ties of electrons in solids. The thermoelectric (TE) transport properties are k e (elec- 
tric thermal conductivity), o e (electrical conductivity), as (Seebeck coefficient), and 
ap (Peltier coefficient). The theoretical treatment of electron transport is given in 
[515] and for semiconductors in [294] and is briefly reviewed here using the treat- 
ment of [294]. 

Using the bond structure model of Figure 5.8)(a), the equilibrium distribution 
(5.62) can be written as ( p =Tnc, E* k = p 2 l2m e , e k&T) 



1 

c::p[ £ta(j>) + Ee -P^ ~ + i 


1 

exp(£ e * -£*) + !’ 


(5.77) 


where £p is the quasi (nonequilibrium) Fermi energy. Assuming that under an 
applied force F e , the distribution is altered to /° + f' (/° is symmetric and f e is 
asymmetric), with f' e /°, the relaxation- time approximation of the BTE (Table 
3.1) becomes 


fe = f e ° + fe 


(5.78) 


dfe 

dt 


3 /; 3/; 3 /: 


dt dt 


dt 


f 

J e 

*e{p) 


(5.79) 


«« ' V(/° + f) + F„ ■ V,(/ ( “ + f e ) = 


fe 


*e(p) 


Assuming that the applied force F e = — WE e „, we have 


• V/ e ° - WE e , p • V p f e ° = 


f 


*e(p) 


(5.80) 


(5.81) 


or 


a pO o fO rf 

U e ■ Av£! - V£ e „ • A-Vpfi* = -f. 
3 E* e ' p 3 E* p e r e 


(5.82) 
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Using (5.77), we have for the two derivations of E e 


V-Eg — ^j(yE ep VEp) + (Ee^ + E e , p Ef)V 


V„E* = 


u . 


(5.83) 

’-•-ksT- ^ 

Then solving for f' in (5.82), we have the solution to the asymmetric (deviation) 
distribution function as 

/; = YY { fp )u ’ ■ [V£f - TiE ’ k + E -.r - £ f ) v 7] 


■ F,„ 

k B T V 3 E*/ 


(5.85) 


where 


F te — — VEp + T(E ek + E^ p — Ep)V — . 


(5.86) 


Here F te is called the generalized thermoelectric force. This can be written in 
indexed form as 


dE F a l 

Fte,i — — ^ 1 - T{E e k + E e , p — Ep)- — — , 

axi dXi 1 


(5.87) 


which has an electrochemical potential Ep, and a thermal component 1/E. This 
shows the effect of gradients in an electrochemical potential, and in the inverse of 
absolute temperature, on the nonequilibrium distribution function. Similar treat- 
ment is given in [71]. So, in the Onsager relation (3.56), these should appear as the 
thermoelectric transport forces, i.e., (3.61) and (3.62). However, as will be discussed 
in Section 5.12, the choice of e e and VE are more directly comparable with experi- 
mental measurables. 

In Appendix G we present a statistical entropy treatment of the Seebeck coef- 
ficient. 


5.10 Electron Relaxation Time and Fermi Golden Rule 


Electrons can be scattered by a scattering potential <p s , as it appears in the 
Schrodinger equation given in Table 2.8. Here the transition rate is expressed by 
FGR (3.27), where the complete derivation is given in Appendix E. The transition 
rate is derived from the time-dependent Schrodinger equation, using the perturba- 
tion of the unperturbed Hamiltonian (no scattering) solution. We briefly discuss the 
steps below. We use k or p , when convenient, and they are related as p -htc. We 
will also use the parabolic model of band structure with a single effective mass, i.e., 
(5.46). 

Assuming that the solution for <p s = 0 (H = H 0 ) is given by (time depen- 
dent), similar to (2.67), we have (for plane electron wave function) 


= y] (o^o oo exp H £e( 5 o) h 


H 0 = E e (K)^ K 


(5.88) 


K 


h 
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Consider that this scattering results in a change of the electron wave packet (wave 
vector) from tc to tc' . 

As outlined in Section 5.1 and 5.3, the solution for cp s — 0 (H = H 0 ) is used to 
construct the function for cp s ^ 0 (H = H 0 + H', H' = cp s is the perturbation Hamil- 
tonion), starting from the Schrodinger equation 

34> 

in— = (Ho + H')* = (Ho + <p,)V, (5.89) 

Ot 

where H 0 is the Hamiltonian for cp s = 0. 

Now using (5.88) in (5.89), we have 

E da K r iE e (ic)t _ . . _ iE e (ic)t _ ^ 

— ^ exp[ jf-] = <p s y^ a K {l:)fK exp[ (5.90) 

K K 

Using the definition (Table 2.8) of the wave function, the probability of finding the 
electron with wave vector k' q (as a result of scattering) is 


P(k') — lim \a K '(t)\ 2 . (5.91) 

/—»00 

For an electron wave packet centered at k q entering and interacting with (p s 
and emerging at ic' 0 , at t — 0 we have a 0 ^ K (t = 0) = 1 and a 0 , K (t = 0) = 0 for tc / tc 0 . 
From the definition of the scattering rate, from tc to /c', which is time derivative of 

(5.91), we have [294] 


Ye(ic,ic') = lim 

/— MX) 


\a K '{t)\ 


— lim 


\a K '(t)\ 


\a 


O ,/C 


/—MX) 


(5.92) 


Now we determine a K > for cp s — 0 by first multiplying both sides of (5.90) by 
exp [iE e (ic')tlh], using the orthogonality of f/ K , and then integrating over the unit 
cell (assuming Bloch wave form; details are given in Appendix E). Then (5.90) 
becomes 


ih 


3 a K ’ 
~dT 


E M K'-K a iC eX P[ 

K 


i[E e (tc') - E e (ic)]t 
h J 


(5.93) 


Here M 0 ^^ K is called the matrix element [appearing in (3.27)] of the scatter- 
ing potential (or transition) between electron states tc' and tc, and here becomes 
(Appendix E) [294] 


M q ,k',k = \{^k'WsWk)\ = \{k'\(Ps\k)\ 

= 77 f ^lr{x)ip s f/ K {x) dx. (5.94) 

V J cell 

For example, using the Bloch planar wave in a one-dimensional form of the matrix 
element results in [294] 

i r L/2 _• m 

M 0 ,*/ — — / e lK X (p s (x)e licx dx one-dimensional matrix element. (5.95) 

L J-L/2 
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For scattering by a periodic, point defect, this leads to a simple expression. 

In general, (p s is three dimensional and in most cases is given as a series solution 
involving the Bloch waves. 

Using (3.27), the electron-scattering rate y e (5.92) is then represented in terms 
of the preceding matrix element as [389] 

YeW, k) = y' / {-^-\M 0 ' K '' K \ 2 8n[E e (ic') - E e (ic)-Tia>] 

k ' 

+ T-\M 0 , K '^\ 2 S D [E e (K') - E e (ic) +hw]}. (5.96) 

n 

The first term is nonzero when energy Tico is absorbed and the second when it is 
emitted. For elastic scattering, hco = 0. This is similar to the form given in (3.12). 

In addition to the energy conservation, there is a requirement of momentum 
conservation. For example, for electron-phonon interactions, the momentum con- 
servation is 


IC-IC' ±Kn =0. 


(5.97) 


As an example, consider elastic scattering by a delta function perturbing poten- 
tial, such that (5.96) is written as [294] 

UP', P)=Y ~ L ! E S ^ E e ~Ee)=cJ2 &d(K ~ E e\ (5-98) 

P' P' 

where c represents the constants. Then performing the integral similar to (5.64) but 
using (3.12), we have for the momentum relaxation time 

1 


x e (momentum) 


= Ye{p', P ) 


n r 2 tz noo 


nJ T n Lll p 

J o Jo Jo 


a 




)p /2 dp' sin0d</>d0 


4n 2 h 3 Jo Jo Jo ^ v 2 m e , e 2 m e , e 


= c (4w U e I /2 (p) = cD e (p) 

2n <pl 


An Ti 


2n 7 

= ~r M o .k>'Mp) = 


De(p), 


(5.99) 


h Tl L 2 

where we have used (5.66) for D e (p). This is the FGR expression given in footnote 
of Section 3.2.3. 

Here we have related z e and y e by assuming isotropic scattering and the domi- 
nation of the out-scattering, as discussed in Section 5.11. Equation (5.99) indicates 
that the higher the electron DOS D e (p ) (the higher the final energy), the higher the 


' For (p s ( x) = <p 0 8(x), (5.95) becomes 

Mo,k',k = xf-LfrV o{x)e~ l ^'~ K)x dx 

i.e., the interaction matrix element is constant. 


L 
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scattering rate. Note that here the energy is conserved (elastic scattering), and this 
is the momentum relaxation time. In this example, hen = 0. 

Because, in general, scattering is anisotropic, i.e., the deflection of p is rather 
small, the relaxation time in the momentum equation (p 1 -moment of BTE) is 
extended to include this. Also, this results in a distinction between the momentum 
(which is direction dependent) and the energy relaxation. The momentum relax- 
ation time is (3.23), i.e., given by 

1 \p'\ 

— = ; yJp , /?')( 1 cos 0) momentum relaxation time, (5.100) 

(momentum) \p\ ' v } 


where 6 is the polar angle between p and p f . This weights each collision by 
the fractional change in the direction of momentum. For isotropic scattering, 
r e _1 (momentum) = Jf p , y e (p , /?')• 

The energy relaxation time appears in the energy equation (p 2 -moment of 
BTE) is given by (3.24), i.e., 


1 

r e (energy) 


Ey^P'P '^ 1 

p' 


Ee(p') 

Ee(p) 


] = Ey^P’P'^ 

p' 


Ee{p ) ~ Ee(p') 
Ee{p) 


energy relaxation time. (5.101) 


This weights each collision by the fractional change in the energy. 

For elastic scattering, p — p\ E e (p') — E e (p), then r^(energy) -> oo. 


5.11 Average Relaxation Time ((r e )) for Power-Law z e (Momentum) ( E e ) 

The scattering alters the distribution function f e (increase of f e is called an in- 
scattering and decrease is called an out-scattering process). The rate of scattering 
is given by (3.8), as described in Section 3.1.3, i.e, 

= E f^P'^i 1 - fe(P)]Ye(p\ P) ~ fe(p)[ 1 - fe(p')]Ye{P , P'), (5.102) 

P' 


where y e (p f , p) is the transition rate of scattering from state p' to state p. Using the 
relaxation-time approximation of the scattering term (3.11), we have for f e (p) 1 


dfe_ 

dt 


E Mp')Ye(p'> P) ~ fe(p)MP - P) 

P’ 

fe 


(5.103) 


where r e (p) is the relaxation time between collisions. 
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For isotropic scattering and for nondegenerate semiconductors (f e ^ 1), and 
considering out-scattering only, we have from (3.8) 


1 

l(p) 


Y y e (p, p ) isotropic, out-scattering. 

p' 


(5.104) 


This will allow us to use the FGR (5.96) for the determination of the relaxation time 
(Section 5.15). 

As an example for evaluation of the average relaxation time, consider electron 
transport in a uniform, one-dimensional electric field e ex s x , so BTE (5.80) becomes 


- e c e e , x s x • S7 p f e = 


f' 

Tliy 


where f e = f° + f' e , and f° » f' e . 
Now, using V » V we have 


- e c e e , x s x ■ V„/° 


f'e 

Te(p) 


(5.105) 


(5.106) 


From the equilibrium distribution (5.77) and using E e ^ — p 1 we have (5.84) 

again 



m e,e T 


fe = 


U e 

k^T 



Then, using this in (5.106), we have 



£c^e,x ^e^e,x 

k^T 



(5.107) 


(5.108) 


This shows that deviation from equilibrium is caused by the imposed field e e>x . 
The average velocity is called the drift velocity u ex — (u etX ) and is 


u 


e,x 


— i^e,x) — 


52 u eAff + fe) 52 Ue -*f'e 
_ _P 

£(/; + /:) 52 ’ 


(5.109) 


where in the denominator we use /° ff and because /° is symmetric in u etX , the 
product u e x ff is odd and that summation vanishes in the numerator. Then, using 
(5.64) and (5.108), we have 


52 U l^fe 

i^e,x) — ^c^e,x j 7Z •> (5.110) 

n e , c kBT 

where T is the lattice temperature. Next, we use the average equilibrium 
kinetic energy {E e ^) = E e ,kf ° — (3/2)&b Tn e , c (based on equipartition of trans- 

lational energy), and u 2 v = u 2 e / 3 (based on spherical symmetry, will show this in 
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Table 5.3. Power-law constant s for common 
electron-scattering mechanisms in 
semiconductors [294]. 


Mechanism i 

s 

Acoustic phonon 

-1/2 

Nonpolar optical phonon 

-1/2 

Ionized impurity(weakly screened) 

+3/2 

Ionized impurity(strongly screened) 

-1/2 

Neutral impurity 

0 

Piezoelectric (semiconductors) 

+1/2 


Section 5.12), to write for the drift velocity along * 


{tie, x) — 


3 ' 2 

-e c e e , x p 


o ~ m e,e u e T e(E e ) f e ( E e ) 


m 


e,e 




—e c (E e r e (E e )) 


m? p { E^ ) 
{{t-e)) & e 


-e,x 


' e,e 

-e c 


m 


e,e 


= -p-e,xe e ,x, ( ( ) ) (momentum) = 


{E e r e {E e )) 

{E e ) 


average relaxation time, 


(5.111) 


where p e ?A - (along x) is the electron mobility, generally presented in units of cm 2 /V-s. 
Therefore the electron mobility and its relaxation time are equivalent. We have also 
used (5.64) for definition of n e?c . We assume a power-law relation for the relaxation 
time, i.e., 

E/ ( ^ 

r e (E e ) = z e [E e (p)\ = T e 0 [— ] s energy-dependent relaxation time, (5.112) 

k B T 

where r^ 0 is a constant and s depends on the type of scattering. Note that this also 
shows the temperature dependence T~ s , in addition to any temperature dependence 

Of Zg Q. 

In Section 5.15 we will examine electron-phonon scattering closely and sum- 
marize the relaxation-time relation for the various scattering mechanisms given in 
Table 5.3. 


1 Typical drift speed in Cu conductors is 10 4 m/s, whereas the random thermal speed of a free elec- 

tron at room temperature is 1.2 x 10 5 m/s [(3J<bT / nte) 1 / 2 ], and the Fermi velocity is 1.6 x 10 6 m/s. 
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(a) Phonon (Acoustic and Optical) Scattering 
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(b) Ionized and Neutral Impurity (B) Scattering 


e 
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Lattice Atoms 


* Symmetric Charge 
X" Distribution in Lattice and 


Polarization Field Due to 
Acoustic Phonons 


(c) Piezoelectric Scattering (Semiconductors) 

Figure 5.12. Electron scattering by (a) phonon (acoustic and optical), (b) impurity (ionized 
and neutral), and (c) piezoelectric (semiconductors). 

Table 5.3 gives the value of the power-law constant s for common elastic scat- 
tering mechanisms in semiconductors. These are for phonon, impurity, and piezo- 
electric scatterings, as also shown in Figure 5.12. Note the momentum and energy 
conservation in the interactions, as shown for the electron-phonon scattering. If the 
absorbed/emitted phonon energy is small, it is assumed elastic, but this is not the 
case for the optical phonons. So, in Figure 3.3, the scattering of electrons from state 
ic' e to state k may not be elastic. In Section 5.15, the derivation of the electron- 
phonon relaxation time (and the relation s = —1/2 for acoustic phonons) in semi- 
conductors will be derived. 

From the power-law relaxation time (3.25), we find that the averaged relaxation 
time (5.111) becomes 

t Using y = p 2 /2m e>e kQT , (5.113) is written as 


which leads to the final form of (5.113), using (5.114). 
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<?,0 r 
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— , for r r [/!,,(/?)] = r e , 0 [ £ ^^ ]' 


k B T 


power-law energy dependent average relaxation time. (5.113) 


Among the properties of the gamma function T(z) are 



y z l e y d y 


V(n) — (n — 1)! 


F(n + 1) = nT(n) 



(n — 2) ! !7T 1//2 

2(«~ 1 )/ 2 

1/? ,3. 7 r 1/2 5 

= r (-)=— , r (-) 

15jr 1/2 9 105 tt 1/2 

8 ’ r 2 ~~ 16 ’ 


3jx 1 ' 2 

4 


(5.114) 


where n\ \ is the double fractional. When there is multiple scattering, p- 1 = Yli p~), 
and because the electrical resistivity p e is proportional to pj 1 , this states that p e = 
J2i Pe,i [Matthiessen rule (4.111)]. Thus using <y e (l/p e ) proportional to /i e (5.112), 
we have 


YeiP) = 



(5.115) 


where some of the mechanisms i are listed in Table 5.3. Because the mobility is 
defined through the drift velocity and electric field as (u e ) = u e = — pt e e e , generally 
(5.111) is used to determine ((r e )) (momentum). The momentum relaxation time is 
also determined through (5.114), with r^ G given empirically. For isotropic scattering, 
the energy relaxation time is related to the momentum relaxation time (examples 
are given in Table 5.4 and Section 5.19). 


t n\ \ = n(n — 2) ... 5 x 3 x 1 for n odd, and n \ ! = n(n — 2) ...4x2, for n even. 
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Table 5.4. Some electron scattering relaxation time relations. 


Source of scattering Relaxation time 


Electron-alloy [433] 


Electron-ionized 

impurity 

(generalized form) 
(momentum) [433] 


Electron-phonon 

[294, 433] 


Electron-photon 
(momentum) [433] 


Phonon-assisted 

electron-photon 


— l ^V 0 <p z s x^-x)ml»E]l 2 

— -1 A \P ) 


e ~a 2 1/2 8T? 4 

Vo is a 3 / 4, (p s is scattering potential, x is alloy atomic fraction 


1 
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VL \ +2 V2 n ^ e € 0 
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X 


{ln[l + (P) X ] 1 j 


h 


1 + 


Tr 


8 m e , e E e (p)\ 2 
z is the charge of impurity, A. is screening length 
momentum (acoustic phonon, elastic): 
x~} A (momentum) = llle J Xe (metals) 


'e-p, A 


(momentum) = 


2 

Hhppu 2 A 


^-p,A(energy) = kBT 2 r e -„ A (momentum) 
2m e>e u p 

momentum (piezoelectric) 


,-i 


= C¥) vz Crr) 2 ^El /2 (p) 


e-p,A 'a' ' e 0 e e ' pUp A 

momentum (nonpolar, optical phonon): 
absorption 
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intervalley scattering (g- and f-scattering): 
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(Section 7.12) 
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5.12 Thermoelectric Transport Property Tensors for Power-Law r e {E e ) 

In Section 3.4, from the Onsager transport relations, we discussed presentation of 
fluxes in terms of gradients. In presence of an electric field e e and a temperature gra- 
dient VT, the electrical and heat flux vectors are given in terms of the macroscopic 
gradients (and including the coupling tensors L et and L te ) by 

je = L ee • e e + L eJ • vr (5.116) 

q = L te -e e + L tt -VT. (5.117) 


However, as was shown by (5.87), in an electron BTE, the gradients in the Fermi 
energy VFp and the inverse of temperature V(l/T) are the relevant potential gra- 
dients. These fluxes are also related to the macroscopic transport, starting with the 
electrical current density given by 

je = -e c jn = F (5.118) 

7 p 

The heat flow rate can be written using the thermodynamic relation of Table 2.4 as 
(using pi = £>, as the quasi-Fermi electrochemical potential) 


d Q = d E e - E B &N e , (5.119) 

where the E B varies with position. Now using E e = E e ^ + E etP and (5.83) and (5.119) 
with time derivative and per unit area (i.e., flux vector form), we have 

q =q e - E F j n = + E e , p ~ E F )u e f'. (5.120) 


Next, using (5.85) in (5.118) and (5.119), we have 


Je = 


h 3 k B T 


h 3 k B T 


Tl UeXe ^~^E)^ Ue ■ F,e ) 


dE\ 


3 fe 


1 


V««r ■ [-V£p + T(E e , k + E e , p - £ F )V-]} (5.121) 

z ' o E „ 1 


3 f° 


Q — r 3 7 u e T e( 0 ^ ){^e,k + ^e,p F B )(ll e • F te ) 


h k B T 


dE: 


Ve° 


— r 3 7 y ' u e T e ( )(Fg,fc + Ee t p E B ) 


h k B T 


{U e • [— V F f + T(E etk + E etP - F F )vi]}. (5.122) 

We write F te in terms of V(F F /e c ) and V(l/T), i.e., (5.87), and also begin to use 
index notation. 

We now define the thermoelectric (TE) transport tensors A ee , A et , A te , A tt , and 
we also introduce their components (elements) a ee jj, etc., by writing (5.121) and 
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(5.122) as 


j e — A ee • V -\- A et V , j e i — Oiee,i j ~ T &et,ij ~ ~ 

axy e c ' axj 1 


E f 

e c 

Ef 
e c 


1 

T 

1 

r 


a £ f 


a l 


(5.123) 


a Ff 


a l 


^ = A, e • V— + A„ ■ V — , qi=a,e,ij — — + ci tti ij — — . (5.124) 

° X j * 


dxj e c 


Note that the subscript j here is a repeated summation index (from u e • F, e ). Then, 
we have the Onsager transport coefficients for the V(E F /e c ) and V(l/F) forces as 

’ 2 a f ° 

(5.125) 


I 7 — 


/F£ B F 


v- , 3/*° v 

/ J u e,i ll e,j E e\ 0 77 * / 


3F! 


^et,ij — ^ ^ T(fE e T E e ,p Fp)( 0 77 .* ) 


h JcbT 


dE: 


&te,ij — ^ ^ ''' J Me,jMe,jT'e(Ee,k T E e p Fp)( ^ ^ ) 


/f& b f 


3f: 


a t t,n = T f ^ y2 Ue - iUe ’j reT ( Ee ’ k + Ee ~p - E o 2 (-ff)- 


h k^T 


dE’ 


(5.126) 


(5.127) 


(5.128) 


Note that the Onsager conditions among the transport coefficients, e.g., (3.59), 
do not apply here since we did not address the entropy and other thermodynamic 
properties . However, (5.126) and (5.127) are different only be a factor of T. 

For nondegenerate conductors (most semiconductors), we have E F /k F T «1, 
and for degenerate conductors, (metals) we have E f /IcbT 1- To evaluate (5.125) 
to (5.128), further specifications are needed, and here we consider the simplest 
of them, i.e., a nondegenerate distribution [e^ E *~ E rT i] i n (5.77), and spherical 
(energy surfaces), parabolic energy (energy variation with momentum or wave vec- 
tor) semiconductor bands, centered around E = {0,0,0}. Then from (5.63) we have 

f° = e - {E ‘- E *\ — 7? = f° nondegenerate distribution. (5.129) 

dE e 

The integration over p is in both direction and magnitude. The direction integral 
(for spherical symmetry) gives 


1 



sin#d# 



u eJ u eJ sin 0 d 0 


2 e 

U e^ij ’ 


(5.130) 


' For more complete calculation the Seebeck coefficient is expressed as the sum of ^presence and 
as, transport [132, 10]. Here as, presence is the sum of contributions to the carrier-induced entropy 
change, i.e., a s , presence = as, mix + as, spin + «s, vibration, where the right hand side terms are change of 
the entropy-of-mixing, spin entropy, and vibrational entropy upon adding a charge carrier, respec- 
tively. The other contribution as.transport is equal to the net energy transferred in moving a carrier 
divided by qT , where q is the carrier charge. In our treatment in this section, we approximate that 
as, mix is the dominant and the only contribution, i.e., a s , sp in, a s , vibration, and a s , transport are negligible. 
In Appendix G, we will discuss the cases where due to thermal disorder (called phonon softening 
effect) these contributions are large and should be included. 
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because u e ju e j = u 2 fiij and u 2 e — 3 u 2 ei \ here 8jj is the Kronecker delta. 

Then for a ee jj, we have (using the average kinetic energy ( E e — 3&b772 — 
3m e , e (u 2 .)/2, where T is the lattice temperature), similar to (5.111), 


£ l 


& ee,ij — 


3 n 3 
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E Y Xef ° Sij 


S3 E fe 
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(( r e ))8ij , ((r*)) (momentum) = 




(Ee,k r e (Ee tk )) 

(E^k) 


— ^e,c^c l-t'e^i j ■> t^e — 


e c (M) 


m 


(5.131) 




Since c does not influence the mobility \i e , this is used to separate the carrier 
concentration from its kinetics, when presenting o e . In (5.131) 


( E e,k) = J E etk (p)f?(p)dp = 


1 

87 r 3 h 3 m 


e,e 


f P 2 f e °(p)dp. (5.132) 

J D 


The integrals over p are given by (5.113). 

The electron drift velocity vector is presented by the electron mobility (and 
conductivity) as 


e r e 


tie — P*e@e — 


c^e 


m 


((r e )) electron drift velocity, 


e,e 


(5.133) 


which is the vectorial form of (5.111). Note that fi e has units of \u e \/\e e \ or m 2 /V-s 
or cm 2 /V-s. We also used the definition of n e c from (5.66) in (5.131). The average 
electron drift velocity u e and the time constant ((r e )) have been used, where the last 
is given by (5.111). 

Now, for a et jj, (5.26) we have 


—e, 


Ot et,ij — 


h 3 k r 3m 
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(E e T e ) , (E; T e ) ls 
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(5.134) 


Now, using the properties of the r function, given by (5.114), we have, similar to 
(5.113), 


(Elkfe°*e) 

(Ee, k f e °) 


— k B T T eo 
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(5.135) 
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using /x e = e c ((r e )) /m e ^ e , and from (5.64) 
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(5.136) 
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By inspection of (5.126) and (5.127), we have 

_ 1 

The last coefficient given by (5.125) becomes 
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m 


e,e 


ft e,c (Eg) 


/ xt , n e Fx? {E^r e (E e )) 

+ — — (faT)ln(^T) 2 2 - + 


m 


e,e 


n 


e,c 


(E e ) 


n e , c T (E 3 e r e (E e )) 


m 


e,e 


{E e ) 


(5.139) 


where the angle brackets indicate integral over p space, as shown in (5.111). 

Now, using definition (5.125), the T function properties (5.114), and the result 
for a ee jj (5.131), we have 


klT 3 n e f , 5., ? . 5. 

a tt,ij — — — 1 •" ( s + ~ )] + ( s + ~)}&ee,ij- 

e fte,c 2 2 


(5.140) 


5.13 TE Transport Coefficients for Cubic Semiconductors 


5.13.1 Seebeck, Peltier, and Thomson Coefficients, 
and Electrical and Thermal Conductivities 

Alternatively, coupled thermoelectric (TE) transport equations (5.121) and (5.122) 
can be written as the electric-field intensity vector and the heat flux vector, in terms 
of e e , j e , and V7\ These are the conventional forms through which electrical and 
thermal transports are defined. Then for isotropic (cubic) materials we have (end- 
of-chapter problem) 


. 0iet \7^r 

J e — W-ee^e 

gC 1 a 
e e ~ 01 ee J e H ^2 

-1 1 


-1 _■ , 


(5.141) 

(5.142) 


q = a te aj j e - —^(a„ - a te aJa et )WT 
semiconductors of cubic symmetry, 


(5.143) 
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Note that Vcp e — —ef l Vfi — —e e , here we have assumed V/z = VFp (valid for T 
^F), so VEj;/e c in (5.13) is equal to e e [as it appears in (5.144)]. We now define the 
TE transport properties as 


je = O e e e - CT (? Q's V T 


1 


UetOlJ 


@e — Peje T Ot§WT , p e — , 0i ee — O e , - — 0's 

cr„ T l 


q = Oipje - k e VT, ap = 0's T, a Je a ee l = a P , 


a tt - a te aja et 

T 2 


— ke ? 


( 5 . 144 ) 

( 5 . 145 ) 


( 5 . 146 ) 


where p e (Q-m) is the electrical resistivity, as(V/K) is the Seebeck coefficient, Q'p(V) 
is the Peltier coefficient, and /^(W/m-K) is the electric thermal conductivity (the 
total thermal conductivity is k — k e + k p , where k p is the phonon thermal conductiv- 
ity). The Seebeck coefficient (also called the thermopower) is the electrical poten- 
tial induced by temperature differences, causing the diffusion of electrons or holes 
toward the cold region. 

We note that electrical conductivity is the product of conduction electron den- 
sity, electron charge, and electron mobility, and that electron mobility and relax- 
ation time are equivalent. For insulators, k p is the sole contributor and for met- 
als (and to a large extent for semiconductors at and preceding room temperature) 
k e dominates. For nondegenerate, isotropic (cubic structure) semiconductors, with 
spherical and parabolic electrical bands, we have 


o P — — = 


1 n e<c e 2 c {{ x e )) n ex e 2 r ^ + 2^_ 

— Me,ct'cP / e 


a s = 


Pe ffle,e tfl ee 


electricalconductivity 

r-i tl g p / 5 

T — [In + (*+-)] 


■e,o 


n\) 


Seebeck coefficient 


n 


e,c 


T — [ Ef , T' P + 0 + 7] + for n- type, - for /7-type 
e c kB T 2 


a? = asT Kelvin relation and Peltier coefficient 
k 2 T 5 

k e = cr e -^-(s H — ) electronic thermal conductivity, 


e g ’ 2 


( 5 . 147 ) 


( 5 . 148 ) 

( 5 . 149 ) 

( 5 . 150 ) 


where fi e and {{r e }) are given by (5.131). The effective mass defined in (5.45) is listed 
in Table 5.1. The n- and p-type semiconductors are defined in the Glossary. Note 
that c^s and a p do not contain the kinetics r e o , but o e and k e do. 

For multiband structures, as is summed over the number of bands j (Section 
5.17). We will show in Section 5.17.1 how as varies with the chemical potential (i.e., 
Ff, which represents the carrier concentration). In extrinsic semiconductors (p- or 
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/7-type are desired), the Fermi energy is optimized along with the transport proper- 
ties. In a two-band structure (one valence and one conduction with no band degen- 
eracy) the energy difference E ep — E p is replaced with the bandgap energy A E e , g . 

For match with experiment, a constant is added after s + 5/2 in (5.148) and is 
referred to as the phonon drag [163]. 

Note that kB/e c is 86 /xV/K, and this gives the order of magnitude for the See- 
beck coefficient. 

The relation 


k e 

o e T 



(S + = N L 


Wiedemann-Franz-Lorenz law, 


(5.151) 


is called the Wiedemann-Franz-Lorenz law, and N l is called the Lorenz number 
and depends on s. 

The Thomson coefficient ax(V/K), is defined as 


aj = 


1 d q 

je dx 

dT 


= T 


das 
d T 


dx 


Thomson coefficient. 


(5.152) 


This gives dq x /dx — ajj e dT / dx , which shows that in the presence of a temperature 
gradient, an electric conductor can absorb (ax > 0) or release heat. 

Then from the linear relation for as in (5.148), we have 


ax = 4= — — for /7-type and + for p-type, (5.153) 

e c k B T 

where we have used the relation between the effective carrier density and the intrin- 
sic carrier density (Section 5.7) to remove E? and use the bandgap energy. 

The Thomson coefficient expresses the extent of heat flux induced by an elec- 
trical current in a nonisothermal conductor. 


5.13.2 Electron Mean Free Path for Metals 
For a free-electron gas, the Fermi speed is (5.57), and gives 

m f = ( 2£f ) 1 / 2 . (5.154) 

m e 

and c Vie is given by (5.73), for T e = T p (electrons in thermal equilibrium with the 
lattice). For T e T p , c v , e = 3k B T /2, per electron (Section 5.18). 

Then the mobility is given in terms of the relaxation time by (5.147) and can in 
turn be written in terms of the electron mean free path X e — u B ((r e )), and then the 
electrical conductivity becomes 

— ^e,c^c 


Wle,eU F 


(5.155) 
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The electronic thermal conductivity can be defined because of the kinetic form of 
the thermal conductivity, similar to (4.110) for phonons. Then we have [30] 


k e 


1 

~^We,cCv,ett 


(5.156) 


Next, using (5.57), (5.74), (5.155), and (5.156), we have 
h tt ^ iU W-O 

— — - jV L 0 - _ — — 2.442 x 1CT 8 — — Lorenz number, (5.157) 

o e T ’ 3 e l c K z 

i.e., the Lorenz number AT is expected to be a constant for metals, however, as 
will be shown in Section 5.16 when we review experimental results, AT decreases 
substantially as inelastic phonon scattering becomes important at small T/T&. 


5.14 Magnetic Field and Hall Factor and Coefficient 


In the presence of a magnetic field, indicated by the magnetic induction vector b e , 
(5.80) becomes (i.e., added Lorentz force) 


u 


•V(L° + f') - (e e e c + e c u e x b e )S?Jf? + /') = 


/: 

**(/») 


(5.158) 


When Zu is perpendicular to j e , there is induced a potential A<^h (Hall voltage) 
perpendicular to both of them (and a corresponding Hall field en). This deflects 
the carriers and moves them to the surface (opposite change build up on opposite 
surfaces). Using a treatment similar to that given for the electric field alone, we write 
the electrical current with the additional induced current as [294] 


j e — X b e , 


(5.159) 


where /xh is the Hall mobility and is related to the drift mobility /x e , in (5.131), 
through 


Mh = Te r H Hall mobility 

r H =^4 = -^ — *2* Hall factor, (5.160) 

((, - )) [r(r + |)f 

where rn is the Hall factor (a constant). 

The Hall coefficient Ru is defined as 

flT 

Rh = Hall coefficient, — for i = e and + for i — h. (5.161) 

~F n i, c e c 

For negative Hall coefficient we have 77 -type semiconductor, and vice versa for p- 
type. For metals Rn is a constant. The magnitude of rn is near unity. Then using 


' Under force equilibrium, we have 


e c e\\ — —e c fi e e e x b e e\\ = —fie^e x b e Ra = 


e H 

be X j t 
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Table 5.3 and (5.114), rn is 3tt/S for acoustic phonon and strongly screened ion- 
ized impurity scattering, and is 1.93 for weakly screened ionized impurity scattering. 
In practice, measured Rn is used to determine the electron and hole concentra- 
tion (density) or Fermi energy in semiconductors, which in general is temperature 
dependent. 


5.15 Electron-Phonon Relaxation Times in Semiconductors 

Electron scattering by a phonon is illustrated in Figure 5.12. The electron-scattering 
rate is given by (5.96), in terms of the interaction matrix element M K ' K and the 
energy and momentum conservation requirements expressed by the Dirac delta 
function <5 d- The matrix element in turn includes the scattering potential cp s . It is 
generally assumed that there is only one phonon involved in the electronic transi- 
tion. 

The electron-phonon interaction is mostly inelastic, and the most important 
ones are the acoustic phonon, polar optical phonon (e.g., Figure 4.9 for Si), nonpolar 
optical phonons (e.g., Figure 4.10 for GaAs), equivalent intervalley phonon, and 
piezoelectric phonon (for very low temperatures). 

The scattering of electrons (and holes in semiconductors) that is due to disloca- 
tion of atoms in the lattice, is referred to as strain and can be related with deforma- 
tion scattering theory. This involves specification of the deformation potential cpd(x ) 
in the Brillouin zone. 

The electron perturbation produced by phonons is by the acoustic phonons (rel- 
ative displacement of atoms and piezoelectric effect in semiconductors) and by the 
optical phonons (relative displacement of neighboring atoms and in polar crystal 
produces polarization fluctuation). For these phonon scatterings the perturbation 
potential relates to atomic displacement d through [i.e., (2.120), H = H 0 + Vs,e-p£ + 
■ ] [371] 

(ps,e-p ~ Vd, A^d/dx acoustic phonon (one-dimensional strain) 
e e 

cp s e-p ~ - - P ' d piezoelectric (acoustic phonons) 

€o€ e 

Vs, e-p ~ Vd o d nonpolar optical phonon (displacement) 

Vs, e-p ~ q e d polar optical phonon, (5.162) 

where d is the atomic displacement vector, Vd. a and <p f d Q are scattering potential 
constants, and q e is the effective charge. Here e pz (C/m 2 ) is the piezoelectric constant. 
The acoustic phonon scattering can be presented by treating the nuclei (ions) as a 
charged elastic continuum with charge density fluctuation of —n etC e c zV • d. 

' Using (5.161) and (5.64), we have for electron 

/ j-i \ m 

n e,c\E f) — D > 


and this gives an explicit relation for Ep. 
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The intervalley electron-phonon scattering is treated similar to the nonpolar 
optical phonon scattering. Both the momentum conservation and energy conserva- 
tion are imposed by 8n (jc e ± tc p — ic'f) and <5 d (E e y — E elc =f hco p ). Here we drop the 
electron subscript in k for simplicity. 

The displacement vector d is determined as outlined in Section 4.8 and in a form 
given by (4.70). 


5.15.1 Electron-Phonon Wave Function 


The quantum lattice- vibration displacement is given by (4.47), and the normal dis- 
placement coordinate Q Kp , a is defined as [433] 

g,„« = ( 2 ^; )1/2(fo -' c '’ + b ^- (5 - 163) 

Then (4.47) becomes 

d = -E Y,{[Q*„aS«j {K ’- x o) ] + (5.164) 

Kp,a 

where t indicates the complex conjugate and x Q is the lattice center location. 

The electron is presented by an initial state | k) and the phonon by the product 
state Y[ I fp,K p ,a(Qic p ,oi))i which describes the phonon distribution. In the final state 
(after scattering), the electron is represented by | k') and the phonon by a new dis- 
tribution Y[ \fp,K' a(Qic' ,ci))- Then the initial and final states of the electron-phonon 
wave function for the system, appearing in the matrix element (5.94) are 

fi = f*(x) P[ | fp, Kp (Q Kp , a )) (5.165) 

Kp,a 


i/f = if K ’(x) n I fp.ic' (Qk p ,ci)) electron-phonon wave function. (5.166) 
In the matrix element, the phonon portion is 


n Y\(fp' K P’ a "\Q K ' a \fp' K, ’ a '} m 


(5.167) 


K",a" K f p ,a' 


Now we use the normal coordinate displacement in terms of the phonon creation 
and destruction (ladder) operators (Section 2.6.2) and note that the only nonvanish- 
ing elements are [433] 


(( fp,K p ,a l)\bic p \fp iKpi a) ~ f p[iCp,CL 


<(W + i)l*l, I /,,«„»> = + 1) 1/2 - 

The interaction matrix element containing Q Kp , a is [433] 
h 


(5.168) 

(5.169) 


2m (Ok 


8 d (k p , k' p , *:")S D (a, a")[fp,t/ n (f p ^ ~ C f p , Kp ) 


O' 


+ (//?, K p + 1 ) ^ (f P ,K'„ + 1 » fp,Kp)\> 


(5.170) 
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which represents the phonon absorption and emission. At equilibrium, we have /°. 

The electronic portion has an e-p interaction Hamiltonian expressed by (5.164), 
i.e., 


H e-p = Vs, e-p = + [%.«„aG«„ae , ' ( ‘'- ,o) ] t }. (5-171) 


For Bloch plane waves, the electronic portion of M K ^ K is 

1 J (5.172) 

The spatial integral is over a primitive cell, giving 

7 / K')<p StKp ^(fp iKp , K)^2[i(K + K p - K') • X 0 ] 

^ J cell ^ 

= 77 f ^\fp,K',K')Vs,K p ,a^\fp,K p ,K)dx8 D (lC ± K p - k\ g), (5.173) 

^ J cell 

assuming that, because of the small cell size, exp[i(ic — tc f ) • x] = 1. For the normal 
processes g — 0 and for the Umklapp processes g / 0 (Section 4.15). Then we define 
the interaction (coupling) coefficient C K a as 

M K y (electronic) = 5c KptCl G(K, k')S u (ic ±k p - k' , g ), 

C Kp , a G(K,K r ) = / i/ ft (/p,<^')% !(ti , iCr Vf t (/ p , Kp ,K)dx 

7 cell 

= Vs,k p ,cG(ic , /c'), (5.174) 


where for the last equality it is assumed that cp s , K a does not vary significantly over 
the unit cell. The quantity G(ic , /e') represents the overlap of the cell periodic part 
of the initial and final electronic states. 

The electron-phonon matrix elements for Bloch plane waves, exp(iV • x ) and 
exp {ik ■ x), become 


^k,k' — f\ ( Ps,e-p\ tyi) 


n c* g(*,o 


2 Nm 


CO 


p,a 


LJ ”“ ' '[fp(co P , a )+^T^]Sn(ic±ic P -ic',0) 


(+ absorption, — emission of phonons) for the normal processes. (5.175) 


The final form of the electron-scattering rate (by phonons) (5.96), for which the 
equilibrium phonon distribution instead, is [433] 


- 1 - 1 f 

P ?e-n Sn 2 Nm J 


<0p,a(Kp, Ot) 


\fp (^Va) + ^ T ] 


X^d(^ 3z tC p K ) <5d(^c,/c / ^e,K ~F h p, a )d/C 


electron-phonon scattering, 


(5.176) 
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where 


G(k,k') = 1 for parabolic bands, (5.177) 

and C K a is related to the integral of (p s , e - P taken over the cell (5.174), and can be 
a complex variable. Again, N is the number of unit cells, and m is the mass of the 
oscillator. For nonparabolic bands, G(k, k') is given in [433] for both electrons and 
holes. 


5.15.2 Rate of Acoustic-Phonon Scattering of Electrons 

Acoustic-phonon scattering of electrons (and holes in semiconductors), i.e., fluc- 
tuation in electron energy caused by strain (deformation potential scattering), are 
nearly elastic, and from using (5.162) and (5.164) we have 

d d 

f Ps,e-p — (Pd,A~\ 

ax 

~ wl/2 ^ QK p ,a ( Pd,A s a ’ K p e ^ P °^] 

k p 

+ [i Q Kp .a<Pd, ASa ■ K p e‘ ilc i’ x °' > ] ] }. (5.178) 

Then, using (5.174), we have 

C 2 „ a = <pIa (5.179) 

Using the k p —> 0 approximation for the acoustic phonons (Section 4.1), we have 
for the acoustic-phonon dispersion 


(Dp — U p p • 


(5.180) 


Using Table 1.2 for /°, we have the classical limit for bosons (including phonons, 
Figure 1.1) 



1 


k B T 


ex p( 7-% ) — 1 


hco 


p 


k B T 


for hco p <^k B T. 


(5.181) 


Then, using (5.179) to (5.181) in (5.176), we have the acoustic-phonon-scattering 
rate of electrons as 


Ye-p, A 


— = + 
*e-p, a 8 it Nm J Wp 

x (E e K > E e K hco p ^(\ic 


1 

2 


-F t]^d(k ± Kp 



87 r 2 hpu 2 p A 


J 8 d (k ± K p 


K’)8 D (E e y - E e ^ ^ Tko p )Ak (5.182) 


where p — mN IV . For low-energy phonons f°^> 1, so we have neglected the 1/2 
terms. Also for low-energy phonons [classical limit, from (5.181), for bosons], f° — 
k&T /hcop. 
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We also note that, from (5.65), 

I 8 D [E e (ic) - E e (C)]dC = D e [E e (jc)]. (5.183) 

Now, for elastic scattering (dropping hco p ), and because p e — hic e , we have [433] 

1 TTtpj A k B T D e [E e (p)\ 


1 

8tt 3 


t e-p,A 


Tipu 2 pA 


(5.184) 


Now, using (5.66) for D e , we have 

1 2 ^ m ^l A k B TE\l\p) 


r f - p , A (momentum) jt/j 4 pu~ pA 

elastic acoustic-phonon scattering, 


(5.185) 


which is listed in Table 5.4. Note that T here is the lattice temperature. Writing this 
in terms of power-law relation (5.113), we have s = — 1/2 (Table 5.3), i.e., 


T e -p, A (momentum) = (r g . p>A )o[ 


Ee(p) 

k B T 



(v P .A)o(momentum) 



<Pj A (k B T ) 3 / 2 


(5.186) 


To use this, the perturbation deformation potential <pd , a should be known (of the 
order of 1 eV, Table 5.5). The average acoustic-phonon speed w /? , a is found from 
Up A = u p g A given by (4.61). Also the larger E e (p) the shorter the relaxation time. 

The total scattering is the sum of emission and absorption, and because they are 
the same here (neglecting hco p ), r e - p , A total is twice (5.184). 

The variation of x~} p A , with respect to E e , for Si, is shown in Figure 5.13(a). 


5.15.3 Rate of Optical-Phonon Scattering of Electrons 
(A) Nonpolar Optical Phonons 

The scattering potential for nonpolar (Section 4.6) optical phonons is given by the 
perturbation Hamiltonian [433] 

(p s ,e-p =■ <p'd o’ d optical-phonon perturbation Hamiltonian, (5.187) 

where <p' d 0 is the nonpolar optical deformation potential derivative vector. Then 
after evaluation of (5.187) in (5.96), we have [433] 

C 2 Kp , a = v’lo- (5-188) 

Using the k p —> 0 approximation of the optical-phonon dispersion (Section 4.1), 
we use a constant phonon frequency (dispersionless) co p ^q (zone center), and the 
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Table 5.5. Parameters used in the electron scattering relaxation-time relations, for Si and 
GaAs [433]. 


Parameter 

Symbol 

Magnitude, Si 

Magnitude, GaAs 

Mass density (g/cm 3 ) 

P 

2.329 

5.36 

Lattice constant 

a 

5.43 

5.642 

Low frequency dielectric 

^ e,s 

11.7 

12.90 

constant 

High frequency dielectric 

G,oo 

- 

10.92 

constant 

Piezolelectric constant 

e pz 

— 

0.160 

(C/m 2 ) 

LA velocity (x 10 5 cm/s) 

a /?,la 

9.04 

5.24 

TA velocity (xlO 5 cm/s) 

a /?,ta 

5.34 

3.0 

LO phonon energy (eV) 

h(o p ,0 

0.063 

0.03536 

Electron effective mass 

K,e 

- 

0.067 

(lowest valley)(m e ) 

m *e,e,L’ m e,e,T 

0.916, 0.19(X) 

- 

Electron effective mass 

m* ee 

- 

0.222(L) 

(upper valley) (m e ) 

m* ee 

m* p \ , m e , e j 

1.59,0.12(L) 

0.58(X) 

Nonparabolicity 
parameter (eV -1 ) 

a 

0.5(X) 

0.610, 0.461(L), 
0.204(X) 

Energy separation 
between valleys (eV) 

EEeXL 

EE erx - 

0.48 

0.29 

Electron acoustic 

deformation potential 

<Pd, A 

9.5 

7 . 0 ( r ) 9 . 2 ( L ) 

9 . 0 ( X ) 

(eV) 

Electron optical 

<Pd, o 

- 

3.0(L) 

deformation potential 
(xlO 8 eV/cm) 

Optical-phonon energy 

<x> P ,o 

0.0642 

0.0343 

(eV) 

Hole acoustic deformation 

<Pd,h,A 

5.0 

3.5 

potential (eV) 

Hole optical deformation 

Vd.h.O 

6.00 

6.48 

potential (xlO 8 eV/cm) 

Intervalley parameters, 
g-type(X-X) (xlO 8 

<Piv^O) 

0.5, 0.012(TA) 0.8, 
0.019(LA) 11.0,0.062(LO) 


eV/cm), (eV) 

Intervalley parameters, 
f-type(X-X) (xlO 8 


0.3, 0.019(TA) 2.0, 
9.947(LA) 2.0,0.059(LO) 


eV/cm), (eV) 

Intervalley parameters 
(X-L) (x 10 s eV/cm), 

tp' iv Jia> 

2.0, 0.058 2.0, 

0.055 2.0,0.041 2.0,0.017 


(eV) 

Intervalley deformation 
potential (xlO 8 eV/cm) 

<o(rL) 

<o(rx) 

^,o(^X) 

^a(XX) 


10.0 

10.0 

10.0 

5.0 

7.0 

Intervalley phonon energy 
(eV) 

(h(o)i 


0.0278,0.0299 
0.0290, 0.0293 

0.0299 
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(b) 

Figure 5.13. (a) Predicted variations of the phonon relaxation times in Si with respect to the 
electron kinetic energy. For the intervalley scattering the contributions from phonon emis- 
sion and absorption are added, (b) Variations of the optical-phonon and acoustic-phonon- 
scattering relaxation times for electrons in GaAs, with respect to the electron kinetic energy. 
The results are for T p = 300 K. 
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result for (5.176) is [433] (also an end-of-chapter problem) 


1 

r e - Pt o (momentum) 
1 

r e - Pt o (momentum) 


f^-fp(co P ,o)D e [E e (p)+hco p ,o\ 
2pu> p ,o ‘ 

nonpolar optical-phonon absorption 

~ ^° -[/;K,o) + l]D e [E e (p) -hca Pt o] 
nonpolar optical-phonon emission, 


(5.189) 


(5.190) 


where we have used (5.65), for D e (E ), with spin degeneracy, and nm — p, as our 
analysis is per-unit volume. Typical values of <p' d 0 are listed in Table 5.5. Since D e is 
given by (5.66), the r e - p ^o presents a power-law relation with s = —1/2. 

For nonpolar semiconductors, the electron scattering (transition) is dominated 
by phonon-induced transitions between the valleys in the constant-energy surface 
and requires optical phonons. Figure 5.8(c) shows the six equivalent conduction- 
band valleys of Si. The scattering between opposite valleys, e.g., [100] to [100] is 
called the g-process, and that between nonopposite valleys is called the f-process. 
These are shown in Figure 5.8(c). The momentum is conserved, and the intervalley 
scattering involves an Umklapp process (5.97). The indirect bands of Si are shown in 
Figure 5.6(a), and the minimum in the conduction band is not at the zone edge (X- 
point). Then 0.3 times the dimensionless wave vector away from the zone edge, or 
0.3(27r/a [100]) phonon energy, is needed for a g-process. The intervalley (or inter- 
band) scattering is similar to the nonpolar optical phonon scattering and the rela- 
tions for both absorption and emission are given in Table 5.4. For Si, the intervalley 
scattering is also shown in Figure 5.13(a). The properties are listed in Table 5.5. The 
electron-photon interaction for the case of emission, is similar to the spontaneous 
emission relation (3.43). 


(B) Polar Optical Phonons 


In the polar optical phonon-electron interaction, the LO phonon modes create a 
polarization that is due to an effective charge q e , which is expressed in terms of low- 
frequency (static) and high-frequency dielectric constants, € e>s and e e ,oo (3.50). The 
polar optical phonons were discussed in Section 4.6, showing that at the Brillouin 
zone center E p x o > E P . to (Figure 4.16). 

The polarization and the effective charge density q e /V c in (5.162), where V c is 
the unit-cell volume, are given by 


/> e (0) 



(— )d , Pe(o o) 


47T 


1 


: e,s 


4n 


: e,oo 


e oPftyo ( e e ,oc ^ 


: e,oo 


: e,s 


effective charge in polar optical-phonon scattering, 


(5.191) 
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where (^ j00 /€ etS ) — 1 is a measure of strength of the polar dipole (Section 4.6) [294]. 

For polar optical-phonon scattering (Section 4.6), the Debye model electric per- 
mittivity (dielectric function) of the solid (3.50) is used, and the expressions for 
r e -p , po are listed in Table 5.4. 

The variation of xf} p A and x~} PO (emission and absorption) with respect to E e , 
for GaAs, is shown in Figure 5.13(b). The phonon dispersion for GaAs is shown in 
Figure 4.9. 

Note that the smallest x e -i controls the electric transport, according to (5.115), 
and from the results shown in Figures 5.13(a) and (b), this depends on the electron 
kinetic energy (and also on the lattice temperature T p ). 


5.15.4 Summary of Electron-Scattering Mechanisms and 
Relaxation-Time Relations 

A summary of various electron scatterings is given in Table 5.4J The parameters 
used in the expressions for two semiconductors, Si and GaAs, are listed in Table 

5.5. 

These include the electron-alloy, electron-impurity, electron-phonon (acoustic, 
polar optical, and nonpolar optical), electron-photon and phonon-assisted electron- 
photon scatterings. 

Distinctions are made between the momentum and energy-scattering relaxation 
times (Section 3.1.6); and we will further discuss these in Section 5.18. 


5.16 TE Transport Coefficients Data for Metals and Semiconductors 

5.16.1 Structural Defects in Crystalline Solids 

Various formation defects cause deviation, from the ideal phonon and electron 
transport properties, and these should be considered when one is comparing experi- 
mental results with the theoretical predictions. A stable crystalline lattice can accept 
defects up to a threshold maximum concentration (number density) n d \ beyond this 
point the lattice breaks down, and either a different crystal structure is formed or the 
structure becomes amorphous. Crystal defects are thermodynamically controlled 
phenomena and formation of defects, and the most probable defect is simply that 
which leads to the lowest free energy for the crystal. 

An intrinsic defect is a stoichiometric defect, i.e., a structural defect that pre- 
serves the overall ideal chemical stoichiometry, e.g., the 1:1 ratio of cation to 
anion in NaCl. An extrinsic defect is a nonstoichiometric defect, i.e., a defect that 
leads to a fractional change in stoichiometry. A point defect is a defect involving 


' In addition, for TE materials, such as telluride compounds, more specific relaxation-time models 
have been developed, including the Kane model further described in Section 5.17.3. 
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Substitutional 



(Including Lamella) Defect 

Figure 5.14. Some typical crystalline solid structure defects affecting phonon and electron 
transport. 


isolated atom or ion sites in the lattice. The extended (topology) defects include line 
defects (also called dislocations, including those from lamella) and plane defects. In 
Frenkel defects, one atom is displaced off its regular lattice site into an interstitial 
location. 

Figure 5.14 shows examples of crystal structural defects that can influence 
the phonon and electron transport coefficients. In TE materials, both point and 
extended defects contribute to nonideal properties. The point defects include anti- 
site, impurity, interstitial, substitutional, and vacancy. 


5.16.2 Metals 

For metals (degenerate conductors), the number density of conducting electrons 
n e c is constant and the Fermi energy (level) lies well preceding the conduction band 
edge, and 


fe°(Ee) 


e E '~ E i 


+ 1 


E* = 


E f 

kvT 


^ > 1 metals. 


(5.192) 


The Fermi energy [related to n e c through (5.55)] for metals is listed in Table 5.2. 
Then the electrical conductivity (5.131), which when using (5.53) for n e c becomes 
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Metals 



\ 


Transition to Electrical 

Superconductivity 
(Electrical Conductivity o e ) 



0 


> 


o.o5r D 


T, K 


Figure 5.15. Variation of the electrical conductivity and the electronic thermal conductivity 


of metals, with respect to temperature. At low temperatures, the electron-impurity (defect) 
scattering affects the electronic thermal conductivity, more pronounced resulting in vanishing 
thermal conductivity, whereas the electrical conductivity reaches a plateau [30]. 

[163] (for power-law relaxation time) 


To obtain (5.193), (5.125) is evaluated under the degenerate conductor treat- 
ment of E^/k^T 1. Wiedemann-Franz-Lorenz law (5.151) holds at higher tem- 
peratures, where the electron-phonon scattering dominates. Thus we can use 
(5.186) in r^o = (t>- /; ,a)o- At low temperatures, the electronic thermal conductiv- 
ity is pronouncedly more affected by impurity scattering (compared to the electrical 
conductivity). These trends are shown in Figure 5.15. Note that k e has similar tem- 
perature dependence as k p shown in Figure 4.17. Both k e and k p diminish as T —> 0. 
At high temperatures, in metals o e is proportional to 1 IT [will be shown in Figure 
5.16(a)], so k e becomes nearly independent of T, while, k p has the 1 IT behavior pre- 
sented by the Slack model (4.132). The peak in k e and k p is around 0.05 and 0.1 7b, 

1 Note that for a power-law relaxation time we have 



electrical conductivity for metals. (5.193) 


rOO r\f O poo 

/ Ei+ S + 3 ' 2 °^dE e = -<J + s + 3/2) / Ei^+y 2 f°{E e )AEe, 

Jo °E e Jo 



and for metals we have 
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Transition to Superconductivity 
(Dominated by Impurity Scattering) 



(a) 



(b) 

Figure 5.16. (a) Typical temperature dependence of the electrical conductivity for Ag [63]. 
(b) Variation of the Lorenz number with respect to T/T D for metals [30]. 


respectively. We will discuss this further in the next section, where the experimental 
results are presented. 

Based on acoustic-phonon-dominated scattering (s = — 1/2 in Table 5.3), 
(5.193) shows that o e is proportional to 1/T, which is characteristic of metallic elec- 
trical conductivity at high temperatures. 
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Also, for metals the Seebeck coefficient is found from (5.126) and (5.143) 
as [163] 

3 

2 ^ j ^ ^ 

as = = =p — ^ - (^ -f -)r Seebeck coefficient for metals. (5.194) 

3 e c Ep 3 e c Ep 2 

k^T 

Note that kB/e c = 86 /xV/K, giving the order of magnitude of the Seebeck coefficient. 
The Fermi energies of metals are listed in Table 5.2. 

Also, from (5.157), for metals we have 

k e = N Uo cr e T = 2.442 x 10 ~ 8 cr e T 

Lorenz number for metals at high temperatures. (5.195) 

We note that this overpredicts k e for some metals, especially at moderate temper- 
atures. Then the Lorenz number (or Lorenz ratio) AT depends on temperature, as 
shown in Figure 5.16(b) for metals [30]. Note that, for pure metals, the Lorenz num- 
ber becomes fairly small as T -> 0. 

Thomson coefficient (5.152) for metals becomes the same as the Seebeck coef- 
ficient (5.194). 

Figure 5.16(a) shows the measured variation of the electrical conductivity of Ag 
with respect to temperature. There are three distinct regimes, starting with the con- 
stant high conductivity at low temperatures (limited by impurity scattering). Then 
there is a high-scattering regime (inelastic acoustic-phonon scattering) with a very 
strong temperature dependence and large drop in conductivity. This is then followed 
by the largely elastic acoustic-phonon-scattering regime with a T~ l dependency. 
Then (5.193) can predict the high temperature behavior of o e , with s = —1/2. 

Bloch [18] has suggested an approximate analysis for the scaled electrical resis- 
tivity, using the Debye temperature. He found that, for all metals, the following 
relation holds with relatively good accuracy [18]: 

» = «0°1 = 3.7 ( Ly [ T ° IT _^_d, 

ft(7b) o, 7b Jo (e'-l) 2 

Bloch model for metal electrical conductivity. (5.196) 

This relation is shown in Figure 5.17, along with the data for several metals. 

Figure 5.18(a) shows the variation of measured thermal conductivity of some 
metals (including Cu) with respect to temperature. 

To examine the validity of the Wiedemann-Franz-Lorenz law, the results from 
using it along with the experimental results for Cu [196], to predict the thermal con- 
ductivity, are shown in Figure 5.18(b). The Debye temperature of Cu is 315 K (Table 
A. 2). The peak in the experimental value of k e (we assume that k p — 0) is located 
around T — 10 K. The Wiedemann-Franz-Lorenz law (with constant Lorenz num- 
ber) along with the experimental result for o e [283] follows the experimental k e , with 
better agreement at higher temperatures. Note that the temperature-dependent 
Lorenz number of Figure 5.16(b) allows for a match with experimental results. 
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Figure 5.17. Temperature dependence of the electrical resistivity for five different metals as 
a function of the scaled temperature [18]. The Bloch model is also shown. 


Also shown in Figure 5.18(b) is that the Bloch model of the electrical conduc- 
tivity (5.196) overpredicts o e at low temperatures, and there is better agreement in 
the predicted k e for higher temperatures. 

In this example, (5.195) overpredicts k e and (5.196) should be used at higher 
temperatures. Also note that the experimental results are for k = k p + k e . The rela- 
tion o e T vanishes as T -> 0. Both k p and k e are strongly reduced by impurity scat- 
tering at low temperatures (k p is also reduced at low temperatures, due to reduction 
in c VtP ). 

Because of the lack of data for k p , we can only suggest the difference between 
the predicted k e and the measured k at low temperatures is due to k p . 

The measured Seebeck coefficient of some metals, as a function of temperature, 
is shown in Figure 5.19. There is a general agreement with the temperature to the 
power-unity relation given in (5.194) for moderate high temperatures. Platinum has 
a peak in the positive region and then has a negative as at larger temperatures. Nor- 
mal metals refers to those having D e (E e ) presented by (5.66), i.e., parabolic relation, 
and include Na, K, and Al. On the other hand, Pt is an abnormal metal. The diffu- 
sion of electrons from a hot to a cold region is influenced by the lattice vibration 
(phonon) and ion scattering and the electron DOS is therefore altered, resulting in 
a change of sign in as (which is expected to be negative for normal metals). 

For metals, the TE figure of merit (Section 5.16.4) Z e T - alo e T/(k e + k p ), for s = 
0, and using (5.157) and (5.194) becomes Z e T < 3n 2 /4(E^/kBT), then for E^/k^T > 4, 
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(a) 



(b) 

Figure 5.18. (a) Metal (mostly electronic) thermal conductivity for some metals. For Hg, the 
liquid conductivity is shown [196]. The conductivity for metals is dominated by electronic 
contribution, (b) Variations of the electronic and total thermal conductivities with respect to 
temperature, for Cu. In addition to the experimental results, the results obtained with the 
experimental results for the electrical conductivity along with the use of the Wiedemann- 
Franz-Lorenz law, are shown. Also shown is the prediction using the Bloch model of the 
electrical conductivity along with the Wiedemann-Franz-Lorenz law. 
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Figure 5.19. Variation of the Seebeck coefficient of some metals with respect to temperature 
[120]. 


we have an upper limit of Z e T < 0.46. This inequality is because we used the limit 
of k p = 0. As we will be shown in Section 5.16.4, for semiconductors can have higher 


Z e T. 


5.16.3 Semiconductors 

The room-temperature ranges of the conduction electron density and the electrical 
conductivity of various materials are shown in Figure 5.20. Metals are marked with 
having n e c > 10 21 1/cm 3 . Doped semiconductors ( n - and p-type semiconductors are 
defined in the Glossary) reach the electron density and conductivity of metals. Met- 
als are also marked with having o e > 10 3 1/^-cm. 

The temperature dependences of the electrical conductivity of metals, semi- 
conductors, and insulators are shown in Figure 5.21. Although both metals and 
insulators have their electrical conductivities decreasing with temperature, those 
of intrinsic semiconductors increase with temperature. The n- type dopants move 
the behavior of semiconductors toward metals, as expected. For the n- type dop- 
ing (excess electron over intrinsic electron density), As, P, and Sb (group 15, five 
valence electrons) are used, while for the p- type, A1 and B (group 13, three valence 
electrons) are used. For the moderately doped Si shown in Figure 5.21, as the tem- 
perature is lowered, there is deactivation of the ionized dopants and this is called 
dopant freeze out. 
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Figure 5.20. (a) Range of the measured conduction electron density n e c of metals (few elec- 
trons per atom), semimetals, semiconductors, and insulators, (b) Range of the electrical con- 
ductivity of some metals, semiconductors, and insulators. The results are for T = 300 K. 


As an example of the electrical and thermal properties of intrinsic and doped 
semiconductors, Figures 5.22 to 5.25 show the hole (holes h + have a change of +e c ) 
concentration n/ hC , hole mobility /x/ 7 , total electrical conductivity cr e , and thermal 
conductivity k of doped Si. The total electric conductivity is 

a e = e c (n hiC p, h + n e%c iL e ). (5.197) 

Table 5.6 lists the effective bandgap at 0 and 300 K, and the electron and hole 
mobilities at 300 K, for some semiconductors. As mentioned in Section 5.5, for most 
semiconductors A E e , g decreases with temperature. Exceptions include PbTe, for 
which there is a transition from direct to indirect bandgap (around 420 K), it is the 
direct bandgap (at L-point) which is temperature dependent. 

For low electric fields, the drift velocity-electric field relation is linear, and also, 
using the average momentum relaxation time (5.113), the electron mobility is 

__ e c ((r e )) 

Te — , 

m e ,e 


(5.198) 
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Figure 5.21. Variations of the measured electrical conductivity of a typical metal, semicon- 
ductor (intrinsic and doped), and insulator, with respect to temperature. Dopant freeze out 
relates to a lack of activation energy to ionize dopants. 



T, K 

Figure 5.22. Variation of the hole concentration for intrinsic and B-doped Si with respect to 
temperature [297]. 
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T,K 

Figure 5.23. Variation of the hole mobility for B-doped Si with respect to temperature [297]. 
The low-temperature impurity-scattering and high-temperature acoustic-phonon-scattering 
are evident. 



Figure 5.24. Variation of the total electrical conductivity for B-doped Si (p-type) with respect 
to temperature [297]. 
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Figure 5.25. Predicted and measured variations of total (mostly phonon) thermal conductiv- 
ity, for intrinsic and p- and ft -type doped Si, with respect to low and intermediate temper- 
atures [33]. The predictions are based on the Callaway SMRT phonon conductivity model. 
The contribution for the electronic thermal conductivity is very small. 


where the contribution from all scatterers are combined using (4.111), i.e., the 
Matthiessen rule (series), 

1 1 

— = — Matthiessen rule (series). (5.199) 

T? . Te j 
J J 

The energy-dependent relaxation time for scattering of electrons by impurity, acous- 
tic phonon, optical phonon, etc., are given in Table 5.4. Then the averaged energy 
{{r e )) is found from (5.113). 
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Table 5.6. The smallest or effective bandgap and the electron and the 
hole mobilities for some semiconductors. The bandgaps are at T = 0 K 
and T = 300 K [433]. For most the bandgap decreases with temperature, 
for PbTe this is reversed. 


Material 

Bandgap A E e , g ,e\ 

Mobility /i e , 

fih at 300 K, cm 2 /V-s 

300 K 

OK 

Pe 

Ph 

C 

5.47 

5.48 

1800 

1200 

Ge 

0.66 

0.74 

3900 

1900 

Si 

1.12 

1.17 

1500 

450 

a-SiC 

3.00 

3.30 

400 

50 

GaSb 

0.72 

0.81 

5000 

850 

GaAs 

1.42 

1.52 

8500 

400 

GaP 

2.26 

2.34 

no 

75 

InSb 

0.17 

0.23 

80000 

1250 

InAs 

0.36 

0.42 

33000 

460 

InP 

1.35 

1.42 

4600 

150 

CdTe 

1.48 

1.61 

1050 

100 

PbTe 

0.31 

0.19 

6000 

4000 


For impurity scattering, and using the energy that maximizes r e -i m , the electron 
mobility becomes (power-law T e - im , Table 5.4) 


T-e-im — 


Te — 


Ym — 


k B T 


82 1/2 e e (k B T) 3/2 


ir y2 e 3 m]/ 2 n, m [\n(\ + y 2 ) - y 2 /( 1 + y 2 )] 
(24m e , e k B Tp 2 


Tik 


impurity-scattering-dominated mobility, (5.200) 


where A is the screening length. This shows that the mobility increases with tem- 
perature (which dominates the low-temperature behavior) as nearly T 3/2 (Figure 

5.23). 

The acoustic-phonon-dominated mobility is (using power-law x e ~ p ,a, Table 5.4) 

2 3,2 e c h A pu 2 A 

gi e — — ^ 572 — ’ 3/7 acoustic-phonon-scattering-dominated mobility, 

^ ( Pd,A m e,e (^B Tf 



E e 

k B T 



(5.201) 


This shows a r ~ 3 / 2 dependence that represents the high-temperature behavior 
(Figure 5.23). Similar results are expected for holes. 

The total thermal conductivity is based on parallel transport [232] 


k — k e + k p parallel transport. 


(5.202) 
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The concept of the mean free path used in (4.109) and (5.156) for phonon and elec- 
tron thermal conductivity by introducting a single velocity and a single mean free 
path for each carrier gives 

k — ~^pCv,p^pkp + F^<?* (5.203) 

As we noted in Section 5.3, c v e (here per free electron) is rather small at low 
temperatures (temperature dependent). The c v>e relation is given by (5.72), and the 
electrons are assumed to be at the lattice temperature, i.e., in thermal equilibrium 
with phonons. 

Among the elements, for metals k e dominates k , for semiconductors k p domi- 
nates k. For compounds, e.g., in Bi 2 Te 3 , the contributions of k e and k p are nearly 
equal [106]. Generally, when both k e and k p are significant, k is not large. 

Figure 5.22 shows the increase in hole concentration with an increase in B con- 
centration in Si, and its dependence on temperature. At high dopant concentrations, 
the strong temperature dependence, characteristic of intrinsic semiconductors, dis- 
appears. In general, mobility of high-electrical-conductivity semiconductors (such 
as PbTe) is over 1000 cm 2 /V-s. Table 5.6 lists the mobility (electron and hole) of 
some semiconductors at T — 300 K [433], where phonon scattering dominates. 

Figure 5.23 shows the variation of the hole mobility in the B-doped Si. Note 
that, at high dopant concentrations, the mobility drops to its value for intrinsic Si. 
Also, for the moderate dopant concentrations, there is a notable increase in hole 
mobility at low temperatures, which is due to suppression of phonon scattering. 

Figure 5.24 shows that the electrical conductivity of B-doped silicon increases 
substantially and becomes nearly temperature independent. In contrast, the intrinsic 
Si has a very strong temperature-dependent electrical conductivity, which is due 
mostly to the variation of the conduction electron density with temperature. 

The thermal conductivity of doped Si is shown in Figure 5.25. As is clear, the 
phonon-dominated thermal conductivity decrease is due to the presence of dopants. 
It also shows that the phonon-scattering effect of these dopants surpasses any elec- 
tronic contributions to thermal conductivity. 

Variations of the measured Seebeck coefficient of intrinsic and doped Si, with 
respect to temperature, are shown in Figure 5.26. From (5.148), because of the 
In (n e j/n e , c ) relation, at low and moderate temperatures, n e%c is low and c^s is rather 
large. The intrinsic Si has an n- type behavior at high temperatures; because of the 
increase in conduction electron density, the effect of doping disappears and 0 's tends 
toward zero at high temperatures. 


5.16.4 TE Figure of Merit Z e 

TE materials are used in TE power generation and in TE cooling. In addition 
to the Seebeck coefficient 0 's, the electrical resistivity and thermal conductivity 
play significant roles [232]. The TE figure of merit is defined as Z e — a\o e lk — 
a\j p e k. The product a^o e is called the thermoelectric power factor. Because of 
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Figure 5.26. Variations of measured Seebeck coefficients, with intrinsic, and p- and ft -type 
behaviors, for doped Si, as functions of temperature [158, 120]. The /7-type generally uses As 
and P, and the p-type doped Si uses B. 


the high TE figure of merit Z e , semiconductors have been the choice materials for 
thermoelectricity. Figure 5.27 shows the measured Z e with respect to temperature 
for various high-Z e materials. 

The TE figure of merit can be expressed with (5.148) for as (5.147) for cr e , 
(5.147) and (5.64) for n e , c , (5.202) for k , and (5.151) to relate k e and o e . Then this 
expression becomes (end-of-chapter problem) 


Z,T = 


a\o e 
k p + k e 


T = 


[$-(s+ I )] 2 

[2^Afiexp(£)]-i + i + 5 




_ A E 6 ' g 


kvT ’ 


A = ( OTg - g )3/2 


m, 


g _ 3/2 

27 zh 2 


(5.204) 


The maximum in Z e T taken with respect to £ gives (end-of-chapter problem) 


§o + 4(^ + -)-^— AB exp(^ 0 ) = + (s + -)2/3 — s + - 

Z e c Z Z 

^2 q r j i 

P = Chasmar-Stratton coefficient. (5.205) 

e c kp 

Here we have used the relation between the intrinsic carrier concentra- 
tion and the effective band density (Section 5.7) to remove the Fermi energy 
and replace it with bandgap energy, i.e., E e , c — E e , v — A E e , g . The dimensionless 
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Designation of Impurity T , K 

Figure 5.27. Variations of individual ( p - or n-type) figures of merit Z e j for selected bulk TE 
(semiconductor) material, as functions of temperature [396]. 


coefficient p = 2k^T AB je c = k^o e T /e 1 2 c k p [note similarity to Wiedemann-Franz- 
Lorenz law (5.151), except here we have k p instead of k e ] is referred to as the 
Chasmar-Stratton coefficient and is < 0.5 for all known materials. Useful TE mate- 
rials have p exp(§) between 0.05 and 0 . 2 , with as about ± 200 /xV/K [163]. 

Figures 5.28(a) and (b) show the crystal structure of Bi 2 Te 3 . Figure 5.28(c) 
shows the band structure for Bi 2 Te 3 predicted with the tight-binding approximation 
[271]. The band edges are not located along the high-symmetry lines, but are in the 
reflection planes. Figures 5.29(a) and (b) show the variation of the measured electri- 
cal conductivity and Seebeck coefficient with respect to temperature for Pb-doped 
Bi 2 Te 3 [368]. 

Note that even the crystal with zero Pb concentration has an electrical con- 
ductivity that behaves like that of metals (nondegenerate) because of the inherent 
defects. When comparing theoretical predictions with experimental results (Section 
5.16.1), account has to be made of the inherent defects, through specification (pre- 
scription) of carrier concentrations. We will discuss this in Section 5.17.3. As Pb 
concentration increases, o e increases and as decreases . Similar structures include 
Sb 2 Te 3 . As the expected, the phonon conductivity is anisotropic. The atomic spac- 
ings are also rather large, resulting in a small total phonon and electron conductivity. 
The optimal figure of merit is discussed in [396] and in Section 5.17.3. 

1 Some high carrier concentration compounds have large as. Example as B 13 C 2 , that due to phonon 

softening has large contribution from vibration to entropy and as . For these, the effect of vibration 
should be separately included [10]. This is discussed in Appendix G. 
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Bi 2 Te 3 



Figure 5.28. The crystal structure of Bi 2 Te 3 (a tetradymite-type structure), (a) Rhombohe- 

o 

dral primitive unit cell, and (b) hexagonal nonprimitive unit cell, c = 30.487 A, a = 4.384 
A [396]. The rhombohedral cell parameters are a R = (3 a 2 + c 2 ) 1/2 /3, %m(y R /2) = 3/2[3 + 
(c/a) 2 ] 1/2 . (c) Band structure of Bi 2 Te 3 calculated with (solid curve) and without (dashed 
curve) pi /2 corrections [202]. On the right vertical axis, the reference chemical potential (used 
in Section 5.17.4) is also marked. 
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Figure 5.29. (a) Temperature dependences of the measured electrical conductivity (along c) 
of the Pb-doped Bi 2 Te 3 crystals [ 368 ]. Note the metal behavior (monotonic decrease with 
increase in temperature), even for the pure Bi 2 Te 3 . This is due to lattice defects, (b) Tem- 
perature dependence of the measured Seebeck coefficient (along c) of the Pb-doped Bi 2 Te 3 
(p-type) crystals [ 368 ]. 
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It is also customary to use the dimensionless TE figure of merit Z e T . The best 
TE materials (semiconductors) have Z e T of unity or higher (Figure 5.27)'. 

The Peltier cooling/heating rate S e - P for a p - type material connected to an n- 
type material through an electrical conductor (metal) with a current J e — j e A, is 

Se-p = S e ,p = (a SlP - 0is,n)JeT , (5.206) 

where T is the junction temperature. 


5.17 Ab Initio Computation of TE Transport Property Tensors 

Using band structures from ab initio calculation, we can also calculate TE transport 
properties on the basis of appropriate electron-scattering models. Most such calcu- 
lations are based on the BTE and relaxation-time approximations. 


5.17.1 TE Transport Tensors and Variable Chemical Potential 


The TE transport properties are derived from the BTE as introduced in Section 5.12, 
with the relaxation-time approximation. Here we do not assume nondegeneracy and 
include all electron bands. The most general form of the relations [(5.125) to (5.128)] 
for TE properties are [202, 299] 


Asj = 2 


d k 


u e , M fUK,T)(E eJ -^)/(TT eJ ) 


(2; r) 3 Jej 

d k 


'Ee,j—2qj / u e j, K f e j(ic, T) 


Kj 


Kej 


J J (2jt) 3 ~°' J ' KJe ' J 

2 f die 


qjT J (27t) 3 

d k 


u e,j,K f e ,j ( K » T)(Ee,j T) 


/ d/c 

— T)(E eJ - n)] 2 /(T? e j) 


3/°. 

fe,M’ T ) = qjUe,j, K r e [E eJ (K)](—^-) \ EeJ=ll , 


SEeJ 


(5.207) 


where As is the Seebeck coefficient tensor, is the electrical conductivity tensor, 
K e is the electrical thermal conductivity tensor, j is the band index, qj is the charge 
of carrier, tc is the wave vector, u e j tK is the group velocity vector (in the y'th band 
and wave vector k), f°(ic) = [e^^CiA/^T + jj-i j s the equilibrium Fermi-Dirac 
distribution function (Table 1.2, note the distribution function is band dependent), 
/x is the chemical potential, and E e is the total energy of electrons. Accordingly, the 
band structure E e j(ic ), chemical potential /x and relaxation times r e are required 


t For metals, using k e = k. along with (5.195), and (5.194) with 5 = 0, we have 


z„r = 


3tc‘ 

4$ 


2 ’ 


H = 


Ef 

kCT 
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E e - p, eV 
(a) 



Figure 5.30. (a) Variation of the integrand factor 3f°/dE e , (E e — p)df°/dE e , and (E e — 
p) 2 df°/dE e , in (5.207), with respect to E e — p [298]. (b) The ab initio calculated (BoltzTraP) 
variation of the directional Seebeck coefficient elements of Bi 2 Te 3 with respect to the chem- 
ical potential. Only the xx and zz [Figure 5.28(b)] components of the tensor are shown [298]. 


inputs. (5.207) allows for the investigation of contributions from each band and even 
each mode of electrons (or holes). 

As an example, consider Bi 2 Te 3 TE material. Figures 5.28(a) to (c) show the 
atomic structure and the calculated band structure. Figures 5.29(a) and (b) show 
the variation of the measured electrical conductivity and Seebeck coefficient (for 
various Pb doping) as a function of temperature. 

The Seebeck coefficient involves (E e — p)dff / 3 E e and is very sensitive to the 
magnitude of chemical potential [see Figure 5.30(a)], which in turn is affected by 
the composition uncertainties (Figure 5.14). The intrinsic chemical potential can 
be directly obtained based on the intrinsic electron density and DOS of electrons 
from ab initio calculations. However, in real crystals, defects or dopants will also 
contribute some carriers (hole or electron), resulting in a different chemical poten- 
tial. The total electron density includes both the extrinsic electron density (can 
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be obtained from the defect density) and the intrinsic electron density. With the 
assumption that the effects of defects or dopants on the band structure and DOS are 
negligible, the real chemical potential is generally fitted from experiments instead 
of the intrinsic electron density. 


5.17.2 Introduction to BoltzTraP 


BoltzTraP [298] is a program for calculating the semiclassical transport coefficients 
based on the BTE (5.207). To calculate the TE transport coefficients by use of the 
BTE, the group velocity of electrons should be known. As the interpolated bands 
pass exactly through the calculated band-energies, the precision of the direct dif- 
ferential approach is limited by possible band crossings where the band deriva- 
tives will be calculated incorrectly. BoltzTraP relies on a Fourier expansion of the 
band-energies where the space group symmetry is maintained by the use of star 
functions 

Ee,M) = S,(k) = T (5.208) 

/ "p A 

where / is a lattice vector (x Q ) and {A} are the N p point group rotations. The expan- 
sion coefficients are given as 

Cxj — E e /(/c^v) , 1 = 0 

/# 0 

= Pp E W, - S* 0i ), l ? 0, (5.209) 

K^K N 

where p, is the roughness function p l = [1 - \{\l\/\l mi „\) 2 ] 2 + \(\l\/\lmin\f (l mm is 
the smallest nonzero lattice vector) and A/ are calculated by solving 


A E eJ (ic) = E eJ (ic) - E eJ (ic N ) 


EE 

k'^k n l^/z 0 


[^(^)-^ z (^)][5;(0-^(^)] w 




Pi 


(5.210) 


In this way, the extrapolated energies can be exactly equal to the calculated band- 
energies and the necessary derivatives for the BTE can be straightforwardly and 
accurately calculated. This approach has been tested by comparison with the recent 
calculations in which the group velocity is from the momentum matrix elements, 
which are in turn calculated directly from the wave functions, and good agreements 
are found [298]. 

BoltzTraP uses the BTE [as shown in (5.207)] to calculate the TE transport 
properties. The relaxation time r e , in principle, is dependent on both the band index 
and the k direction. However, in BoltzTraP, the relaxation time x e is assumed to be 
a constant, so BoltzTraP outputs only a e /r e . For use of a different relaxation-time 
model, for example, the Kane model, one needs to modify the code (subroutine 
FERMIINTEGRALS). 
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Table 5.7. Input parameters for BoltzTraP. 


WIEN 
0 0 0 0.0 

0.34517 0.0005 0.3 78.0 

CALC 

5 

BOLTZ 
0.15 
600. 50. 

0.0 


bandstyle (format of band structure to be input) 
iskip (not presently used), idebug (output level), setgap (logic switch 
for bandgap manipulation), shiftgap 
eferm (Fermilevel,in Ry), delatae (energygrid, in Ry), ecut (energy 
span around Fermilevel), number of valence electrons 
CALC (calculate expansion coeff), NOCALC (read from file) 
lpfac (number of lattice-points per k -point) 
run mode (only BOLTZ is supported) 

efcut (energy range of chemical potential around Fermilevel) 

Tmax (max temperature for integrations), deltat (temperature step) 
(energy range of bands given individual DOS output) 


The code of BoltzTraP is interfaced to the band-structure code WIEN2k [43], 
but can also be easily interfaced to any other band-structure codes. Table 5.7 shows 
the input parameters in the input file case.intrans, using Bi 2 Te 3 as an example. 

To run BoltzTrap, a user must enter the directory containing the band-structure 
file [for WIEN2k, it is case. energy file or case.energyso file (if the spin-orbit cou- 
pling is specified)]. The user can run BoltzTrap by the following command: 

“path to BoltzTrap’VSRC BoltzTrapl/x trans BoltzTraP 

The traces of the tensors calculated in (5.207) are written as functions of pi and T 
in the output file called case. trace. Users must write their own program to extract the 
information they need. Figure 5.30(b) shows the variation of the Seebeck coefficient 
with respect to the chemical potential. It can be seen that the Seebeck coefficient is 
very sensitive to the change of the chemical potential. 

The tensors of and As are written in the file called case.condtens; the 

tensors of the Hall coefficient are written in the file called case.halltens. 


5.17.3 Relaxation Times Based on Kane Band Model 

The relaxation-time models simplify the calculation of BTE, but condense all the 
complexities into the relaxation time x e . In principle, the scattering relaxation time 
can be obtained with the FGR and the perturbation theory. The scattering of elec- 
trons is related to the perturbation of the Hamiltonian for an electron, which is 


H 

H' 


7r 


2m, 


v 2 + A . f + H' 

4ite 0 J r — r' 


(5.211) 


= H' 


+ h:_„ n + h:_„ Pn + hl, „ + n' e _ vC + ... 

p MiQ^ iK n+<Pv,c + 


e-p, A ~ T ’ xx e-p , O 

dd 
dr 


e-p, PO xx e-v,d 

K, 


_ \ > A ec< ^ e U 

— <Pe-p, A + Ve-p&d y /_ ^ 


Kt + X' 


7 e 2 

F^ _rA + 

4ner 


(5.212) 
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where g e (r) is the electron radial distribution function, <p ec is the exchange- 
correlation energy, cp ext is the external potential excluding the perturbation, H' is 
the perturbation Hamiltonian that is due to scatterings, H' A , Q , H' po , 
H' e . v d , and H' e . v c are the perturbation Hamiltonians for the acoustic-phonon scat- 
tering, nonpolar optical-phonon scattering, polar optical-phonon scattering, short- 
range scattering by impurity, and scattering by Coulomb potential, respectively. 
Here <p e - p% a and <p' e _ 0 are the deformation potentials for the acoustic and opti- 
cal phonons, q e is the effective charge, cp VjC is the scattering potential of impurity. 
d = N~ l/2 J2 k p Q-KpS k p exp (iK p • r) ( N is the number of unit cells and s Kp is the polar- 
ization vector) is the normal coordinate form of lattice displacement, tc p is the 
phonon wave vector, Q Kp is the normal coordinate, X is the screening length, and 
Ze c is the effective charge of impurity. 

The electron relaxation time i e for a mode k can be represented as [434] 


1 

T e (ic) 




die' 

(2tx) 7 k - 




( 5 . 213 ) 


where f° is the carrier equilibrium distribution , f' K — f K — f° is the perturbation of 
the distribution, y KtK > d is the transition rate from state k to k' by the zth scattering, 
which can in turn be given by the FGR as [434] 


2 n 

YK,K',i = T~ S [ E e - E e (K , )]\M K ' K ' i i \ 2 
Ti 


M K ' K ',i = (k'IH-Iic) = J r)H.^r(ic,r)dr, 


( 5 . 214 ) 


where H- is the perturbation Hamiltonian for the scattering mechanism i, and 
\l/(ic,r) is the wave function for mode /c. The Bloch wave function corresponding 
to the electron wave vector k can be written as 

n o = c > i(K+8)r ’ (5-2i5) 

O S 


where V is the volume, C and C' are coefficients, and the subscripts J and g denote 
the different orbitals and reciprocal lattice vectors. Therefore, 


= ^EE C rCj E E ( 5 . 216 ) 


g' S 


If the wave function and the perturbation potential can be obtained from the 
first-principle calculation, r e j can be directly determined. This calculation is very 
challenging, and here we just introduce an analytical relaxation-time model, which 
is also based on the FGR and incorporates the nonparabolic Kane model for the 
energy dispersion. 

Many semiconductors with narrow bandgaps, e.g., lead chalcogenides, exhibit 
significant nonparabolicity of their energy bands. The two-band model is one of the 
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models proposed to account for this for theoretical calculations of transport coeffi- 
cients. The main features of the two-band model are as follows: the conduction- and 
valence-band extrema are located at the same tc point of the k -space, for example, V 
point, with the energy separation from other bands at this k point being essentially 
larger than the main energy gap; at the same time, the momentum operators have 
nonzero matrix elements between the states corresponding to the extremal points. 
The energy dispersion for each valley is of the nonparabolic ellipsoidal form (5.50) 


E e { 1 + 


_Ec 
A E 


) = 


e,g 


h 2 Kj 

Wle,e, T 


2,„2 


+ 


h k 


2m 


e,e,b 


(5.217) 


where m e ^ t l and m e ^ e j are longitudinal and transverse components of the effective 
mass tensor near the extremum, as given in (5.49), and /cl and kj are longitudinal 
and transverse components of the wave vector. The DOS average effective mass is 
defined as 


m 


, e 0 = ( m e , e xm 2 e e T ) 1/3 for conduction, direct band. 


(5.218) 


Then the DOS D e (5.66) becomes [using (5.50) to represent (5.217)] 


2 1 / 2 ™ 3 / 2 F F 

IX = T E)JH\ + + 2———). 


7 r 2 /r 


A E 


e,g 


A E 


e,g 


(5.219) 


In the framework of the Kane model, five electron-scattering mechanisms are 
normally considered, namely because of the deformation potential of the acoustic 
phonons x e - P ,K, deformation potential of the optical phonons r e - p ,o, polar scattering 
by the optical phonons r e - /? ,po, short-range deformation potential of vacancies r e - v ; d, 
and Coulomb potential of vacancies r e - v ,c- According to (5.115), the total scattering 
relaxation time is expressed as 


111111 

— — 1 1 1 1 

T-e t e -p, A ^e-p, O ^e-p, PO T e-v,d Te-v,C 


(5.220) 


At low temperatures, charge carriers are scattered mainly by the charged 
vacancy. At low carrier densities, scattering by the Coulomb potential of the vacan- 
cies dominates, whereas for high carrier densities, the Coulomb potential is screened 
by the carriers and scattering by the short-range potential of vacancies dominates. 
As the temperature increases, scattering by thermal phonons becomes more and 
more important. When the temperature is above room temperature, scattering by 
acoustic phonons and optical phonons normally makes the main contribution to the 
total relaxation time [36]. 

Within the Kane model, the expressions for different scattering mechanisms are 
given as follows [36, 202, 381, 509]. 
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(A) Scattering by Deformation Potential of Acoustic Phonons x e - p tA 

The relaxation time for electrons dispersed on the deformational potential of acous- 
tic phonons, when the Kane model of dispersion is used, can be given as 


‘t-e-p, A 


(*e-p,A)o(E e + 1/2 


A = 


B = 

(X-e-p, a)o — 


A E. 


— (1 - a A ) 


(! + 2 a fc)’ 


a A = 


8 


\E e , g + A£ e , g )^ A 

3(1 + 2*B 2 


2nTT ci 


Ve- p , A,c k vT(2 m e ^o) 3/2 ’ 


(Pe-p, A,v 
<Pe-p,A,c 


(5.221) 


where A£^ is the band energy gap, (p e - P ,A.c and (p e - P , a,v are the acoustic defor- 
mation potential coupling constants for the conduction and valence band, q is a 
combination of elastic constants, a a is the ratio of the acoustic deformation poten- 
tial coupling constants for the valence and conduction bands, and m e e o is the DOS 
effective mass for a single ellipsoid. 


(B) Scattering by Deformation Potential of Optical Phonons x e - p ,o 


( T e- P , o)o(E e + xeT~) 1/2 

= (l + 2^)[(l-A) 2 -B] 

_ ~ _ Ve-p.O.v 

( 1 + 2 aI^) <Pe-p,0,c 

_ 8^(l + E e /AE e , g )a 0 
3(1 + 2 S | 7 ) 2 

= 2Tra 2 R p(Tui> P '0) 2 
7T( Pe- p ,o,c kBT ^ 2me ’ e ^ 3/2, 


(5.222) 


where a/? is lattice constant, p is the density, co p o is the frequency of the opti- 
cal phonons, and (p e - p ,o, c and (p e - p ,o, v are the optical deformation potential cou- 
pling constants for conduction and valence bands. Equation (5.222) is similar to 
(5.186). 
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(C) Scattering by Polar-Optical Phonons r e . p po 

In a simple isotropic parabolic model, the relaxation time for polar LO phonons has 
the form [381] 


'e-p, PO 


UeK" JO 


L 


2k 


K n d/C p , 


(5.223) 


where u e is the velocity of electrons. When the integral takes into account all 
phonons, we have 


T-e-p, PO 


h 2 u e 

2kpT e 2 c [(€ 0 € e , s )- 1 - (6oQ,oo) -1 ]’ 


(5.224) 


Inclusion of nonparabolicity and screening effects will lead to 
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d + 2^) 2 


5 = (2 kK)~ 2 , 


(5.225) 


where e eA and e* i00 are the static and high-frequency relative permitivities, k is the 
carrier wave vector, and A 0 is the screening length of the optical phonons. 


(D) Scattering by Short-Range Deformation Potential of Vacancies x e ~ v j 

r e - v ,d also has a form similar to the relaxation time of electron-acoustic-phonon scat- 
tering, because of a similar deformation potential (p e - v ,d, which is 


Te-v,d 


A 


B 



(?e-v,d)o(E e + AE e eg ) 1/2 

(l + 2*fc)[(l -AY-B) 

A ^ _<Pe-v,d 
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3(1 + 2^) 2 

tzTi 4 

<Pe-v,d,c m e,e,°(2m e , e , 0 ) 1/2 n v ’ 


(5.226) 


where n v is the vacancy density, and a v is the ratio of the short-range deformation 
potential coupling constants of vacancies for valence and conduction bands. 
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(E) Scattering by Coulomb Potential of Vacancies r e - v ,c 



it(Zelfn v [\n(l + §) - */(l + £)](1 + 2^) 
§ = (2kA„) 2 , 


(5.227) 


where Z^ c is the vacancy charge, and k v is the screening radius of the vacancy poten- 
tial, which is given as 


where D e (fi) is the DOS at the Fermi level. 

5.17.4 Predicted Seebeck Coefficient and Electrical Conductivity 

With the knowledge of the relaxation-time models and the band structure, we 
can predict the key TE properties by using (5.207). Here we use the example of 
Bi 2 Te 3 (anisotropic, tetradymite-type structure shown in Figure 5.28) and modify 
the BoltzTraP code to incorporate the Kane relaxation-time models. Figure 5.31 
shows the variation of as,** of Bi 2 Te 3 with temperature, predicted with (5.207). The 
calculation was carried out using BoltzTraP, a software package adopting BTE. 
Both the energy-dependent relaxation-time models and the constant relaxation- 
time model were used. The BoltzTraP code was modified and the relaxation-time 
model was incorporated into the integration, as BoltzTrap assumes a constant 
relaxation time. To incorporate the temperature dependence of the band struc- 
ture, the band structure was assumed not to change with temperature, and the 
conduction band was shifted in the calculation to include the temperature depen- 
dence of the bandgap A E e , g (Section 5.5). Figure 5.31 shows that the constant A E e , g 
leads to much higher values for T > 300 K (intrinsic regime), whereas results pre- 
dicted with the temperature-dependent A E etg = 0.13 — 1.08 x 10~ 4 T agree quite 
well with the experimental results. However, in the extrinsic regime (T < 300 K), 
there is only a minor difference between the results with the two different set- 
tings for AE e tg . As shown in Figure 5.31, with the same temperature-dependent 
A E 6 ' g = 0.13 — 1.08 x 10 -4 T eV, the two relaxation-time models give very similar 
results in the extrinsic regime, because one kind of carriers dominates the electri- 
cal transport. However, some small deviation appears in the intrinsic regime, where 
the concentrations of the holes and electrons become comparable, and it increases 
with the increasing temperature. This phenomenon indicates that the temperature 
dependences of the mobilities of holes and electrons are different. 
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Figure 5.31. Variation of the predicted Seebeck coefficient for p-type Bi 2 Te 3 with respect to 
temperature, compared with the available experimental results [216]. Both a temperature- 
dependent bandgap A E e _ g = 0.13 — 1.08 x 10 _4 F eV and a constant A E e>g = 0.13 eV are 
used. Also shown are the predictions made with the energy-dependent relaxation times and 
the constant relaxation-time model [202]. 


The band structure calculated with the experimental lattice parameters at 300 
K was used in the calculations for as in Figure 5.30(b). Temperature changes not 
only the carrier concentrations but also the lattice parameters. However, the band- 
structure calculations adopting the lattice parameters under different temperatures 
show that the thermal expansion has negligible effects on the band structure. The 
change of the lattice parameters from 0 to 300 K results in only less than a 2% 
change in the bandgap. Compared with the actual temperature dependence of the 
bandgap, it seems that the temperature variation of the bandgap is mainly because 
of lattice vibration. 

Figure 5.30(b) shows the variation of c^s along the n and zz directions, with 
respect to the chemical potential /x, at 300 K. Apparently, the two curves are very 
similar, indicating the isotropy of as . Figure 5.30(b) shows that, for p-type Bi 2 Te 3 , 
the 0's peaks along the ri and zz directions almost overlap. However, for n - type 
Bi 2 Te 3 , the absolute peak value as along the n direction is larger than that along 
the zz direction, though the peak positions are identical. In Figure 5.30(b), /x G is the 
chemical potential value at which as = 0. It is useful to rewrite the relation for as as 


as = — 


(E e M) cr e (E e ,fjL) 

e c k B T 


(E e l±) cr e (E e ,ii) 


f m)(^<? M)d E e 

f ( E e , /x)d E e 


(5.229) 


Here (E e — /> t) ae (E e ,n) is the a e (E e , ju)-averaged energy deviation from the chemical 
potential. Then we have 


Mo — (E e ) cr e (E e ,Ho)i 


(5.230) 
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which is the o e (F^-averaged energy and close to the middle of the bandgap [marked 
on the right-hand side of Figure 5.28(c)]. Therefore, 


as = - 


\(Ee)cr e (E e ,ii) i^e) cr e (E e ,fi 0 )\ (M To) 

e c k B T 


(5.231) 


Here (E e ) ae ^ Eet ^ has a simple form, where the nondegenerate approximation is 
used, i.e., 


1 

~~ l + be -2e/(k B T) AEe ’S’ 


(5.232) 


where o e , e and o e ^ are the electrical conductivity contributed by electrons and holes, 
b — (Th/ Te)( m e,h/ m e,e) 3/2 ( Ph and pL e are the mobilities of electrons and holes), and 
e — p — AE e , g /2 is the distance of the chemical potential above the middle of the 
bandgap. For semiconductors with large bandgap (A E e%g > 10&bT), the maximum 
value of c^s can be estimated as [similar in form to (5.153)] 


, 2sE e ,g 

^S I max — 0 

e c 2k B T 


(5.233) 


For small 2e/k B T, we have 


(E e ) o e (E e ,fi) — 


A E e , g 2 b€/(k B T) 

1 + Z? L 1 + b 1 


(5.234) 


Therefore, 


as - - 


k B [(; [+b) 2 kBT 

k B T 


(5.235) 


For a narrow bandgap semiconductor, as shown in Figure 5.30(b), (5.235) is a 
good approximation for as when \p — p Q \ < AE e , g /2. When p is close to the band 
edge, the effects of the opposite charges become smaller. While p moves farther 
into the band edge, {E e ) a pE e ./i) is closer to p. Therefore, as will achieve the maxi- 
mum near the band edge, and the maximum value can be estimated from (5.235). 
Assuming b — 1 and that the maximum is achieved at the band edge, for Bi 2 Te 3 at 
300 K, then |as| mfl * — 320 pVI K, which is close to the results in Figure 5.30(b). 

Figure 5.32 shows the predicted electrical conductivity of Bi 2 Te 3 along the u 
and zz directions, wherein the Kane-band-model-based relaxation times are used. 
The temperature-dependent bandgap A E e , g — 0.13 — 1.08 x 10~ 4 T eV are adopted 
in the calculation. Some parameters, for example, the deformation coupling poten- 
tials, are fitted to the experimental results and listed in Table 5.8. Below 300 K the 
ratio cr e ^ xx /cr ejZZ , is around 2.2 and almost temperature independent. But above 300 
K, (7 ejXX /(J e _ zz increases with increasing temperature. From the results shown in Fig- 
ure 5.32, this is because o e xx changes much faster than o e zz at high temperatures. 
Note that the predicted o exx lo e zz is lower than the experimental values (around 
2.95). A reason can be the neglect of the direction dependence of the effective 


masses. 
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Table 5.8. Parameters used in the Kane nonparabolic relaxation-time 
models for B '12 Te 3 . 


Parameter 

Magnitude 

Parameter 

Magnitude 

mh, e , 0 /m e 

0.08 

irie,e, 0 / 

0.06 

n v , 1 /m 3 

1.04 x 10 25 

p, kg/m 3 

7.86 x 10 3 

€ e,o 

400 

^ e,oo 

69.8 

ci, N/m 2 

0.71 x 10 11 

hco 0 , eV 

0.0076 

Z 

0.1 

iPe~ p ,A,c t eV 

35 

(Pe-p,0,ci SV 

40 

iPe-v,d,c-> J _ m 

1.2 X 10 ~ 46 

Cl A 1 ClQ , Cl v 

1.0 

n v , 1 /m 3 

1.04 x 10 25 

A E eyg , eV 

0.13 - 1.08 x 10“ 4 r 

a R , A 

10.45 


Figure 5.33 shows the variations of average values of various relaxation times, 
i.e., (( t e -i)) calculated from the relaxation-time models based on the Kane model 
(Section 5.17.3), as functions of temperature. The largest is {{r e - Vf c)), and the short- 
est are {{r e - p , A )) and {{r e - P ,o))- The three phonon scatterings, {{r e - P ,A)), (( r e - P ,o )), 
and ((r^-p po)), make up most of the total ((r e )). Note that (5.221), (5.222), and 
(5.224) show a T~ l relation. 


5.17.5 Electric and Phonon Thermal Conductivities 

For semiconductors, the total thermal conductivity includes two parts, i.e., elec- 
tric thermal conductivity k e and lattice conductivity k p [(5.202)]. Currently it is not 



Figure 5.32. Variations of predicted directional electrical conductivities for BbTe 3 with 
respect to temperature, using the Kane band model and energy-dependent relaxation times, 
and comparison with the available experimental results [216]. 
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Figure 5.33. Variations of predicted electron relaxation times for Bi 2 Te 3 with respect to tem- 
perature, using the Kane band model for energy dispersion. 


possible to measure k p and k e separatively, so it is the total thermal conductivity 
k = k e + k p that is measured, and k e is generally derived from the Wiedemann-Franz 
law (5.151). The difference between the measured k and the derived k e is used for 
k p . However, as shown in Figure 5.16, the Lorenz number is not a constant and may 
be subject to many nonapplicable assumptions. Using (5.207), we can also predict 
k e using the BTE (implemented in BoltzTraP) based on the full-band structure and 
the relaxation-time models. 


(A) Electric Thermal Conductivity 

Traditionally, the Wiedemann-Franz law (5.151), k e — N^o e T, is used to calculate 
the electric thermal conductivity k e on the basis of o e . However, for semiconductors, 
AT may not be the value used for metals [AT,o = (tt 2 /3)k^/e 2 , (5.195)], especially 
when the chemical potential is near the center of the bandgap. When the sample 
is heavily doped (the chemical potential is deep inside the valence or conduction 
band), AT/AT, o is close to 1.0. However, for intermediate doping, AT/AT, 0 can be 
smaller than 1.0, and the minimum is around 0.7. For small doping concentrations 
or intrinsic regime, AT/AT,o may be much larger than 1.0. Figure 5.34(a) shows the 
temperature dependence of the electric thermal conductivity calculated according 
to Eq. (5.207). The results show that k e for both directions increase with increas- 
ing temperature. Due to the significant changes of N l in the intrinsic regime, using 
N^ 0 <j e T underestimates k e at high temperatures. 
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Figure 5.34. (a) Predicted electrical and phonon thermal conductivities of Bi 2 Te 3 . The elec- 
trical thermal conductivity is directly predicted using the BTE and the Kane relaxation-time 
models. The phonon thermal conductivity is predicted using MD simulation and the G-K 
method [202]. Available experimental results are also shown [216]. (b) Variation of calcu- 
lated directional figure of merit for Bi 2 Te 3 (along || and _L), with respect to temperature. 
Both the results with the directly calculated k p and that modified by defects are presented. 
The experimental results [216] are also shown. 
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(B) Phonon Thermal Conductivity 


In semiconductors, phonons are scattered by the grain boundary, defects, and 
other phonons and carriers. According to the Matthiessen rule (4.111) and phonon- 
scattering mechanisms of (4.120), we have 



1 

kp-b 


1 

k 

^ p-im 


+ 




( 5 . 236 ) 


where k p -b, k p - im , k p - p , and k p ~ e are the thermal conductivities limited by the scat- 
tering by the grain boundary, defects, phonons (U-processes only), and by charged 
carriers, respectively. 

For semiconductors, the thermal resistivity that is due to the phonon-carrier 
scattering l/k p - e , is normally very small. We can evaluate 1 /k p - e by using the electri- 
cal resistivity p e . This relation has been derived by ignoring the difference between 
the N- and U-processes between carriers and phonons [30, 516], and using the Bloch 
model for p e (5.196): 


Here 


1 = 3.7 p e (T D ) / Tp\ 
kp-e N l , 0 T [t ) 5 27/2 

/ T \ 5 

p e = 3.7 p e (Tj)) I — I Is Bloch model of metal p e . 


( 5 . 237 ) 

( 5 . 238 ) 


In 



x n e x 


(e x - l) 2 


dx. 


( 5 . 239 ) 


In the proceeding relations, z e is the number of free electrons per atom, N l is the 
Lorenz constant, and T D is the Debye temperature. Then we have 


1 _ Pe (Tu/T) 6 ^ 2 2 

k p -e N Uo T 27/4 ^ Ze 


( 5 . 240 ) 


For T/Td increasing from 0.1 to 10, (T& / T) 6 / U(Tn / T) 2 decreases from 97 to 9. 
Also, for normal dopant concentrations (< 10 19 cm 3 ), ^ is of the order of 10 3 . 
Then for a wide temperature range (0.1 < T/Tn < 10), 1 /k Pte is only about 10 -4 of 
the electrical thermal resistivity l/k e found from the Wiedemann-Franz law, and is 
therefore negligible for this semiconductor. 

Then, for bulk semiconductors, the lattice thermal conductivity is mainly lim- 
ited by the phonon-phonon scattering (U-processes). The lattice conductivity can 
be predicted using the MD simulation and the G-K method, as introduced in Sec- 
tion 4.12. The most important is the appropriate interatomic potentials used to pre- 
dict the lattice vibrations, including both the anharmonic and harmonic behaviors. 
Normally those potentials can be developed by fitting the energy surface computed 
with ab initio methods, for example, DFT. This approach, which is rather involved, 
is used here, and the resulting potentials need to be verified by use of the bulk 
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properties and crystal structures. The potentials used here for B^Tes are reported in 
[202]. Figure 5.34 shows the temperature-dependent, in-plane and cross-plane (Fig- 
ure 5.28 shows the crystal structure) lattice conductivities of Bi 2 Te 3 . Note that the 
predicted in-plane and cross-plane k p are higher than the experimental results. This 
is expected, considering the defects (e.g., isotopes, displacements, lamellas, etc.) in a 
real semiconductor crystal (Figure 5.14), which will reduce the thermal conductivity 
according to (5.236). 

The lattice conductivities in both directions follow the 1/T law [202], similar 
to insulators, i.e., the Slack relation (4.132). The predicted cross-plane thermal con- 
ductivity k P x is lower than the in-plane k Pt \\. Because the average cross-plane sound 
velocity (1631 m/s) is very close to the in-plane sound velocity (1775 m/s), the dif- 
ference between the two thermal conductivities is mainly due to the anharmonic- 
ity along the different directions. This can be verified by the directional Gruneisen 
parameter ycj along the direction i. For Bi2Te3, the in-plane Gruneisen parame- 
ter ye . || is 1.17, and the cross-plane Gruneisen parameter yc.± is 1.86 at 300 K [19]. 
The large difference in the anharmonicity originates from the unique bond char- 
acteristics in the layered structure (Figure 5.28), in which the intralayer bonds are 
covalent but the inter-layer bonds are hybrids of the electrostatic interactions and 
van der Waals interactions [202]. Furthermore, when the thermal conductivity is 
decomposed (Sections 4.12 and 4.13), we find that the contribution from the short- 
range acoustic phonons k p , s h, a, and that from the optical phonons k p , o, in the two 
different directions, are almost the same. The difference is due only to the contri- 
bution from the long-range acoustic phonons k p ^ sh A . More details are reported in 
[ 202 ]. 


(C) Figure of Merit 

Figure 5.34(b) shows the variation of the figure of merit Z e T (5.204) for the p-type 
Bi 2 Te 3 specimen of experiment [216] along the || and _L directions, with respect to 
temperature. The lower two curves are based on the directly (MD) calculated k p . 
Because k p as well as o e is very sensitive to defects, which are always present in 
fabricated specimens, for comparison between the calculated and measured Z e T 
we used a modified k p and the results are shown with the top two curves. Due to 
the difficulty in including the various defects, the modified k p was obtained by fit- 
ting the total thermal conductivity to the experimental results [216] at 300 K and 
then using the Slack 1/T law at other temperatures. The experimental results are 
also shown in Fig. 5.34(b). The Z e T with a modified k p is higher than experimental 
results above 200 K, mainly due to the overestimation of a e . The calculated Z e T 
reaches its maximum around 250 K. Z e T along the || direction is higher than that 
along the _L direction between 200 K and 400 K, due to the larger ratio o e ,\\/&e,± 
compared to k Pt \\/k p j \_. Note that the experimental a e ^ja e , _l is larger than the calcu- 
lated results (discussed above), so the difference in the figure of merits along the || 
and _L direction is expected to be even larger. 
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5.18 Electron and Phonon Transport Under Local Thermal Nonequilibrium 

Conduction electrons can acquire kinetic energy by an imposed electric field, by 
absorbing photons, or by other energy transitions. This kinetic energy can be har- 
vested before inelastic scattering (in particular with phonons) results in conversion 
of this electronic energy to heat. Here we address this electronic carrier transport 
and interactions, while considering local thermal nonequilibrium between the elec- 
trons and phonons (each carrier and subcarrier has a temperature). 

In many semiconductor devices, because of spatial variations in carrier (electron 
and hole) concentrations, the carrier diffusion also becomes important. An average 
particle (semiclassical) treatment is made starting from the Boltzmann transport 
equation (with appropriate moments) [47, 294, 302]. 

5.18.1 Derivations 
The BTE (Table 3.1) for carrier i — e , is written as 

d A +Ui . W f i+ F . . v f . = d A\ s + s (5.241) 

at at 

As we discussed in Chapter 3, the BTE describes the statistical particle transport, 
including electron and phonon. The conservation equations that are encountered in 
fluid mechanics, heat transfer, and electron transport are found by taking different 
moments of the BTE. 

Taking a function of electron momentum (p(p e ), its weighed sum (or integral) is 
(note that here for electrons we have allowed for two spins) 

(HPe)) = _3 Pe ’ (5.242) 

Pe 

Multiplying BTE by </)(p e ) and summing over the momentum gives the BTE 
moment equation 

1 df 1 1 

73 E 0CpK 7 + f lE ^(^) V ' U efe + E * ' V P fe 

ft „ at ft t—- 1 Ti „ 

P Pe Pe 

= + (5.243) 

Pe P 

The summation implies integrations (3.11) and (3.12), depending on symmetry. 
Also, the average of relaxation-time approximation (3.13) gives 

^3 7 ls = ~ ( HPe )°)), (5.244) 


where indicates the continuity (continuity), momentum x e (momentum), or 
energy x e (energy) relaxation time, depending on 0 (Section 5.10). 
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For 0 = p° e , the BTE gives the continuity equation for a carrier (here written 
for conduction electrons, but for the holes a similar equation is written) 

+ V • u e n etC + V] n e , c ,i = + — v • je + Y] il e,c,i = 0- (5.245) 

at ot e r 


where we have used j e — e c u e ii ex where u e is the drift velocity u e - (u e ). This is also 
given in Table 3.6. 

For the carrier (electron) momentum, (j){p e ) — p l = m e , e u e , we have 


1 


( 0 (P)) — ^ 3^3 ^ ' Pefe — ^e,c m e,e u e 


(5.246) 


Tr 


^ ^ P ' M e fe — ^ iiPe,c^e,e^-e,i^e,j T f^e,c^ B^e) 


Pe 


— tl e ,cWl e ,e^t tl e ^ PI e ,c^B-7 e • 


(5.247) 


where we have used the thermal velocity and expressed it in terms of k B T using the 
equipartition of translational kinetic energy. 

These equations give the momentum conservation equation 


du , 


n e m e , e ii e 


We,cWl ee [ T (U-e ‘ — f^e,c^c^e ^n e c k]$T e . 

at z e - p (momentum) 

(5.248) 

The electron momentum (and energy) relaxation times are given in Table 5.4. 

Under a steady-state condition, and by neglecting the gradient of electron drift 
velocity, (5.248) gives the drift-diffusion equation, i.e., 


je — f^e,c^c l^e^e H - n e c We,c T e 

drift-diffusion equation, 

where D e — k B T e /i e /e c . This is also given in Table 3.6. 

For energy, 0 = E e , K (p e ) = p 2 e /2m e , e , and we define 


(5.249) 


^ e 3 1 

( 0 (/^)) = ^ ' EeAPe)fe — y — 7 ^e,ck B T e T ~n ec m ee ii e . (5.250) 


Next, we note that 


l ))((HPe)) - (HPe)°)) = ((v) ? (ener gy)»(y - y) 

1 1 ^ 1 2 

v • u e f e — —3 y ^ -m ee u e V • u e f e 


Ti 


Pe 


(5.251) 


r ^ 2 

Pe 

1 7 

— ^ 2 ^e,cttle,e {p e We ) 

= V(yii e + u e • n e , c k B T e + k e VT e ). (5.252) 
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Equation (5.252) is called the heat flux term, as the last term represents heat con- 
duction by an electron. 

Using the proceeding equations, we find that the energy conservation equation 
is [47] 


d(E e /V) 

dt 


,E e 

= -V • (— u e 

\ y C 


~\~ fte,ckB T e u e + k e VT e ^ 4 “ j e • e t 


Ee_ 

V 


Ee - E° e 


({r e 1 (energy)}} 


+ (energy) 


3 1 2 

-n e ,ckBT e + —n ec nie,e^e m 


(5.253) 


Note that the total kinetic energy of the carrier E e is the sum of translational (3 
translational degrees of freedom) and drift motions. Here the carrier temperature 
T e is defined by use of the electron collision velocity (uj) 1/2 , such that 3n e , c kBT e /2 = 
m e , e n e ,c(Ue) l/2 /2. The collision velocity is also called the thermal speed (for the ran- 
dom component of the velocity), where (u' e ) = 0. This defines the carrier tempera- 
ture based on the classical equip artition of energy (/crT / 2 per degree of freedom). 
Note that this does not include the quantum effects on the specific heat capacity, as 
included in (5.73). 

By substituting the continuity equation (5.245) and momentum conservation 
equation (5.248) into the the energy conservation equation (5.253), we have [47] 


9 T e 

h V • u e T e 

dt 


2 1 T e — T p o 

V • k e V T e + -T e V ■ u„ - ^ 

3n e KB 5 U-/?,0 


Ee Ep \ ^ ^e,e^ e ^ 


1 


r e - P ,A 3^ b U- p (momentum) r e - p , 0 

2 


U-w.A 


3n e ,c^-B 


E ^-'(energy). 


(5.254) 


This distinguishes between scattering by the acoustic and the optical phonons. Note 
that this includes the Joule heating (first term in the square brackets).' 

The thermal-phonon energy equations are derived from the first law of ther- 
modynamics. The BTE for a phonon is applicable for energy conservation and is 
written separately for the optical phonon and the acoustic phonon. 


5.18.2 Phonon Modal Energy Equations 

Starting from (5.241) and using the same momentum power formulation and aver- 
ages. The optical- and acoustic-phonon systems are treated separatively (having 


t The volumetric Joule heating is found using (5.147) as 


Pe j e — 

Then, dividing by 3 &b^,c, 


m e,e 2 2 2 

^ 2 n ec T e - p (momentum) c e,c e 
we have the term in (5.254). 


Te-p 


m e ,en e ,cU l 

(momentum) 
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temperatures T p q and T p ^ related to their energies and nonequilibrium occupan- 
cies) [151]. The optical-phonon energy conservation equation is based on BTE, with 
no transport terms (assuming u p o = 0 and F p o — 0 for the optical phonons) [151] 


dE p ,o _ 3 E e dEj^o 

Vdt ~~Vdt s Vdt s ' 

Substituting for scattering terms for (5.254), we have [151] 

dT Pt o 5 n ec k^ F e T p q n e c m e e u e T p q Tn a 

nc p,o — r— - = — ^ + -z - ncp o — — 

^ T-e-p, O ^^e-p, O Tp, A 

where n is the number of atoms per unit volume. 

The acoustic-phonon energy conservation equation (F Pt a = 0) is 


dEp, a 
vdt 


+ V • k p VT P 'A — 


dE p , o 
V3r 


or 


3T, 


WCp, A 


/?,A 


3? 


TnO-1 

V ■ kp'VTp'A + nc p ,o— 

T p, A 


+ 


Te-p, A 


(5.255) 


(5.256) 


(5.257) 


(5.258) 


Note that the specific heat is divided into the acoustic and optical components. 

The acoustic phonon heat capacity is given by (4.64) and optical phonon by 

(C.l). 

In addition to the conservation equations there is the Poisson equation (Table 
3.5), which satisfies the Gauss law, i.e., 


V 2 (Pe = — ~—(fi e , c + n e , b ), (5.259) 

where n e ^ is the bond electron density, which should be included. 

The set of equations derived in this section is used for electron-phonon thermal 
nonequilibrium analysis of semiconductor devices. 


5.18.3 Summary of Conservation (Electrohydrodynamic) Equations 


Because of their similarity to the Navier-Stokes equations (Table 3.10), includ- 
ing the mechanical energy equation (6.123), the carrier conservation equations are 
called the hydrodynamic equations. The summary of carrier balance equations are 
subsequently given. The electronic carrier (electron or hole) continuity equation, 
i.e., (5.245), is 


dn e , c 

~~dt~ 


+ 


v ■ j e + h e,c,i = 0- 


(5.260) 


The electronic carrier drift-diffusion equation, i.e., (5.249), is 


je — ^c^-e,c l^e^e T n e c T n ec p. e k^fV T e , D e 


F e pj e 


(5.261) 
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The electron energy equation is 


dt 


dT e 2 1 T e -T p o 

+ V ■ u e T e = V • k e VT e + -T.V • u e , p ' , 

3« c , c A:b 3 r c -p !0 (energy) 

T e - T p A m e e u~ 2 1 


r e -p, a (energy) 3 k B r e - p (momentum) r^.o (energy) 

1 . 2 


(5.262) 


Te-p, a (energy) 3 n eiC k B 


] + ^r^-E^( ener g y)- 


Note again that is the drift velocity. The optical-phonon energy equation (includ- 
ing electron kinetic energy transfer) is 


3/ig T e T p o n e c m e e u e 

nc p ,o — 2 — = — ^ 7 + 


dt 


2 r e - p , 0 (energy) 2r £ ,- /7 , 0 (energy) 
T p , o — 


fle,cCp, O 


r„, A (energy) 


(5.263) 


The acoustic-phonon energy equation (includes conduction) is 

37>, A 


ftCp , a ^ ^ h pN T p ^ T n ec CpO 

ot 

3 n e , c k B T e - T p , A 


T p ,o — T^a 
r p , A (energy) 


2 w A (energy)' 


(5.264) 
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From the results of Section 5.18, the electron and phonon transport equations, under 
thermal nonequilibrium, can be written as spectral (energy resolved) or energy- 
averaged forms. Here the averaged forms are used, those giving electron and lattice 
temperatures T e and T p along with a single, average relaxation time. For simplicity, 
only the acoustic phonons are considered. To generalize the results, we assume TE 
transport over a solid conductor, as shown in Figure 5.35. The problem is further 
described in [106]. 

The kinetics of electrons and phonons in an electric field or in a temperature 
field is described by the coupled BTE for electrons and phonons (Section 5.18). In 
one dimension and for steady state, with constant properties, these equations are 
the simplified forms of (5.262) [108, 227] 


d 2 T e 
e dx 2 



We,ck B 

r e . p (energy) 


(T e ~ T p ) 


(5.265) 


— k 


d 2 T, 


^e,c^B 


P 


dx 2 r e -p (energy) 


(Te ~ Tp), 


(5.266) 
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Electron Phonon 



Figure 5.35. (a) Temperature distributions for electron and lattice subsystem, assuming equi- 
librium in the connectors, (b) Energy conversion mechanisms and heat transfer paths of elec- 
tron and lattice subsystem [106]. 


where j e is the electrical current density and z e . p (energy) is the average, electron- 
phonon energy relaxation time. These are the energy equations for the electron and 
phonon subsystems. 

Note that the volumetric Joule heating (3.54), j e • e e — p e j] — m e , e n e , c u 2 e /z e - p 
(momentum) (footnote in Section 5.18.1). In [108, 227], with some justifications, the 
coefficient 3/2 in (5.263) and (5.264) is replaced with 1, as it appears in (5.265) and 
(5.266). 

Assuming that p e , n e , c , z e - p (energy), k e , and k p are constant, we solve the pro- 
ceeding equations by defining a center-of-thermal-conductivity temperature kT ctc — 
k e T e + k p T p [24]. The solution is 


Te - Ai + A 2 - + 


* , Pe jl[(p 2 -X 2 } p e j 2 S 2 
2k yk 


1 x x 

~-[A 3 cosh(-) + A 4 sinh( — )] 
y o o 


T p — A\ + A2 — + 


X , Pej e 2 [(j) 2 ~ X 2 ] 


Peje $ 2 


2k 


X X 

+ [A 3 cosh(-) + A 4 sinh(-)], 
0 0 


(5.267) 


(5.268) 


where 



= (— ) V2 cooling length 
k e T k p 
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T e - P (energy) 


— 7, — r e - p (momentum) , 
2 m e , e u z pA 


r e - p (momentum) = ((z e )) (momentum) = 
average electron-phonon relaxation time. 


Wle,ePe 

e c 


(5.269) 


where y — k e /k p and L is the thermoelectric element thickness. 

The relation between x e - p (energy) and z e - p (momentum) is for the acoustic 
deformation potential (end-of-chapter problem). The various r e - p are listed in Table 

5.4. 

In [227], the constant 2 in (5.269) is replaced with similar constants for low and 
high temperatures (with respect to the Debye temperature). 

The four unknown constants A\, A2, A 3, and A4 are determined [105] by the 
boundary conditions for the flow of heat by electrons and phonons at the bound- 
aries, as presented in Figure 5.35. Also, for simplicity, it is assumed that electrons 
and phonons are in equilibrium in the connectors, i.e, T p — T e — T c at x — — L/2 and 
T p — T e — Th at x — L/2. 

The phonon boundary conditions are 


T c - T p 

k dTp 

= 0, 

L 

at v = — — 
2 

(5.270) 

AR p ,b 

p dx 

T p - Th u dT p 

#C p 

AR p b dx 

= 0, 

L 

at*=-. 

(5.271) 


where AR Pt b is the phonon boundary resistance. This resistance is because of a 
change in acoustic properties at the interface, as discussed in Section 4.13. The elec- 
tron boundary conditions are 


Tc Te J dT e ( ( ^ \ ; t T . Je _ n ^ 

. „ h e T (n's &s,b) JeTe Pe,bTb _ — 0, at X — (5.272) 

AR e b dx Z Z 


Te Th 7 dT e ( ( ^ \ : rji , T ie _ n v 

. n h e T (t^s ots,b) JeTe T Pe,bTb n — o, at X — , (5.273) 

AR e b dx Z Z 

where AR e b is the electron thermal boundary resistance [106] and as,/? and p e ,bTb are 
the boundary Seebeck coefficient and the electrical boundary resistance (multiplied 
by area). 

The first term in the proceeding equations represents the heat flow as defined by 
the phonon (electron) boundary resistance, and the second term is the heat flow pre- 
dicted by the Fourier law. The third terms (5.272) and (5.273) represent the Peltier 
cooling and heating, respectively. The Joule heating at the boundaries is represented 
by the fourth term. 

The bulk Seebeck coefficient as is given by (5.274), the n- and p-type ther- 
moelectric materials. The boundary Seebeck coefficient as,/?, assuming that tunnel- 
ing is the dominant electron transport mechanism across the metal/semiconductor 
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interfaces, is given by [24] 


ots,b 


,kn^ 7 T 2 . hfpE eo 


- 1/2 


(5.274) 


where E e , 0 is the height of the boundary electron energy barrier. Equations (5.267) 
and (5.268) were solved analytically with (5.270) to (5.273). The resulting expres- 
sions for the coefficients Ay are in general very complicated. For electrical current 
j e equal to zero, the coefficients Ay are 


Ai 


Th + T c 
2 


A 2 = 


yZAcothL* + 


+yY 


2 R* k 


R * , ^^d+y ) 2 , yZACOtllL* ; 

e ^ 2/?£ ^ (1+2 RZ)- 1 ^ P V 


(T h - T c ) 


A 3 = 0 


A 4 = 


y 2 K - yK 


(?), - T c ) 

n* , «;«;(!++ yL*co\hL* e 2 2sinhL* 

iV e ' ?/?* ' ( 1 + 2/?!)- 1 ' lx uf 


, for j e = 0, (5.275) 


where the dimensionless parameters (*) are given by 


K = 


K = 


(- J — + - J -)- 1 (_ j _ + - J -)- 1 

y AR Ptb ^ AR e b ' x AR p , b ' AR - ' 


A/? 




D* 

> — 




A/? 


P ,b 


L 




, L* = — . 
25 


(5.276) 


More details, as well as a numerical example, are given in [106]. 


5.20 Electronic Energy States of Ions in Crystals 

The slightly altered electronic states of doped ions in dielectric crystals allow for 
precise, spectral electron transitions that can be used, for example, in solid-state 
lasers, and in laser heating and cooling of solids. The electron state in the crystal 
host is altered, including the occurrence of energy splitting, and these are briefly 
reviewed in the following discussion. 

We first look at ions in / block that have a weakly interacting 4/ orbital because 
the 4 / shell is deeply embedded inside the 5s and 5 p shells, as seen in Figure 5.36. 
Because of the relatively weak interaction with the lattice, the energy calculation is 
much simpler. The Hamiltonian can be written for an individual rare-earth ion and 
decomposed as [112] 


H — H free ion T lattice-) 


(5.277) 
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Figure 5.36. Square of the radial electron distribution probability distribution Pv(r*) = 
if^x/rdr* for 4/, 5s, 5 p, and 6s electron orbits of Gd 3+ [147]. 


where H f ree i 0n is the Hamiltonian of the ion in complete isolation, and H ion-lattice 
contains the static interactions of the ion with the host, which is also referred to as 
the crystal field. 

The standard approach for treating H f ree i on is to employ the central-field 
approximation, in which each electron is assumed to move independently in a spher- 
ically symmetric potential formed by the nucleus and the average potential of all 
other electrons. The solutions are then included as a product of a radial and an 
angular function. Whereas the radial function depends on the details of the poten- 
tial, the spherical symmetry ensures that the angular component is identical to that 
of a hydrogen atom and can be expressed as spherical harmonics. 

Using the radial function dependence on a potential, a semiempirical approach 
has been employed in which the attempt is made to identify these effective inter- 
actions operating within the / electrons that produce the observed structure [347]. 
Based on this method of interpretation, H f ree ion (the free ion Hamiltonian) of the 
system is written as 

J i/ree ion — E F k l k + ■ L + uL(L + 1) + PG(G 2 ) + yG(Rj) 

£=0,2, 4, 6 

+ E T ‘ ti+ E M k m k + Y J P k Pk , 

i=2,3,4,6,7,8 £=0,2,4 2,4,6 


(5.278) 
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Table 5.9. The semiempirical atomic properties of rare-earth ions [347] in cm 
N is the number of electrons in the f shell. (1 cm~ l = 0.12398 meV, Table 1.4.) 


N 

Ground state 

Ion, z 

Ti, cm 1 

?,cm 1 

Ionic radius A 

0 

'So 

La 3+ , 57 



1.061 

1 

2 F 5 /2 

Ce 3+ , 58 


640 

1.034 

2 

3 h 4 

Pr 3+ , 59 

320 

759 

1.013 

3 

%/2 

Nd 3+ , 60 

327 

885 

0.995 

4 

S l4 

Pm 3+ , 61 



0.979 

5 

6 H 5/ 2 

Sm 3+ , 62 

370 

1200 

0.964 

6 

7 F 0 

Eu 3+ , 63 

401 

1320 

0.950 

7 

s S 7 /2 

Gd 3+ , 64 

408 

1470 

0.938 

8 

7 f 6 

Tb 3+ , 65 

434 

1705 

0.923 

9 

6 H 15/ 2 

Dy 3+ , 66 

420 

1900 

0.908 

10 

hH 

GO 

Ho 3+ , 67 

450 

2163 

0.894 

11 

4 Il5/2 

Er 3 +, 68 

433 

2393 

0.881 

12 

3 h 6 

Tm 3+ , 69 

447 

2617 

0.869 

13 

2 F7/2 

Yb 3+ , 70 


2883 

0.858 

14 

'So 

Lu 3 +, 71 



0.848 


where F/< are the Slater integral parameters, which represent the effective Coulomb 
interaction between 4 / electrons. Here, I A are the angular integrals over spherical 
harmonics, § is the spin-orbit parameter, and a , ft and y are coefficients of the 
Casimir operators for the full rotation group and the nonsymmetry groups G 2 and 
Rq [375]. Also, here T l are known as Trees parameters [466], M k are the spin and 
orbital magnetic moments of the electrons, and P k are three-electron electrostatic 
correlations. The Slater and the spin-orbit parameters for rare-earth ions in LaCl 3 
are tabulated in Table 5.9. 

Then assuming that the 4/ radial wave functions are for hydrogen, as discussed 
in Section 2.6.6, the relationship between F* are obtained as [223] 

F 4 /F 2 = 41/297 = 0.138 

F 3 /F 2 = 7.25/81.143 = 0.0151. (5.279) 

For the 4/ shells a good estimate of F 2 is made with 

F 2 = 12.4(z - 34) cm -1 , (5.280) 

where z is the atomic number of the rare-earth ion. Assuming that the lattice forms 
approximately hexagonal symmetry (D 3 h), H ion-iattice (crystal field Hamiltonian) can 
be expanded as 

H ion-lattice = ~ ^ 0 C 0 + ^ 0 C 0 + ^ 0 C 0 + ^0 ( C 6 + C -6 )> (5.281) 

k,q 


' The Slater radial integrals are defined as 

poo poo r <k 

Fk(i-j) = J o J o —^k+T [ P' ( r i ) ( r2 )] 2 dri drj , 

which is a parameter representing the radial distribution of the electrons. 
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Table 5.10. Crystal field parameters of Nd 3+ in 
LaFi and LaCfi crystals [111]. 


Nd 3+ : LaF 3 

Nd 3 +: LaCl 3 

(D 3h approximation) 

(C 3 h approximation) 


a = 

= 21.28 

a 

= 22.1 

p = 

= -583 

p 

= -650 

y = 

= 1443 

y 

= 1586 

'Y'2 

= 306 

'Y'2 

= 377 

"Y'3 

= 41 

^3 

= 40 

^4 

= 59 

Y"4 

= 63 

^6 

= -283 

y-6 

= -292 


= 326 

'Y'7 

= 358 

'Y'S 

= 298 

^8 

= 354 

M° 

= 2.24 


= 2.1 

M 2 

= 1.25 



M 4 

= 0.84 



P 2 

= 213 

P 2 

= 255 

p4 

= 160 



P 6 

= 106.5 



fio 

= 216 

Bl 

= 163 

K 

= 1225 

Bl 

= -336 

Bt 

= 1506 

Bl 

= -713 

Bl 

= 770 

Bl 

= 462 


where B k q are the crystal field parameters and c k q is a tensor operator acting on the 
normal coordinate of the electron. The nonvanishing component of c q is dependent 
on the symmetry of the ion complex and their values should be looked up in ref- 
erences that deal with group theory. Some examples of crystal field parameters are 
listed in Table 5.10. These parameters are used to map the complete energy spec- 
trum of the rare-earth ions [111]. Detailed examples are shown in [96]. Note that, for 
transition metals, comprehensive examples can be found in [170] using Dq parame- 
ters. 

Because the solutions are constructed from hydrogenlike states, the total orbital 
angular momentum L and the total spin S are the quantum numbers. Here L and 
S are the vector sums of the orbital and spin quantum numbers for all the 4/ elec- 
trons on the ion. Each / electron contributes an orbital quantum number of 3 and 
a spin of 1/2. Total orbital angular momenta are specified by the letters S, P, D, 
F, G, H, I, K, ..., to represent L = 0, 1, 2, 3, 4, 5, 6, 7,..., respectively. Russell- 
Saunders coupling (LS coupling) is most often used. In this scheme, L and S are 
vectorially added to form the total angular momentum J, and the states are labeled 
using atomic term symbol 2S+1 Lj [171]. The quantum numbers (L, S, J, and another 
arbitrary one) define the terms of the configuration, all of which are the degener- 
ation of the central-field approximation, as shown in Figure 5.37. The electrostatic 
interaction lifts the angular degeneracy and produces a spectrum of states with ener- 
gies depending on L and S, but not on J. 
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Figure 5.37. Energy diagram (electronic energy as a function of distance between ion and its 
nearest neighbor) illustrating hierarchy of energy splittings, resulting from electron-electron 
and electron-host (ion) interactions for the /-block atoms (Table A.2) [112]. 


Next in the hierarchy is the spin-orbital, the strongest of the magnetic interac- 
tions. Spin-orbit lifts the degeneracy in the total angular momentum and splits the 
LS terms into J levels. This uses the Hund rules for J for a particular atom [157]. 
The Hund first rule states that, all other being equal, the state with the highest total 
spin will have the lowest energy. The Hund second rule states that if a subshell is no 
more than half filled, then the lowest energy level has J = |L — S|; if it is more than 
half filled, then J = L + S has the lowest energy. 

The host has the least influence on the electronic structure and changes the 
positions of these levels only slightly. The static effects of the host on the rare-earth 
dopant customarily are treated by replacing the host with an effective crystal field 
potential at the ion site. 

Two examples of energy levels of rare-earth ion-doped crystals are shown in 
Figure 5.38. 

In Section 7.12, we will discuss application of electron transition of ions embed- 
ded in host crystals in the laser cooling of solids. 


5.21 Electronic Energy States of Gases 

The electronic configurations of gas molecules provide precise, spectral electron 
transitions similar to the rare-earth ion-doped crystals. This is because gas atoms 
and molecules and ions dopant in crystals are relatively isolated, so they do not 
form energy bands like atoms in a lattice structure. 

The electronic energy states of a gas molecule are defined by the associated 
wave function of the molecule. The central field approximation and LCAO method 
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Figure 5.38. Empirical and computed energy levels of (a) Nd 3+ (4/ 3 ) and (b) Er 3+ (4/ u ) in 
ion-doped LaCE. The semicircles indicate fluorescence (resonance R) in the LaCE struc- 
ture [112, 369]. 


7/2 


(Section 5.3) can be applied to calculate the energy states of a molecule from the 
Schrodinger equation, as discussed in Section 2.6.7. 

The notation used to represent the electronic energy states of gas molecules 
typically includes the LS coupling introduced in Section 5.21. In addition to the cou- 
pling, a prefix is included to indicate the excitation level of the atom. For instance, 
the ground state configuration of Ne is ISO, and the second excited state with the 
same quantum spin (opposing spin of the excited electrons) would also be ! Sq, which 
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Figure 5.39. A partial energy diagram showing electronic energy states, a translational energy 
transfer, and a common laser transition found in the atomic He-Ne laser system [494]. 

we refer to as 2 1 So for clarity. The energy states of He are represented in this nota- 
tion in Figure 5.39, which shows experimentally determined energy states of He and 
Ne atoms in a partial energy diagram. 

For the excited states of Ne in Figure 5.39, the Paschen notation [494] is used 
to refer to groups of electron configurations more easily. This represents a group of 
configurations based on the outermost electron shell, where the ground state elec- 
tron configuration is assumed to be the Is orbital. For example, the ground-state 
electron configuration of Ne is normally 2s 2 2p 5 3s 1 , but becomes Is in the Paschen 
notation system. The Ne 2^-5 electron configurations are equivalent to LS nota- 
tion x Pi, 3 P 0 , 3 Pi, and 3 P 2 . Here P indicates that the principal quantum number of 
the 2s subshell is 2, and the other quantum numbers arise from the possible spin 
configurations of S = 0 or S = 1. 

There are at least three basic electronic energy transfers involved in the 632.8 
nm He-Ne laser cycle: electrical excitation of He, resonant excitation transfer from 
He to Ne, and the subsequent laser transition in Ne to a lower energy level. 

Electrical discharge is used to electronically excite (pump) gas. For discharge to 
occur, atoms are forced to ionize to conduct electricity. Not only does the ioniza- 
tion energy necessarily excite and free electrons, but traveling electrons also collide 
with atoms and can stimulate upper electronic energy levels in those atoms. In an 
electrical discharge through He, the atoms become overexcited and quickly relax to 
their uppermost stable energy state, He 2 1 So- A high population of these molecules 
accumulates (population inversion). 

Resonant excitation transfer is a collisional process that transfers electronic 
energy between fluid particles. This occurs only when energy states are sufficiently 
close, so that an electron-electron impact between fluid particles can transfer elec- 
tronic energy from one fluid particle to the other. The energy coincidence between 
the He 2 1 So and Ne 3s energy levels allows for resonant energy transfer between the 


5.22 Size Effects 


407 


two molecules, electronically exciting the Ne 3 s energy level. The reversible excita- 
tion can be represented as a spin-conserving energy transfer: 


^/,«,He(2 1 So) + £/>, Ne^So) — £/>, He^So) + Ef, e?Ne ( 3 S 2 ) — AFy^He-Ne- 


(5.282) 


Photon emission of electronic energy states of gases occurs only under special 
circumstances. Nonradiative decay processes compete with photon emission. If the 
relaxation times of electronic energy states of a fluid particle are too high, collisional 
deactivation will take place before radiation occurs. The rate of collisions, particle 
velocity, and the magnitude of energy transfer all affect the quickness of nonradia- 
tive decay processes. 

For lasing to occur, more atoms must be in an excited state than in the ground 
state; this is called population inversion. Ideally, for lasing, atoms should be excited 
very selectively into a single, upper energy level. It is important to give atoms the 
same energy states, so they can emit the same photon. If atoms are excited in differ- 
ent energy states they cannot give the same energy photon, and stimulated emission 
will not occur. When the rate of excitation is high enough to produce a population 
inversion, stimulated emission occurs. 

There are a number of factors in the He-Ne system that collectively produce 
the population inversion. A high number of He atoms are selectively excited into 
their stable, upper electronic energy level. The He atoms very selectively excite the 
Ne 3s 2 energy level by excitation transfer. Also, because of the large energy gaps 
between electronic energy states of gases, it is difficult to deactivate the energy levels 
through collisional processes. The population of excited Ne atoms accumulates, and 
stimulated emission becomes favorable, producing laser light. 

Although the laser produces relatively high-energy, short-wavelength laser 
light, this transition is not a high power source of laser energy because it produces 
a relatively low rate of photon emission. The efficiency of a typical He-Ne laser is 
around 0.1%. Inefficiencies arise because of the difficulty in forcing an increase in 
the electronic states of gases, and a significant portion of the energy in the cycle 
does not produce lasing. The remaining energy is dissipated as heat and must be 
removed from the laser system. Usually this is accomplished by cycling gases. The 
major benefits provided by the atomic He-Ne laser system are the high stability that 
it has compared with that of other lasers, a long operating lifetime, and low manu- 
facturing costs. The energies of some other electronic transitions in gases are shown 
in Figure 5.40, although there are a number of electronic transition energies for any 
gaseous atom or molecule. We will discuss atomic and molecular lasers in Sections 
7.2 and 7.13. 


5.22 Size Effects 

Thin (comparable with the de Broglie wavelength) layers of semiconductors (intrin- 
sic and doped) can trap (confine) conduction electrons within them, and these 
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electrons behave as quantum wave packets (as compared with particles). This con- 
fining structure is called a quantum well (QW). The electron energy bands become 
discrete and are called the subbands. Confining the electron along a second dimen- 
sion produces quantum wire (QWIRE) (including rectangular crosssection) and 
along all three directions gives quantum box or dot (QD). 

The unique characteristic of a QD is that the trapped electron behaves as it 
belongs to an atom (but subject to the symmetry of the lattice). Because of the dis- 
crete energy states, the quantum well, wire, and dot have discrete distributions of 
the DOS. Using (4.19), we note that ( dn e , c /di<)2-D = 2(LI27t) 2 2tt k , and (dn e , c /di<)i-v 
= 2(L/2tt) 2 , when 2 is for the two spins. Then using D e (E e ) = dn e JdE e , we have 
De(E e ) 2-D = 47 xm e Jh 2 p , and D e (E e ) i- D = (4m e , e lh 2 p ) 1/2 (E e - E e j)~^ 2 , where E e is 
from the band reference £ e (0) = E etC , as in (5.45), and Ej is the discrete state. 
The 2-D confinement makes for constant energy, and 1-D confinement makes for 
a singularities at E ejl (0). Figure 5.41 shows the general distribution of the electron 
DOS D e (E e ) for these as compared with the bulk semiconductors (idealized), given 
by (5.66), which show an E X J 2 dependence. Quantum dots have the most discrete 
D e (E e ) DOS representing only singularities. 


5.22.1 Quantum Well for Improved TE Z e T 

As indicated above, the quantum wells have D e {E e ) with discrete distribution, i.e., 
zero variance around E e j where E e j is a sub-band. Here, following [300] it is shown 
that such discontinuity maximizes the TE figure of merit Z e T defined by (5.204). We 
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k - 1/2 


Figure 5.41. Distribution of electron DOS for idealized bulk (parabolic), QW, quantum wire, 
and QD semiconductors [86]. The first three have continuous distributions, whereas the quan- 
tum dots have singularities (subbands) only. 


begin by rewriting (5.125) to (5.128), or (5.207), as [300] 


J 

f°° df° 

1 (--f)G(E e )dE e 

( 5 . 283 ) 

T cr c as = e c J 

r°° df° 

(-f^)G(E e )(E e -n)dE e 

—oo & 

( 5 . 284 ) 

Tk e , o = e c J 

f°° 3 f° 

' (-J^) G (E e )(E e -„) 2 dE e 

—oo v 

( 5 . 285 ) 

ke — k e o 

- T a e a\ 

( 5 . 286 ) 

G(E e ) = 

u l,g,K T e(K)8 D [E e - E e (K)\ 

( 5 . 287 ) 


VI 

3 £7 


E e 


k B T r /^e -| n2 

[exp( - - - ■ ) + !]- 
k B T 


( 5 . 288 ) 


where G(E e ) is the transport distribution function and k Ci0 is the electrical thermal 
conductivity with zero electrochemical potential gradient. 

Using 3/°/ dE e , the transport coefficients are written in terms of integrals I n as 


& e — eF eo I{), &e,o — 


hr 


B 


( 5 . 289 ) 


k B 


°e,oh 


a e a s = 


( 5 . 290 ) 
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In 


{ — ) 2 To e , 0 I 2 
e c 



(e x + l) 2 


G*{x)x n dx 


G* = hr^G{pi + xk?,T), 


(5.291) 

(5.292) 

(5.293) 


where tb is the Bohr radius (Table 1.4). 
Then we have for (5.204) 


T o e a\ 


Z„T = 


l\ 

B-± 

Io 


*e,o 


Ta e u % 


+ 1 


l L 

BI 2 - £— + 1 
Io 




/i 


C = 


1 


A J • ^ = ( — ) 

a/ 2 e c 


\ 2 T 




(5.294) 


1 — § + C " /o/ 2 21I z t 'C >'P 

where B is related to the Chasmar-Stratton coefficient defined in relation to (5.204). 
Because § 1, the maximum Z e T is at £ = 1, i.e., 


1 & 
Z e T <- = 


e,o 


c 


(5.295) 


For parabolic bands, we have 


G(E e ) = D e (E e )u 2 egx (E e )T e (E e ), (5.2%) 

and it is shown in [300] that, when D e (E e ) has a Dirac function behavior, then f —*■ 1. 
Also, when the dimensionless G*(x) is expressed as 

G*(x) = //(x)(5 d (x - £*), (5.297) 


we have for the transport coefficients 


° e - &e,oH (E*) ^ E , + 
«s = — E* 


g* _ ^ e,m 


'B 

e c 


{e E * + l) 2 ’ 


= ( — ) 2 To e , 0 H(E*)E 
e c 


(5.298) 

(5.299) 

(5.300) 


where E e ^ m is the peak energy with respect to Fermi level. 

To maximize k e , 0 (and Z e T ), if H(E *) — H is assumed constant (from Figure 
5.30, we note that as has a maximum where /x D is about a few k^T from the Fermi 
level), then the maximum in E* 2 e E * /(e E * + l) 2 is at £* = 2.4, i.e., having resonance 
E e — 2.4&bT above the Fermi level. Using this gives as = 207 /xV/K, as we also 
found from (5.204). Then the optimal Z e T is 


k u o cr p a 'J- 

(Z e T) max = 0.439( — ) 2 H- 

£ c kp 


(5.301) 
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Then the QWs having a Dirac delta function D e (E e ) can maximize the TE figure of 
merit. Quantum dots offer the possibility of having a single delta function and are 
the preferred material. These carrier pockets are discussed in [61, 180, 250]. 


5.22.2 Reduced Electron-Phonon Scattering Rate in Quantum Wells 


In molecularly constructed (e.g., epitaxy), multilayer (including superlattice) semi- 

o 

conductors, with a layer thickness of the order of 10 A, the electron confinement 
also modifies its scattering by phonons [ 390 ]. Multiple QW structures consist of a 
series of QWs made of alternating layers of wells and barriers. When the barrier 

o 

thickness is large (> 40 A), no significant electronic coupling occurs between neigh- 

o 

boring wells and it is called a QW, and for this barrier (< 40 A), electronic coupling 
occurs and it is called a superlattice. 

Confinement of electrons (and holes) influences their phonon-scattering rate, 
and in the case of harvesting hot electrons (and holes), excess kinetic energy, gener- 
ated in photon absorption by semiconductors (as in solar cells, Section 7 . 14 ), reduc- 
tion of r e -p is desirable [ 351 ]. The electron energy for the case of a QW is the solu- 
tion to the Schrodinger equation for the extended case of a particle in a box (Section 
2 . 6 . 6 ) for a finite barrier height cp 0 , and gives [ 351 ] 

h 2 K 2 nn 

E e ,n = ~ (Po , K = — , n — 1, 2, 3, ... , (5.302) 

2 L 

where L is the well width. 

As shown in Figure 5.41, the ideal QW D e is a steplike function with each 
plateau given by 

D e = nme ' e , n — 1,2,3 (5.303) 

nh z 


The hot-electron cooling time r e - p , Figure 5.42(a), is measured with the energy-loss 
technique, after photon absorption [351], and the average relaxation time [which is 
because of electron scattering by LO phonons, i.e., the polar optical phonon emis- 
sion branch of Figure 5.13(b)] is found from 


d E e 
d t 


LO 

Te-p,a 


ex p( 


hco Pt LO 
&B T e 




(5.304) 


o 

where T e is the electron temperature. The experimental results for multiple 250-A 
GaAs/250-A Alo. 38 Gao. 62 As QWs are shown in Figure 5.42(b) [351]. 

The electron temperature (kinetic energy) was deduced from the time-resolved 
luminesce spectra [351]. The carrier densities calculated from photon absorption 
are 10 19 , 5 x 10 18 , and 2 x 10 18 1/cm 3 for the 25-, 12.5-, and 5-mW laser (pumping) 
powers. 

The e-p relaxation time for GaAs was shown in Figure 5.13(b), and the phonon 
emission branch shows an initial strong energy dependence. The measured aver- 
age relaxation time at high electron temperatures [note that using E e = 3&b 772 as 
in (5.253) is not valid at high energies since the distribution becomes degenerate], 
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(b) 

Figure 5.42. (a) Hot electrons (excess kinetic energy that is due to photon absorption) and 
holes in semiconductors, and phonon emission during their decay, (b) Variation of the aver- 
age electron-phonon relaxation times for a GaAs bulk and multiple QWs, with respect to 
electron temperature (or kinetic energy). The hot electrons are generated by photon (laser) 
absorption [351]. 

is larger than the predicted value, but the energy dependencies are similar. This is 
in part due to the photoexcitation charge carrier averaging. The results for Figure 
5.42(b) show that the cooling rate l/r e - p is slower in the metallic QWs (by up to 
two orders of magnitude). They also show that the higher photogenerated carrier 
density, the slower the cooling rate, especially in the QWs. This is referred to as 
the hot-phonon bottleneck, because of the significant nonequilibrium distribution 
of phonons (in particular, LO) caused by the hot carriers. The relaxation time 
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r p - p (LO), Table 4.2, is not small enough to return phonons to equilibrium quickly 
(with the crystal bath) to keep up with the phonon emission rate, especially in the 
QWs where phonon modes are also modified. 

The reduced r e - p shown in Figure 5.42(b) can help in harvesting the hot elec- 
trons (through impact ionization or multiple exciton generation) before they cooled 
[394], 


5.22.3 Electronic and Phonon Thermal Conductance 
of Graphene-Flake Junctions 

The bottleneck in the electronic and phonon transport of graphene-based com- 
posites [447], promising for their superior electrical and thermal transport prop- 
erties, is in the interflake resistance. It is due to the very weak interflake inter- 
actions compared to the strong covalent bonds in the graphene flakes. Here, we 
examine the interflake thermal energy transport using the quantum thermal energy 
transport treatments, while considering that applications of graphene may include 
its inevitable passivated form. The graphene flakes are commonly edge (and side) 
passivated with various atomic groups, and these edge passivations influence the 
graphene properties [270]. We consider those O- or H-passivations of graphene 
flake edges that do not corrugate the graphene plane, so there are three interflake 
junction arrangements: O-H, O-O, and H-H. Then the carrier scattering is con- 
centrated in the interflake junction when considering the long intragraphene mean 
free path for the energy carriers compared with the flake dimension. The nanoscale 
thermal transport addresses the quantum features and the carrier wave effects, and 
within that the nonequilibrium Green’s function (NEGF) formalism is used in [424]. 
Also, for phonon transport in heterostructures the semi-classical acoustic mismatch 
model (AMM) or diffuse mismatch model (DMM) and molecular dynamics (MD) 
can provide limited, but more intuitive insights into the phonon transport. However, 
MD based on the classical Newtonian mechanics has limitations when considering 
the quantum effects, even though it can easily include the anharmonic effects, and 
the conventional semi-classical AMM and DMM do not include the atomic details 
of the interfaces and the quantum and wave natures of the phonon transport. In 
[424], they use both the NEGF formalism and the AMM treatment for the interflake 
phonon transport across the edge-passivated graphene, and although the electronic 
thermal transport is expected to be small in this system, they include it for insight 
into the force fields and to complete treatment of the thermal transport. 

The relaxed structures of the joined, passivated graphene flakes (zigzag edges) 
show restructuring within the first four C atoms from the edge (and negligible dif- 
ference from the bulk, within less than 0.01 A, beyond that). In the Green’s function 
formalism, we consider a central region connected to two semi-infinite regions rep- 
resenting the bulk graphene, as shown in Figure 5.43. The central region is divided 
into two “contact cells or electrodes” on each side with four carbon atoms each and 
a “scattering region or junction” with four carbon atoms on each side of the passi- 
vated atoms, also shown in Figure 5.43. 
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Figure 5.43. The edge-passivated graphene-flake junction used for the thermal transport cal- 
culations. The entire domain is divided into a central and two semi-infinite regions, and the 
central region is divided into a scattering and two electrode regions. The temperatures T L 
and T r are prescribed, d is the interatomic distance, and a and b is the width and height of the 
periodic bulk cell. 


For calculations of the self-energy and the bulk graphene properties, the scat- 
tering region is replaced with the same structure as the left and right electrodes. The 
graphene phonon dispersion is obtained using the dynamical matrix from the DFT 
calculations with the lattice dynamics relation with the Born-von Karman boundary 
condition [486], 



a)I - K cc (K* y ) - K cl (K* y ) 



K cr ( K ;)e- iK *]s(K*,K;,a) = 0 , 


(5.305) 


where at* is the dimensionless wave number in the transport direction (/c* = K x a 
and k x is the wave number in the x direction), a is the polarization [4 atoms in 
each unit cell and three degrees of freedom per each atom, so that the number of 
total branches (a) is 12], s is the eigenvector, and K c i (K cr ) is the dynamical matrix 
for the interaction between the left (right) electrode and the scattering region. The 
phonon dispersion found from Eq. (5.305) is unfolded to show it for the primi- 
tive cell of graphene composed of two C atoms. The dispersion curve from T to 
M (k* = 0) is in good agreement with the experiments, as demonstrated in Fig- 
ure 5.44(a). Because the passivated atoms are linearly aligned and the transport 
with the tc vector (wavevector) propagating in the transport direction is expected 
to dominate (when expanding to the longer functional groups, it would be more 
dominant), we first focus on the dominant transport direction (k* — 0). In the ideal 
ballistic transport, when all modes are transmitted without scattering, the phonon 
transmission is the number of modes at frequency co p , and the NEGF transmission 
for graphene is similar to this ballistic limit with a small ij, as shown in Figure 5.44(b). 
Phonons incident from the graphene are transported through the passivated edges 
in the three junctions with significantly suppressed transmissions. The r p for the 
O-H junction is the largest of the three, and in all three the phonons with low energy 
(less than 30 meV) and some high energies have relatively high transmissions. 

In 1-D transport with a given k*, the phonon conductance is evaluated using 
the Landauer formula [266, 388], 


G>,u>(k*) [W/K] = J ^ fh(o p x p {K*,o} p )[ 


3 f°(a> p ,T) 
3 T 


l 


(5.306) 
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Figure 5.44. (a) The phonon dispersion from T to M for the bulk graphene. The solid line is 
from the DFT dynamical matrix calculations. The red solid circles are from the neutron scat- 
tering data and the blue open circles are from the electron energy loss spectroscopy (EELS) 
data [355]. (b) The variations of the phonon transmission with the transport direction (/c* = 0) 
with respect to the phonon energy, for the bulk graphene and the passivated junctions. The 
transmissions for the passivated junctions are largely suppressed, while the O-H junction has 
the largest transmission. 


where T is the temperature, h is the the reduced Planck constant, the equilibrium 
Bose-Einstein distribution function is f°(co p , T) — [exp(h(o p / k^T) — 1] _1 , and k b is 
the Boltzmann constant. To include contributions from all wavevectors (as well as 
k * = 0), we sample k* values (200 points in the first Brillouin zone, — n < k* < n) 
and integrate 1-D conductance for each direction for the 2-D conductance as [511], 

Gp, 2D [W/m-K] = - J d/c*G Pi iD(^v)- 


(5.307) 
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Figure 5.45. (a) Variations of the phonon conductance (G^dj, solid lines) of the three pas- 
sivated flake junctions with respect to temperature, from the NEGF calculations, and com- 
parison with the bulk behavior (dash lines), (b) Phonon transport channels and the mecha- 
nism of phonon transport suppression in the O-H passivated junction, (c) The contribution 
of wavevectors to thermal conductance [G* (/c*)] at T - 300 K. (d) The effective thermal con- 
ductivity of linear chains composed of graphene flakes with three cases of edge passivated 
junctions at T - 300 K, as a function of the flake length. Two mean free paths, X p = 1.0 p m 
Bulk = 4756 W/m-K) and X p = 0.75 pm (k p _ Bu ik = 3567 W/m-K), are used [160, 350]. 


The phonon conductance per unit width (G p ^d, W/m-K) is calculated by Eqs. 
(5.306) and (5.307). Using the layer separation distance (0.335 nm) in the graphite 
as the thickness, we find the phonon conductance per unit area (G p ^d, W/m 2 -K), 
which is shown in Figure 5.45(a). G p ^ d’s for the edge-passivated graphene junc- 
tions are largely suppressed to less than 1% of bulk graphene G p , 3D, Bulk at 300 K 
(4.76 GW/m 2 -K from this work) because only phonons with low energy or tunneled 
resonant energy can be transmitted through the interflakes, as shown in Figure 
5.45(b). Figure 5.45(c) shows the contribution of wavevectors to thermal conduc- 
tance [G*(k*) = G a id(k*)/(/’G>, 2 D ) satisfying d k*G* p (k*) = 1 ], and it confirms 
that phonons with the transport direction are dominant. This is also the case for the 
phonon transport in the passivated graphene junctions at lower temperature. 

Because hetero-structure systems experience a large decrease in the transport 
caused by the Kapitza resistance at the interfaces, the reduction in thermal con- 
ductance of the graphene junctions with edge passivation drastically reduces the 
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effective thermal conductivity of the graphene composite. The total thermal resis- 
tance of the linear chain of graphene flakes ( 1 /G Pj 3 d, chain) is the sum over the resis- 
tances for the graphene flakes and the interflakes junctions, i.e., 


1 111 
= rij{ + ) + , (5.308) 

3D, Chain G Pi 3D,GF G p,3D,j G^d, GF 

where nj is the number of the interflake junctions in the chain, and G Pi 3 d,gf and 
G p , 3 dj are the thermal conductance of the graphene flake and the interflake junc- 
tion, respectively. With uniform length for the graphene flakes (/gf), the effective 
thermal conductivity of the chain with sufficiently long length L c = ( n j + 1)/gf is 


{k p . Chain) — G p 3D chain Ec — 


G /;,3D,GfG p,3F),j 
G p> 3D,GF + G p ,3D,j 


Ig f- 


(5.309) 


Since the conductance calculated in this work is based on the ballistic transport, 
the thermal conductivity of graphene flakes depends on Iq f and the phonon mean 
free path X p [350], i.e., 


Igf^p 

kp,GF — Gp 5 3D,GFfcF = G p? 3D.Bulk7 — ~ • 

/GF + A-p 


(5.310) 


The phonon thermal conductivity of undisrupted graphene k p _ Bulk (i.e., Igf 
oo) is G ^, 3 D,Buik^ p (4756 W/m-K with X p = 1.0 /xm and 3567 W/m-K with X p = 
0.75 fim). Using the phonon conductance of interflake junction and the graphene 
flake, we find the effective thermal conductivity of the linear chain composed of 
graphene flakes with uniform length. Figure 5.45(d) shows variation of the effective 
thermal conductivity as a function of the flake length. ({k p , chain) increases with Iq f-) 
Here we confirm the large reduction in the effective thermal conductivity compared 
to the undisrupted graphene. 

The electronic thermal conductance is calculated using the NEGF and the Tran- 
SIESTA module within the SIESTA code (with the GGA-PBE exchange correla- 
tion, the CG relaxation, and a single £ -plus-polarization basis set) [57] and the same 
configuration shown in Figure 5.43. For infinitesimal voltage and temperature dif- 
ferences, the electronic thermal conductance is [135] 


G e , 2 D [W/m-K] = 


1 (*2 - $■), 


bT 


K o 


(5.311) 


where K n is defined as K n = (1 /tt Ti) f d E e (E e — E^) n f e (E e )[—dff(E e , T)/dE e ], is 

the Fermi level defined by the external electrode, r e is the average electron trans- 
mission over the sampled k vectors (200 points in the y direction) with regard to 
the electron energy, and ff is the equilibrium fermion distribution, ff(E e , T) = 
{exp [(E e — Ef)/&bT) + l} -1 . Gg 3 D for bulk and three junctions are calculated with 
the layer separation distance as in G p ^ d and compared with G p 3 d in Figure 5.46(a). 
The reduction of G e from the bulk value is more pronounced than G /; , when no 
external bias potential is applied. Figure 5.46(b) presents the charge-density iso- 
surface (p* = 0.02) and the wavef unction of the first eigenstate below the Ep (at the 
T point). The low charge density present between the flakes and the localized orbital 
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Figure 5.46. (a) Variations of the electronic thermal conductance (G e ^ D j, solid lines) on the 
left and that scaled with G p ^d,j (Ge^Dj/Gp^Dj, dash lines) on the right, without an external 
bias potential, with respect to temperature, (b) The charge-density iso-surface (p* = 0.02) 
on the left and the wavefunction {\f e \ 2 = 0.01) of the first eigenstate below the E F (at the T 
point) on the right, for the bulk and the three junctions. Different colors (blue and red) in the 
wavefunctions correspond to the opposite signs. 


near the passivated edge for the symmetric junctions differs from the chemical a - or 
7r-bond between the passivation atom and the nearest C [270] and the delocalized 
7r-bond in the bulk graphene. These differences lead to the large drop in the mag- 
nitude of G e . For the asymmetric junction O-H, the G e is less suppressed because 
of the delocalization in the molecular orbital due to the asymmetric charge distribu- 
tion. As shown in the right side of Figure 5.46(a), the G e for all the three junctions is 
smaller than the G p , especially at low temperatures, with the O-H junction suffering 
the least reduction. 


5.22.4 Heterobarrier for Converting Hot-Phonon Energy to Electric Potential 

Various decays, recombinations, and drags in energy conversions and many resistive 
processes (e.g., in electronic circuits) emit phonons, hindering energy relaxation and 
transport in devices [137, 391, 469]. Among the phonon modes, energy relaxation 
through optical-phonon emission is dominant in semiconductors. An emission rate 



5.22 Size Effects 


419 


larger than decay can overpopulate the optical modes compared to their equilib- 
rium population, and “hot phonons” represent this excess occupancy [249]. Exam- 
ples include high-power electronic devices [313], frustrated-vibration relaxation of 
chemisorbed molecules [406], lattice electron stoppage of charged fission fragments 
[162], and nonradiative decay of hot electrons in optoelectric devices [97]. These hot 
phonons are finally thermalized, converting their energy to waste heat and gener- 
ating entropy. To improve the efficiency and mitigate heat generation, the thermal- 
ized phonons can be recycled by the anti-Stokes cooling process (photon-assisted 
absorption of phonon), resulting in lower device operating temperatures [401, 239]. 
Photonics including light-emitting diodes show enhanced efficiency through ther- 
moelectrically pumped heat [410]. However, using the hot phonons before thermal- 
ization is expected to further improve the efficiency. Also, removal of the excess 
phonons through this harvesting will lead to improved thermal management and 
device performance (reducing the phonon friction in electron transport) [312]. 

In [426], an unassisted absorption of hot phonons for direct electric poten- 
tial gain using semiconductor heterobarriers is analyzed. Barrier structures have 
been used in thermionics, thermoelectrics, and photovoltaics [420, 421, 241, 376] 
and for the selective transmission of hot electrons (for TE performance enhance- 
ment) and heat absorption to restore the equilibrium electron distribution. Here, the 
heterobarrier structure is designed as an embedded structure rather than a stand- 
alone device, so that we can place the structure near the hot-phonon source for 
effective pre-thermalization harvesting. This requires kinetics optimization between 
phonon absorption and emission (lifetime z p - e ) and between up- and downconver- 
sion (r p -p). The Monte Carlo method is employed to simulate this electron transport 
and phonon energy conversion in the diffusive regime, showing electric potential 
gain and phonon energy absorption. 

A heterobarrier structure composed of GaAs and Al v Gai_ A -As (* or jcai is 
the A1 content) is chosen for this study. Since Al v Gai_ x As has a larger bandgap 
than GaAs and the interface has a band edge discontinuity in the conduction 
(A E c — 0.79xai, *ai < 0.41) and valence bands (A E v = — 0.46xai) depending on jcai 
(type I), the barrier height cpi, can be controlled with jcai [514, 278]. We consider 
electrons as the main charge carriers and barriers in the conduction band. Potential 
barriers can cause an adverse (or reverse) current by reflection or potential change, 
so a large, forward local electric field formed by x&\ grading is introduced in the 
barrier to compensate for this adverse effect [421]. Figure 5.47 shows the spatial 
distributions of (i) xai, (ii) electric field, e e , (iii) product of electric potential and 
electron charge, e c cp e (in the conduction band edge), and (iv) optical and acoustic 
phonon temperatures, T p o and T Pt a, in the hot-phonon absorbing barrier (HPAB) 
structure. The electric current density j e , drift velocity u e and electron transition 
processes involving phonon absorption are also shown. 

The lowest conduction band in GaAs has three valleys, at T, L, and X, where 
T is heavily populated at room temperature. Electrons in the band are scattered 
through various mechanisms, and the overall interaction rates are shown in Fig- 
ure 5.48(a). The r -valley polar optical phonon interaction, which absorbs or emits 


420 


Electron Energy Storage, Transport and Transformation Kinetics 


x 


A1 



, j 

A1 Content 

, 

ading 

Gr 

GaAs 

ALGai-*As 


e e (V/ m) 
* > 


'e.bg 


<p b S(z) 


Electric Field 


"tf.HPAB 


E,\dn e /dE c 


Barrier Transition - 
Increasing potential energy 
Decreasing kinetic energy 


e c Ve (eV) 


Electric Potential 
J'e 



T„X K) 


Phonon Temperature 


^supply \h%,o Interaction 


Figure 5.47. Spatial distributions of A1 content, electric field and potential, and phonon tem- 
peratures in the hot-phonon absorbing barrier structure, xai abruptly increases, creating the 
potential barrier (with height <pb) in the conduction band edge, while the grading maintains 
the current. Phonon absorption populates electrons with higher energy than barrier height 
(E e > (pb) before or after the barrier transition, and this energy is converted to electric poten- 
tial. The population of optical phonons quickly decreases at the barriers and recovers by 
upconversion. 



Figure 5.48. Variations of the electron interaction rates in the lowest conduction band, as a 
function of electron energy ( E e ) for T p = 300 K. Insets show the band structure and various 
interaction mechanisms (left) and the interaction rates for low-£ e T-valley electrons (right). 
Polar optical phonon scattering is dominant at low E e , and intervalley scattering rates increase 
with E e . 
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Figure 5.49. Sampled particle number density, drift velocity {u e d ), and particle-energy distri- 
butions over the simulation cell. Electrons are accumulated behind barriers and low-energy 
electrons are highly populated near barriers. 


longitudinal optical (LO) phonon, dominates for low E e , and intervalley scattering 
is dominant when E e > (energy difference between T- and L-valleys). Aver- 

age absorption (y p -+ e ) and emission (y e ^ P ) rates for T -valley are obtained consid- 
ering LO phonon temperature T pXO (= E pXO /{k B [\n(f pXO + 1) - \n(f pXO )])) and 
electron distribution dn e /dE e ( D e f ° , where D e is the density of states and f° is the 
equilibrium electron distribution). 

The particle density and velocity distributions in Figure 5.49 show the electron 
accumulation and the low electron velocity behind the barriers. As Figure 5.49 also 
shows, the potential profile near the barriers is bent by this nonuniform charge dis- 
tribution, and this effect is not significant for small n e (< 10 17 cm 3 ). Whereas the 
electron energy distribution dn e /dE e without a barrier is consistent and close to 
equilibrium, the low-energy electron density is large in the proximity of the barri- 
ers. This is because of the low transmission and energy loss caused by the barrier. 
The phonon energy absorption rate (s p - e = S p - e /V, W/m 3 ) is determined from the 
electron energy distribution (dn e /dE e ), i.e., 


ip-e = 52 f [y^e.j(Ee) - Ye^ P j(E e )]E pJ d f^dE e , (5.312) 

j Ee 

where j is an interaction mechanism. The simulation results show an efficiency of 
18.8% (of phonons converted to electric potential), when u e j — 6.2 x 10 4 m/s and 
4>b = 30 meV. 
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5.23 Problems 


Problem 5.1 

(a) In the Kronig-Penney model, for s = 5, determine the first five allowed elec- 
tronic energy bands using (5.25) and plot the results similar to Figure 5.4. 

(b) Then plot F e (eV) versus /c(l/nm) similar to Figure 5.5, using (5.27) to find 
the roots k* of constant E*. Use the Si lattice constant a from Table A.2. Scan k* 
and obtain roots E*, and then convert to dimensional values. 

Problem 5.2 

Show that the small Ka limit of the s-orbital energy equation for the 5-orbital, 
FCC tight-binding model becomes E c {k) — E s — — 12 y + ya 2 K 2 . 

Problem 5.3 

Make a three-dimensional { k x , K y , k z ) contour plot of a constant electron-energy 
surface, which is based on the s-orbital energy equation for the 5-orbital, FCC tight- 
binding model (5.41). Note that there is no need to specify the constants when using 
( E e — E s + Ps)/\y\ = 2 as the constant energy surface. Also use —1 < aKi/ 2n < 1. 
The contour, is similar to that shown in the figure. 


Problem 5.3. Constant energy surface (Fermi Surface), (E e — E s + f$ s )/\y\ 9 in recipro- 
cal lattice space, for 5-orbital, FCC lattice, with the nearest-neighbor only, tight-binding 
approximation. 

Problem 5.4 

(a) Comment on the approximations (tight binding and others) made in the SiC 
electronic band structure Matlab codes. 
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(b) Run the SiC Matlab codes and comment on the discrepancies in the 
predicted absolute values of the band energies. 

Problem 5.5 

Show that ( 5 . 20 ) is the determinant of the coefficient matrix of the vector of 
constants {A, B, C, D) when set equal to zero. 

Problem 5.6 

Plot the tight-binding approximated, single s-band structure E e (ica/2j r), (5.41), 
for y — 1.0 eV and E e -p = 0, and for k along L-r-X-K-r-W [Figure 5.6(a)]. 

The coordinates of the Brillouin zone symmetry points for a FCC lattice are 
given in Figure 5.7(b), and these lead to lines such as 

2tt 

r — X : 0 < k x < — , Ky — k z — 0 

a 

71 

r — L : 0 < k x — K y — k z < — 

a 

3tt 

T — K : 0 < k x — k y < — , k z — 0, etc. 

2 a 


Problem 5.7 

(a) Use the software Materials Studio (use DFT method, Section 5.4) for the 
ab initio computation of the electronic band structure in Si. Use the default setting 
and plot E € (k), which is along W-L-T-X-W-K. This graph is similar to (but not the 
same as) Figure 5.6(b). 

(b) Comment on the direct versus indirect bandgaps, and the lowest energy 
bandgap in Si. 


Problem 5.8 

(a) Table 5.2 shows that — Ff/^bT — —T^/T can be represented by — oo for 
moderate temperatures. Using this, show that the integral in (5.72) becomes 

x 2 e x 7 r 2 

(e x T If 1 = T ’ 



by dividing the integral into two equal parts and / 0 °°, and using exp(av) to keep 
x positive for both integrals. Then use integration by parts [u — x 2 , dv = e x (e x + 
l) _2 dx] to change (e x + l) -2 to (e x + l) -1 . Then the integral containing ( e x + 1) _1 
is available in handbooks. Symbolic integral solvers can also be used. 

(b) Starting with (2.101), show that 


In n e , c = -lnFp + c 

d n e c 3 dFp 
n CiC 2 Fp 
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and that the free-electron energy DOS is (5.74), i.e., 


D e (E e ) = 


d n 


e,c 


3 n 


e,c 


d£p 2 Ey 

(c) Use the result of part (b) in (5.72) and the result of part (a), to arrive at 


(5.76) 


7r n 


Cv,e — 


e,c j 2 


kr, T . 

2 


Problem 5.9 Complete the integration to arrive at the energy-averaged relaxation 
time (5.113), and evaluate the gamma function for the scattering mechanisms given 
in Table 5.3. 


Problem 5.10 

Complete the steps and derive (5.131) from (5.125). 

Problem 5.11 

Complete the steps and derive (5.137) from (5.126). 

Problem 5.12 

(a) Complete the steps and derive (5.140) from (5.128). 

(b) Show how the transport coefficient in (5.141) to (5.143) are related to those 
appearing in (5.123) and (5.124). 

(c) Derive the relations among cr e , k e , as, and ap, and a ee , a et , a te , and a tt as 
given in (5.145) to (5.146). 

Problem 5.13 

(a) Use m e , e /m e — 1.08 for Si and T — 300 K to show that n eF = 

2.80xl0 19 1/cm 3 . 

(b) Use m h , e /m e — 0.81 for Si and T — 300 K to show that n^p - 

1.83 xlO 19 1/cm 3 . 

(c) Use the relation for intrinsic carrier density (footnote of Section 5.7), 

A E, 

Uj = {n e ^n h p) Y/2 exp(— — e £ ), i = e or h, 

2 k B T 

with gap energy A E e%g = 1.12 eV, for Si and T — 300 K to show that n, = 
9.056 xlO 9 1/cm 3 . Check this against Figure 5.10(a)(ii). 

(d) Using the expression for the intrinsic Fermi energy 

E f — E f j = kftTXn^E- for n- type 

Hi 

, flh c „ 

Ep — Epi = —k^T In — — for p-type, 

ni 

plot Ep — Epi (. x axis) (in eV) versus n e >c (y axis, logarithmic scale), for 
n{ < n e , c (nh, c ) < 10 21 1/cm 3 and for T — 300 K. This gives the relation between the 
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chemical potential fi = E p and the extrinsic carrier density n e c (or n h >c ), which is 
separately determined from the measured Hall coefficient, (5.161). 

Problem 5.14 

In (5.176) and (5.174), explain the physical significance of the FGR and the 
interaction matrix element. 

Problem 5.15 

(a) For electron-acoustic-phonon (deformation-potential) scattering, starting 
from (5.176), use (5.179) and replace E e (p) — E e (p') with hco p (for emission of one 
phonon). Then use this approximate form (no phonon population dependence) 


and find the energy relaxation time r e - p , a (energy). 

Note that, by using the momentum and energy conservations, we have 


Note that the </> part of the integral yields 2n, since the integral of <5 d over the entire 
domain (—1 to 1) is equal to 1 (Glossary). 

(b) Using T e - P ' a (energy) just given, and r e - p% a (momentum) given by (5.185), 
show that 


Ye-p, A — 


/ 



E c {k') = E e (jc) ±Tico p , = 


2m ee 


= 1 = hco p 


k' — K db Kp, or k' 2 — K 2 + K 2 ± 2 KKp COS 0 , 


and also use the properties of the Dirac delta function, i.e., 



Note that due to lack of spherical symmetry, using (3.12), we have [294] 


A (energy) 4 tt 


1 




p,max 


16n E e pu e 



2 p e V 2 , 



k B T 



T e -p, A (energy) = 


r e - p ,A (momentum) . 
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Problem 5.16 

Using (5.65), show that ioxhco — 0 and a constant interaction matrix, the FGR (5.96) 
becomes 

2 n 

y e (ic\ k) = f\M K r \ 2 D e [E e (K)], 

Ti 

where D e is the electron DOS. Allow for electron spin. 


Problem 5.17 

Assume the piezoelectric-scattering potential and the displacement distribution 


<Ps,e-p = e ^ e '^d, d = d 0 e ±l{l€pX \ 

€o€ e 

for the LO phonon scattering of electrons. Here d Q is the magnitude of lattice- 
vibration displacement. 

Then write (5.95) for the matrix element as 

-i(p' - PT^Kp) * x 


M P'.P = f f e -ff d o eX P[ - 

* c J € 0 € e ft 

e c e pz d Q 1 f -i(p' - p^fhic p ) • x 


€o€ e V c 

The displacement is given as [294] 

h 


J ex p[ 


h 


]dx 


]clx. 


< = 


T T 

( .. ! ! )> /; = 


2pV c (i*p,o f° + =■ =p 


hco 


p,o 


Using cop/ k p — Up, a, show that 


e 2 e 2 k B T 1 

|AV, p \ 2 = c /; {- 

€ e Ep K p U V c 

where, from (4.72), u Pt A — u P ,b and is 


J exp[ 


—i(p' — p —TiKp) • x 


Ti 


pJ * ]dx } 2 , for the - -case, 


1 

2 


u 


,A = (£„/p) 1/2 , 


where E p is the bulk modulus of elasticity. 


Problem 5.18 

The atomic displacement (d) in optical phonons produces a change in lat- 
tice spacing directly, so the perturbation potential for optical phonons is gener- 
ally assumed to be proportional to d ((p s ,e- P = <p f e - p d), as in (5.162) ((p' e . p = (p' d Q for 
nonpolar optical phonons and <p' = q e for polar optical phonons). Using (5.163), 

(5.165), and (5.166), the displacement and the initial and final states of the electron- 
phonon wave functions are simplified as 

d = [h/(2mco P ' 0 )] 1/2 (rf + b), \ ft) = \ f e ,i)\f P ), and |^/> = I tej)\fp>), 

where \\jr e ) and \f p ) are the wave functions for electron and phonon. The final state 
of phonon is | f p >) — \f p + 1) for the phonon emission and | f p >) — \f p — 1) for the 
phonon absorption. 
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(a) Using the simplified (5.96) [the first term is absorption and the second term 
is emission] 

E 2tt j 

~j~ I ( f \(Ps,e-p I tyi ) I Wej Pe,i ^ ^p,o)i 
k' 

show the interaction rate for phonon emission and absorption is 

Ye- P = Y -~^—\(fejW e - p \feA)\ 2 \{f P ± l\tf + b\f p )\ 2 8 D (E eJ - E eJ ± E p , 0 ). 

V mQ) P'0 

(b) Using the properties of ladder operators [see the footnote in Section 2.6.4] 
b ] \f P ) = ( f P + 1) 1/2 | f P + 1) and b\f p ) = f x J 2 \f p - 1), 
show I (f p ± 1| M + *|/p>| 2 = /, + 1/2 ± 1/2. 


(c) Using the parabolic band approximation for D e [= (2 1/2 m 3 J 2 E l e 12 )/ (jt 2 Ti 3 ), 
as in (5.66)], calculate the scattering rate between electron and nonpolar optical 
phonon, and compare the result with that in Table 5.4. 

Hint: For nonpolar optical phonon scattering, 

Y \WejW e - p \fe,i)\ 2 &T>{ E eJ ~ E e,i =F Ep, o) = <Pd,0 D e( E e,f)^ ■ 

K' 

V/N is added because the unit of D e is J -1 m -3 (per unit energy range per volume), 
and N is the number of atoms in a primitive cell (N = 2). 


Problem 5.19 

(a) Derive expression (5.204) for the thermoelectric figure of merit. 

(b) Show that optimum value (3 Z e T /3§ = 0, use rj = exp§ and take derivative 
3Z e T /dii) of £ 0 is found from 

§o + 4(j + h — AB exp(^o) = s + \ 

2 e c 2 

Then 

Ho ~ s + \ for negligible k e . 

(c) Using Table 5.3 and the k e - 0 results, show that for acoustic-phonon 
scattering = 0, and for weak ionized impurity scattering £ 0 = 2. 


Problem 5.20 

(a) Plot Z e (T ) for n-type Bi 2 Te 3 , using the following parameters [163] and the 
optimum Fermi energy, Fp — T = (s + l/2)k#T (for negligible k e ). 

k p — 0.7 W/m-K (parallel to c axis), s = — 1/2, m e e — 0.58 m e , and /i e = 0.120 
m 2 /V-s, at 300 K. 

(b) Comment on the occurance of a maximum and compare with Figure 5.27. 
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Problem 5.21 

(a) Using (5.147) to (5.150), calculate o e , as, ap, and k e , for the p- type Bi 2 Te 3 , 
at T — 300 K, assuming that the acoustic-phonon scattering dominates (Table 5.3), 
and using a single, effective bandgap (A E e?g = E e , p — Ef,, p , at minimum bandgap 
location) of A E etg = 0.13 eV, n e , c — 6xl0 24 1/m 3 , and p, e = 0.1 m 2 /V-s. 

Note that, for the p-type semiconductors, we have from (5.148) using the 
bandgap energy 


k Br E ViP E e , p _ + 


a s,p — [ 

<? c k B T 


5 

2 


e c k B T 2 


where E v p is the valance-band potential energy. 

(b) For k = k e + k p = 1.7 W/m-K, calculate k p at T — 300 K and then calculate 
Z e T . 

(c) Compare the calculated (predicted) values with those reported in the liter- 
ature (e.g., CRC Handbook of Thermo electrics [396]). The values vary depending 
on the doping used, and amongst the reported values are as, p = 230 /xV/K and 
p e — 10 -5 Q-m. 


Problem 5.22 

(a) Show that the solution to (5.265) and (5.266) for the case of T e — T p at v -> 0 
(assuming thermal equilibrium at the surface), and finite T e — T p for jc -> oo (away 
from the surface), is 



PejP 


(1 


_ o~ x ! h 


). 


where 8 is the cooling length. 

(b) Evaluate the T e — T p expression for v — > oo for Si at T — 300 K, k p = 148 
W/m-K, k e = 1 W/m-K, p e = 2.33 x 10 3 Q-m, 8 = 5x 10~ 7 m, and j e = 10 12 A/m 2 . 


Problem 5.23 

Show that solutions (5.267) and (5.268) satisfy (5.265) and (5.266). 

Problem 5.24 

(a) Determine the cooling length 8 for Al, Si (intrinsic), and Te, at T — 300 K. 
Use Table A.l for the total thermal conductivity, and Figure 5.20(b) for electrical 
conductivity. Then use the Wiedemann-Franz relation (assume phonon scattering 
is dominant) to find the electronic thermal conductivity. Next use these to deter- 
mine the phonon conductivity. Also determine the relaxation time from the electri- 
cal conductivity (5.147). Figure 5.20(a) gives n e c for the three elements. The average 
acoustic phonon speed for Si is given in Figure 5.13(a), for Al it is 6240 m/s, and for 
Te = 2610 m/s. 

(b) Comment on the accuracy of the Wiedemann-Franz relations for semicon- 
ductors and metals. 
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(c) Comment on the ability (spatial constraints) of harvesting hot electrons in 
these materials. Use data in handbooks, etc., as well as those given in the text. 

Problem 5.25 

(a) Consider a Sb 2 Te 3 thermoelectric element with length L and its two ends 
at T/ r and T c [106]. Using the one-dimensional solution for the temperature distri- 
butions of electrons and phonons in thermal nonequilibrium, plot the electron and 
phonon temperatures T e (x ), T p (x), —2<x < +2 /xm, assuming the coefficients for 
zero electric current (j e = 0) (A\ through A 4 ) given in (5.275) are valid. Use the 
following conditions and for (i) J e — 0, 15, and (ii) 30 mA. 

T h = 300 K, T c = 285 K, a s = 171 /xV/K, p e = 1.04xl0~ 5 fl-m, k e = 0.6 W/m-K, 
k p = 1.5 W/m-K, k — k e + k p , L = 4 /xm, AR^^.b = 9.3 xl0~ 7 K/(W/m 2 ), A = 80 /xm 2 , 
AR ktPtb = S.OxlO -8 K/(W/m 2 ), and 8 = 156 nm. 

Note that all conductances are per unit area. Also note that the temperatures 
for j e — 0 and j e > 0 do not match near the two ends. The numerical solution to this 
problem [i.e., not using (5.275) coefficients] is given in [106]. 

(b) Comment on the extent of thermal nonequilibrium within the element. 


Problem 5.26 

Consider conduction boundary resistance at the interface of a metal and a 
dielectric [303]. The interface is at x — 0, and the metal occupies x > 0. 

In the electron-phonon (lattice) thermal nonequilibrium (Section 5.19), the car- 
rier energy equations are given as 


k e 


d 2 r g 

dx 2 


nekv. „ x ^ 

-^{Te ~ Tp) 0<x <00 



n»kn y x ^ 

-^-(Te -T p ) 0 < V < OO. 


(a) Using AT = T e — T p , and 


1 


1 





ki T e -p 

n e k B ’ 


and using AT = 0 for x — > 00 , show that AT — a\ exp(— x/ 8 ), where a\ is a integra- 
tion constant. 

(b) Using this in the electron energy equation, show that 



Using dT e /dx\ x= Q = 0, show that 



5 


x 


8 


t p = a i [(v) “ l] ex p(-~) + a\-zx + < 23 . 


8 


8 


8 : 
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(c) Now, the boundary thermal conditions for T p and T e are given in Section 

5.19, as 


dl> 

p dx 


T — T 

at x = 0 
AR 


dTe 

dx 


= 0 , k 


p,b 

p_ _ k E 

p dx ~ dx 


d T, 


at jc = 0 , 


where k and T are for the dielectric, x < 0 (dielectric material), and 1 / AR p ^ is the 
phonon-phonon boundary conductance. Use this to show that the linear tempera- 
ture distribution in the dielectric is [starting with T — a${x) + a$] 

T (\ i\ k p a i AR p t>8 8 2l 

UM) = — ai[l+ — (-) J +a 3 , 

k 8 k p 8 e 

so the unknown constants are a\ and a 3 . 

(d) Now using 

1 q 


AR h T'{ 0) - 7(0) 


d7 


where 7^(0) = a 3 is the slip electron temperature, show that the interface (bound- 
ary) resistance Rp is 


5 


AR b =-[ l+" p 

K p 


knARpb 1 ftekB / 1 


(5 


5, 


+ _ n e k B kp + k, 


-(-n - 5 = 

0 L e-p ,v e ,v /? L e~p ,v e ,v /? 


To-n k e kn Tp- n kpk 


where the cooling length 8 — 8 e ~ p is the same as that given by (5.269). 


Problem 5.27 

The hyperbolic heat conduction equation based on finite wave speed has been 
suggested for from the electron heat transfer in metals for short-pulse-laser heating 
[305] in thin-metal films. Start with the conduction energy equation (Table 1.1), i.e., 

dT e 


^e,cCp,e 


dt 


+ V q e =s, 


and use the constitutive relation for the thermal wave and its Taylor series expan- 
sion, i.e., 


q e (x, t + r e ) — -k e VT e 

q e (x , t) + r e H = -k e VT e , 

ot 

where x e is the free electron relaxation time and it is assumed to be small. 

Then starting from the above energy equation and q e , show that hyperbolic 
electron heat conduction equation becomes 


dT e 

dt 


- a e V 2 T e = 


Me,cCp,e 


0 + 


Oi, 


ds 


u dt 

e,co 


)- 


O' 


U 


e,co 


d 2 T e 
dt 2 


hyperbolic electron heat conduction equation, 
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where 


ol„ — 


We,cCp,e 


thermal diffusivity, x e — 


a, 


u 


e,co 


and u e ,co is the electron wave speed (second sound speed), given as [305] 


u. 


,<o = [^—(l + Fo )] 1/2 


3 m e m e , e 

- (^V 

Here F 0 is a dimensionless interaction parameter. 
For s — 0, this becomes 


8Te 

dt 


a e d 2 T„ 


— a e V T e + . 

ll e,co 


For r e —> 0 ( a e lu f —> 0), the Fourier law is recovered. 

The quantum limit of the proceeding equation is discussed in [255]. 

Problem 5.28 

(a) Using the Taylor series expansion (around solution at t = t Q ) for the time- 
dependent wave function 

°° t n a 

r + f 0 ) = ^^(-)" *!/(*, 0, 

n ! ot 

n = o 

satisfying the time-dependent Schrodinger equation (Table 2.8), show that 

iUt Q 

t + t Q ) = exp(-——)^(x, t). 

h 

Note that H does not explicitly depend on t. Also, note that the proceeding series 
represents an exponential function, and that it is related to d/dt. 

(b) Show that the expectation value of the dynamical variable 0(x, p, t) at time 
t + t Q 

(' <P)t+t 0 = W(x, t + to)\<j)(x, P , t + t + to)} 


IS 


/Ht 0 


iUt 0 


(0>f+f o = (^(x,t)\e h </)(x,p 9 t + t Q )e h \V(x,t)). 

Note that the Hermiticity of H gives 

i H/ 0 i Hf 0 

(e h y = e h . 

(c) Using the kinetics definition of temperature (kinetic energy) 

.2 


E k = 


P 
2m ’ 
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show that in quantum mechanics 



and 



J 'I'+V^d* 


Problem 5.29 

Show that for an electron in an electromagnetic field [cp e is the electric field 
scalar potential, and <p Q (ic) is the other potential] with 


which is a linearly polarized, monochromatic plane wave with cp e — 0. 

This is used in the derivation of the electron transition rate (transition dipole 
moment) and the relation between spontaneous and stimulated emissions (Section 
7.4.2). 

Problem 5.30 

Use (5.65) (not allowing for spin) and the plane wave approximation with the 
periodic boundary condition, (k\, /q, /C3) = (2tt /L){n\, n2, ^3), n t — 0, 1, 2, . . ., and 
derive (E.35). 

Problem 5.31 

In thermionic emission [332], the electron current (5.118) written in terms of 
energy integral is 



the first-order perturbation H = H 0 + H'(f) gives 




where D e is given by (5.53), and E e = m e u 2 J2 = m{u 2 ex + u 2 y + u 2 e z )!2, u e , xmm < u e , x 
< oo, -oo < u e ^ y < oo, -oo < u e , z < oo, so electron can escape. 


The minimum velocity corresponds to the energy barrier height 


AE 0 — e c (Pco Ep — 



where < 0 is the work function energy needed for removal of the electron from 
surface. 


Show that 
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This is called the Richardson thermionic emission relation and is an upper limit 
since there are interfacial reflection and other effects. 


Problem 5.32 

Acoustic lattice vibration also produces electric field e e , and this scatters elec- 
trons, most notably at high temperatures. For a one-dimensional motion, the inter- 
action (scattering) potential (p s , e - P is generally 

(Ps,e-p(x i 0 — e c j e ex dx. 

Requiring periodic deformation potential gives, using displacement along x, for 
piezoelectric scattering, 


^o^e e 


e,x 


—e 


pz. 


dd x 

dx 


or 

^ pz dd x 

e e,x — « » 

€ 0 € e OX 

where e pz is the piezoelectric constant. 

Using these, show that 

e e 

(Ps,e-p(x , t) = -^-^d x (x, t). 
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Fluid Particle Energy Storage, Transport, and 
Transformation Kinetics 


Fluid particle refers to matter in a gas or liquid phase, with the particle being the 
smallest unit (made of atoms or molecules) in it, for which further breakdown would 
change the chemical identity of the particle. For a fluid in motion, the convection 
heat flux vector q u = pfC p jUfT and the surface-convection heat flux vector 
(which describes the interfacial heat transfer between two phases in relative motion, 
in which at least one phase is a fluid) are influenced by the specific heat capacity c p j 
of the fluid particle (whereas q^ u also depends on the isotropic fluid thermal con- 
ductivity kf , viscosity /x/, and velocity). The fluid (gas or liquid) velocity u / can be 
subsonic or supersonic, and for contained gases at low pressures or in small spaces, 
it is possible for fluid particle— surface collisions to dominate over the interparti- 
cle collisions. In this chapter, we examine energy storage and transport in fluids, 
as well as fluid interactions with surfaces (and the associated fluid flow regimes). 
We will discuss how the effective conductivity of the fluid (kf) can be influenced by 
suspended particle, turbulence, and free electrons. 

Fluid particles can be monatomic, diatomic, or polyatomic, mononuclear or 
polynuclear, with various molecular symmetries and asymmetries, and can have five 
types (forms) of energy: potential (among the constituent atoms and molecules), 
electronic, translational, vibrational, and rotational (Figure 1.1). The electronic 
energy is part of potential energy, however, here we use the potential energy for 
inter fluid particle interactions only. With the partition function, each form of energy 
can be considered separately, and the total energy is the summation of these five 
energies. The maximum vibrational and rotational energies a molecule can attain 
are limited by the dissociation energy cp e . Above this energy, the atoms of a molecule 
have an excess of internuclear energy that overcomes the bonding force between 
them, causing the atoms to dissociate. Similarly, the maximum electronic energy a 
fluid particle can obtain is the first ionization energy, which is the energy at which 
an electron has enough energy to escape the pull of the atom. Figure 6.1(a) gives 
examples of the magnitudes of these energies for gaseous CO, CO 2 , He, Ne, and N 2 
used in gas lasers. Unlike phonons, the energy states of the fluid particles are in gen- 
eral discrete. As a reference, the average translational energy of a monatomic gas is 
also shown for T — 300 K. For CO 2 and Ne, the energy of photon emission is also 
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(b) Fluid Particle Hamiltonians 



Figure 6.1. Examples of the magnitude of various (translational, vibrational, rotational, and 
electronic) fluid particle energies [125, 409, 494], for some monatomic (He, Ne), diatomic 
(CO, N 2 ), and polyatomic (CO 2 ) gases. The average monotonic-gas translational kinetic 
energy 3k B T /2, for T = 300 K, is also shown. For C0 2 and Ne, their lasing frequencies (and 
energy) are also shown (related to vibrational energy), (b) The Hamiltonian for the transla- 
tional, vibrational, rotational, electronic, and potential energy. 
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shown (vibrational energy). The rotational and translational energies are low, while 
the vibrational and electronic energies are high. Also shown is the potential energy 
for nonideal (dense) gases. The calculations of these energies (including numeri- 
cal solutions) are described in Section 6.1, and their transformation and transport 
mechanisms are discussed throughout this chapter. 

6.1 Fluid Particle Quantum Energy States and Partition Functions 

The fluid particle (monatomic, diatomic, or polyatomic) may undergo translational, 
vibrational and rotational motions (a fluid particle made of N a atoms has 3 N 0 modes 
of motion), and dense fluids also have interparticle potential energy. The electronic 
energy of the fluid particle is where energy is stored by displacing its electrons with 
respect to its nucleus. Then the fluid particle energy (and Hamiltonian) is divided 
into potential, electronic, translational, vibrational, and rotational energies [Fig- 
ure 6.1(b)], i.e., 

E/ = Efj = Ep p + E f e + Efj + Ef tV + E fj 

i 

U f = J2 U f.i = ((Pf)+ H /.e + n f,' + H /.« + H />- (6-1) 

i 

The Hamiltonians for various energies are listed in Figure 6.1. In Section 6.1.5, we 
will discuss the numerical solution to the Schrodinger equation and here we proceed 
with the thermodynamic treatment, including the fluid temperature. 

The partition function Z defined through (2.21), using the fluid particle Hamil- 
tonian, is partitioned into various energies. First it is divided into potential, elec- 
tronic, and kinetic energy partitions. Then, for each type of motion, i.e., transla- 
tion, vibration, or rotation, the kinetic energy is further partitioned. Based on the 
definition of Z, the total partition function is the product of each of these and from 
Table 2.4, i.e., 

•Z/ = Y\ Zf,i — Zf t pZf'eZf'tZf tV Z ftr , 

i 

, 31n Z f 

E f = k B T 2 N— y\ N , v , (6.2) 

01 

The particle in a box model of fluid particles is used to derive the translational 
quantum energy states. Similarly, other quantum kinetic and electronic energy 
states are treated (derivations are outlined below). For the case of no potential 
energy (field free), we have Ep p = (cp/) = 0 (Z/ tP = 1). 


6.1.1 Translational Energy and Partition Function 


Considering translational motion, the energy is the translational kinetic energy and 
the Hamiltonian is Hf t = — (/zp/87r 2 m)V 2 , shown in Figure 6.1, i.e., 

1 o 1 

2 ' 




Uf = \ u f\, Pf = \ Pf \, 


(6.3) 
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where py is the fluid particle momentum vector. Then similar to Section 2.6.5 for 
periodic free electron, the time-independent Schrodinger equation (2.62) becomes 

H fAf,t = E iv 2 ^, + -Fp) jff,, = o. ( 6 . 4 ) 

57 t m 2m 

Assuming that the box (containing one gas particle) is impermeable, it would 
require that =0 on the wall (and also outside the box). The solution to ij/fj 
can be separated into three independent Cartesian-coordinate components, i.e., 

^fA x ) = ^ ftX (x)\lr fi y(y)\lr ftZ (z). ( 6 . 5 ) 

For a box of volume L 3 , the boundary conditions are (similar to electron gas of 
Section 2.6.5) 


V r /,/(0) = \l/ f ,i(L) = 0, i = x, y, z. 


(6.6) 


The solution for each component, e.g., x, is 

0) = A k sin (2jt + B x cos (2jt 

/Zp /Zp 

While (6.6) the constants are determined and the the eigenvalues are 

h ? n x - 0 ~ 

Py x = — — , n x = 1, 2, 3, • • • 

The resulting energy states are 

hi n 2 x n 2 n 2 

Ef t n = (-^r H — ~ H — translational energy states, 

8m L 2 L 2 L 2 


(6.7) 


(6.8) 


(6.9) 


where n x , tz^, zz z are the translational quantum numbers. 

Note that quantum translational energies can be very small. For example, for 
CO 2 , with L = 3.4 nm ( p of nearly 1 atm at 300 K), hp/SmL 2 (i.e., n — 1) is 4 x 10~ 7 
eV. The nonground states have much larger energies but still small compared to 
vibrational energy. Because of this very small quantum translational energies, they 
are excited and occupied at very low temperature (approaching 0 K). Noting that the 
fluid particle translational energy follows the M-B distribution (Table 1.2), partition 
function (2.27) for translational energy (6.9) is [73] 


00 1 7 

z fj = 53 */.».«■ ex P(-"Tr ) 


1=0 
3 00 


= n n 8 m ex p( 

7=1 n x = 1 


= v( 


2nmk^T 

hi 


n x h P 
L 2 8m kftT 
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. n 8m V 2/3 . 1/2 r / k t * 

>=/„ 


h\ 


) 3/2 =~ V = T 3 , 


A 


( 6 . 10 ) 


dB 
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where A^b is the de Broglie wavelength. The degeneracy is 


An (8m V 2/,3 /ip) 3/2 


( 6 . 11 ) 


This can be used to define the criterion for having an ideal gas 1 . 


Using the relation for translational internal energy (6.1), then from (6.10) the 
translational energy is (Chapter 2 problem) 


So, here only the translational energy of the particle gives the temperature. If the 
ensemble energy also includes rotational and vibrational energy, then the tempera- 
ture relates to the total partition function and the total degrees of motion freedom. 
The energies can be expressed in terms of thermal energy with Efj = & B 7}. While 
the ground translational energy states are occupied near 0 K, the ground rotational 
energy state becomes occupied at 0 < T < 100 K, and vibration energy states at 
T > 100 K, (Table 6.2). 


For polyatomic gases, the vibrational energy is also determined from the 
Schrodinger equation. For example, for diatomic gases, the quantum vibrational 
energy is (the treatment of a simple harmonic oscillator applicable to diatomic 
molecules, where Hf V = —(hp/Sn 2 m)d 2 /dx 2 + is given in Section 2.6.4) 


where / is the vibrational (or vibronic) quantum number. For polyatomic molecules 
with multiple vibrational modes, an expanded form of (6.13) is used (Section 


(2.51), i.e., for harmonic pair vibration, coy — (r/m) 1/2 , where T is the spring 


t Using (6.10), Zfj = y/Ajg, where A^b = {hp/2nmk^T) l P is the thermal de Broglie wavelength 
(see Glossary), and the dilute- (ideal-) gas criterion is defined as 



6.1.2 Vibrational Energy and Partition Function 



(6.13) 


7.13.1). ! The scale for the vibrational frequency is similar to that used for phonons, 



(hp/2jTmkBT) 3 F 
kB T /p 


1 ideal-gas condition (Maxwell-Boltzmann statistics)., 


where n*j is the dimensionless number of fluid particles per unit volume (also called quantum con 
centration). Also, see Glossary on Bose-Einstein condensate and Section 7.13. 
t For polyatomic gases with for k indicating the vibrational modes given in Table 6.1, we have 
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constant and is the second derivative of the interatomic potential evaluated at equi- 
librium position. Then the partition function becomes 



hco 


ha) 


V exp[-(Z + -)^] = exp(-^) V exp(-i^i) 
^ FL K 2 J k B T 2k B T J ^ FV k B T ) 


1=0 




ex p( 


hcof 


1 

1 — exp( 


k B T J 


exp (-^r) 

l-exp(-^)’ 




(6.14) 


where Tf v is defined as the single characteristic temperature for vibration for 
diatomic particle (this will be given for some diatomic gases in Table 6.2). We will 
discuss triatomic and larger molecules in Section 6.2. This is the same as the parti- 
tion function for the simple harmonic oscillator given by (2.88). In Section 7.13.1, 
we will discuss vibrational transitions of polyatomic, molecular gases in gas lasers. 
These vibrational transistions have energies in the near-infrared regime. 


6.1.3 Rotational Energy and Partition Function 


Similarly, the rotational energy for diatomic gas particles, where the rigid-rotor 
Hamiltonian is Hf r = — (h\/%7i 2 If )V 2 , is 

h 2 

e uj = -rrri O' + 1) = B ft rjU + 1), 

8tt If 

If— 772 1 /772 -r 2 , j = 0, 1, 2, • • • rotational energy states, (6.15) 
m\ + m 2 

where If is moment of inertia for the molecule, j is the rotational quantum number, 
and r e is the equilibrium separation distance discussed in Section 2.2. Here B f\ r is 
the rotational constant h\l^n 2 If. 

The partition function for the fluid particle rotational energy is [73] 


oo 


Z /> = X^7 ex P(- 

j = o 




k B T 


) = ^(2; + l)exp[ ~ / ' ( ^ + 1)/;p ] 
^ Sn 2 1 f k B T 


j = o 


~ 1 + 3 exp( 


—2 Tf r —6 Tf r 

J ) + 5 exp( — t~~) H + 


T 


T 


T 


T 


(1 + 


1 T 


f,r 


u 


3 T 


+ 


15 T 2 


H ), 


(6.16) 


' The rigid-rotor approximation leads to constant energy gaps between adjacent levels, and this is not 
consistent with experiments (Section 6.1.5) [323]. 
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where T /> is the rotational temperature defined as (will be given for some diatomic 
and polyatomic gases in Table 6.2) 



B f.r 


(6.17) 


The ground-state quantum rotational energies of polyatomic gases are of the order 
of 10 -4 eV. H 2 having a small atomic mass, has a small If and large Ef tV . Therefore 
they are excited at low temperatures. 

The practical form of (6.16) uses a symmetry number N s and is [479], 



T 

N S T U 


N s — 1 for heteronuclear polyatomic gas 
N s — 2 for homonuclear polyatomic gas. 


(6.18) 


6.1.4 Electronic Energy and Partition Function 

The electronic Hamiltonian H g e is given in the footnote of Section 2.2.2 as H g e — 
H e - n + H e - e + H /7 _„, for the electron-nuclear, electron-electron, and nuclear-nuclear 
interactions. The solution for the hydrogen-like atoms based on H r „ = — ze 2 /4n€ 0 r 
was given in Section 2.6.6 (with four quantum numbers). So these quantum elec- 
tronic transition will be given by A E e , n — —{e 2 /^7ic 0 r^)[n~ 2 — (n d= 1)“ 2 ]. The dis- 
sociation energies are listed for some atomic pair in Table 2.3, for H 2 it is 4.52 eV 
(or T f ,e. h 2 = 5.24 x 10 4 K), and we will discuss dissociation and ionization in Section 
6.13 on thermal plasmas. The first ionization energy of elements is given in Table 
A.2 (e.g., 15.72 eV for Ar). The electronic energy of some gases were discussed in 
Section 5.21 and some values were listed in Figures 5.39 and 5.40. The electronic 
energies are much larger than the kinetic energies. 

Here we use a simple thermodynamic treatment, since the electronic energy 
does not make a significant contribution to the fluid particle specific heat capacity 
and its thermal conductivity. 

The partition function for electronic energy states E is represented through 
the electronic excitation temperature 7/ ^, where k is the electronic quantum num- 
ber. Then 

OO O O rji 

Z .f.e = X] ?/,«,* ex p(-y^r) = F £/,«,* exp( — ^) 

A=0 B k=0 

, Tf e \ Efek 

= gf,e , 0 + gf,e, 1 eX P ( — ) . . . , T M = — 

1 % 

Ef t e t k electronic energy states. (6.19) 

We discuss the potential energy E f p = (cpf) and its partition function Z f p in 
Section 6.3 when examining dense fluids. It is also customary to combine the poten- 
tial and vibrational energies for diatomic and polyatomic gases (Section 6.2). Figure 
6.2 shows the discrete electronic, vibrational, and rotational energies of H 2 . Their 
ground states, as well as their excited states, are shown. The variation of interatomic 
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Excited 

State 


< 


Ground 

State 


Figure 6.2. Discrete electronic, vibrational, and rotational energies (left) of H 2 for the ground 
(lowest) and excited state. The variation of the interatomic potential (right) with respect to 
the separation distance is also shown. 


potential, with respect to the interatomic spacing, is also shown (L-J potential 
model). The potential is only slightly different from the excited electronic state 
(for H 2 , but not in general). The large energy transitions are by photon (radiation) 
absorption/emission, whereas the smaller ones are nonradiative (mechanical). Note 
the large electronic energy transitions (around 10 eV). The translational energies 
are generally small (of the order of millielectronvolts). 

Since the electronic energy excitation temperature Tf, e ,k is very large, generally 
only the ground state is used (and does not contribute to internal energy <?/ and 
c v j ). In Section 7.13.2, we discuss electronic transition of atomic gases in laser cool- 
ing. As an example, rotational and vibrational modes of H 2 O molecules are shown. 
The force constant is calculated using the procedure described in Section 4.11.2 (also 
in Section 7.13.1). Also, note that for all kinetic energies we have had the equilib- 
rium distribution and the same temperature. Nonequilibrium distribution, including 
steady-state population inversion, occurs in gas lasers (Section 7.13), chemical reac- 
tions, and so on. 


6.1.5 Ab Initio Computation of Vibrational and Rotational Energy States 

Using the Gaussian computer code series discussed in Section 2.2.2, the vibra- 
tional and rotational energy states of molecules can be calculated. For example, for 
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CO 2 , the first excited, bending vibration mode/z<z>(0, 1, 0) has the calculated energy 
of 0.08014 eV (the vibrational quantum numbers are discussed in Section 7.8.2). 
The symmetric and asymmetric stretching vibration modes are/z<z>(l, 0, 0) = 0.1751 
eV and hco{ 0, 0, 1) = 0.2957 eV. The experimental value is close at 0.0828 eVJ 
The rigid-rotor energy states given by (6.15) written as Ep r j = Bp r j(j + 1), and 
the rotational constant Bf r found from Gaussian are also given in the footnote. 
The calculated value is (since this is a linear molecule, the two rotation direc- 
tions are degenerate) Bf r — 0.0486 meV. Then the first excited, rotational state has 
energy of £/>,i = 9.72 x 10 -5 eV (also marked in Figure 1.4). However, the rigid- 
rotor approximation is not generally valid because it results in a constant energy 
gap between energy levels [323]. For the nonrigid rotor, the rotational energy is 
expanded as E UJ = + 1) - £>/,,■ j 2 (;' + l) 2 + H f . r j 3 (j + l) 3 + . . and gen- 

erally Df r and Hf r are found empirically. 

For H 2 O and the structure shown in Table 6.1, the calculated [Gaussian, HF 
6-31G(d) keyword = Anharmonic VibRot mode] rotational constants #/>,/(/ = 
x, y, z) are 3.388 meV (819.13 GHz, 39.31 K), 1.807 meV (436.91 GHz, 20.97 K), 
and 1.178 meV (284.93 GHz, 13.67 K). Note the low rotational temperatures Tp r . 
Also, the symmetric, asymmetric, and bending vibrational frequencies are 117.6, 
120.8, and 55.8 THz, respectively (or 0.4862, 0.4995, and 0.2309 eV) (or 5641, 5796, 
and 2680 K). Note that the Hatree-Fock levels contain known systematic errors, 

' Gaussian 03 (Gaussian 4 using Windows) 

1. Create CO 2 molecule. Select a carbon divalent and oxygen atoms. 

2. Give the interatomic distances and angles (1.16 as bond length and 180° as interatomic angle). 

3. Set the calculation mode 
Calculation mode 

Job Type : Frequency 

Method: Ground State, Theoretical: Hartree-Fock, wave function Type: restricted 

Basis Set: 6-31G 

Charge 0 Spin: Singlet 

Additional Keyword: Freq=anharm 

4. Submit this input 
%chk=C:\G03W\CO2_Input.chk 
# freq=anharm rhf/6-31g 

Title Card Required 


01 




c 

0.00000000 

0.00000000 

0.00000000 

0 

0.00000000 

0.00000000 

1.16000000 

0 

0.00000000 

0.00000000 

-1.16000000 


Output: 

ROTATIONAL CONSTANT (GHz) 1 1 .740573 

ROTATIONAL CONSTANT (cm-1) 0.391623 

123 4 

PIU PIU SGG SGU 

Frequencies - 653.6297 653.6297 1412.4694 2384.7165 
Red. masses - 12.8774 12.8774 15.9949 12.8774 
Frc consts - 3.2415 3.2415 18.8014 43.1470 
IR Inten - 67.2745 67.2745 0.0000 921.4059 
(1,0,0) 1412.4694 cm-1 0.1751239 eV 

(0,0,1) 2384.7165 cm-1 0.2956672 eV 

(0,1,0) 653.6297 cm-1 0.0810397 eV 

(0,2,0) 1307.2594 cm-1 0.1620795 eV 
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Table 6.1. Degrees of freedom in translational, rotational, and vibrational motions of linear 
and nonlinear polyatomic molecules made of N 0 atoms. The 9 degrees of freedom of H 2 O 
molecule are also shown, as an example. 


Motion 

Linear polyatomic molecules 

Nonlinear polyatomic molecules 

Translation, N t 

3 

3 

Rotation, N r 

2 

3 

Vibration, N v 

3 N 0 - 5 

3N a - 6 

Total 

3 N 0 

3N a 



y Rotation 

Bending 

vibration 

yj Symmetric stretching vibration 

h Ol 

Asymmetric - 

f 104 4°) x Rotation 

stretching y 
vibration ' 

z Rotation *Vo-h _ ^ 


(P e , o-h = 4 -^0 eV 

/ 

x r o . H = 845 N/m 


due to neglecting the electron correlation, and this results in overestimating the fre- 
quency by about 10%-12% (the values here are corrected). We list the H 2 O photon 
absorption bands in Table 7.3. 


6.2 Ideal-Gas Specific Heat Capacity 

The average specific internal energy e is related to the partition function through 
(6.12), i.e., 


e f 


Rg ji d i n Zf 
M dT 




( 6 . 20 ) 


where R g = IcbNa, and product rule (6.2) is used for Zfj, i.e., the contribution from 
each mechanism of energy storage in the fluid particle. 

The ideal gas equation of states (obtained from Zf, as will be shown in Section 
5.3) is 


P = = n f kBT ’ n f 


P 

k B T 


ideal-gas equation of states, 


(6.21) 


where M is the molecular weight, M — mN a- 

For ideal, diatomic gases, the electronic energy is assumed negligible, and using 
(6.20) and the partition functions of Section 6.1 (Ey p = 0, no potential energy for 
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Table 6.2. Rotation and vibration temperatures for some diatomic gases and 
vibrational temperatures for some linear and nonlinear polyatomic molecules [73]. 


Molecule 

Tf, r . K 

T f, v 1 K 

Molecule 

Tf, v ,ki K 

ci 2 

0.351 

808 

CC1 4 

310(2), 450(3), 660, 1120(3) 

h 2 

85.3 

6215 

ch 4 

1870(3), 2180(2), 4170, 4320(3) 

I 2 

0.054 

308 

co 2 

954(2), 1890, 3360 

n 2 

2.88 

3374 

h 2 o 

2290, 5160, 5360 

o 2 

2.07 

2256 

nh 3 

1360, 4800, 4880(2), 2330(2) 

CO 

2.77 

3103 

no 2 

850(2), 1840, 3200 

HC1 

HI 

15.2 

9.06 

4227 

3266 

so 2 

750, 1660, 1960 


ideal gas), we have the specific heat capacity at constant volume as (Table 2.4) (end- 
of-chapter problem) 


C v,f 


d e f | _ 3 Ty v 2 ex p( Tf, v/T) iii 

dT lv ~ M [ 2 ^ T ’ [exp(7>,„/r) - l] 2 15 1 T ’ 

diatomic ideal gas, (6.22) 


where we have used (6.16) for the rotational energy. Here the first term is due to 
translation, the second is due to vibration, and the last two are due to rotation. Since 
T fj is low, then the rotational contribution to (6.22) is Icq T due to the two degrees 
of freedom (for all linear polyatomic gases). 

For linear molecules (e.g., CO 2 , Figure 2.10)., there are two axes for rotation, 
and a three for nonlinear molecules (e.g., H 2 O, Figure 2.10). Also, there are 3 N 0 — 5 
(N Q is the number of atoms in molecule) vibration modes for linear and 3 N 0 — 6 
modes for nonlinear polyatomic ideal gases. There are 3 N 0 total degrees of freedom 
per molecule. These are summarized in Table 6.1. The selection rule for the allowed 
rotational and vibrational modes follows the group theory of quantum mechanics 
[462]. This selection will include the degenerate modes. 

For a linear, diatomic gas there is one vibrational mode. However, it is custom- 
ary to think of the vibrational mode as having a kinetic and a potential component, 
so this contribution is R g /M. At large temperatures, the limit of lR g /2M is reached. 
At yet higher temperatures, the contribution from the electronic energy storage 
should be included. Table 6.2 lists the empirical values for Tp v and 7/,-, for some 
common diatomic gases. Note that the low-energy rotational modes are excited 
(occupied) at much lower temperatures, compared with the vibrational modes (Fig- 
ure 6.1), i.e., T fj < Tf tV . Also note that the lighter molecules have higher transition 
temperatures. 

For monatomic gases, the only contribution is from the translational motion. 
Then 

3 R g 3 . _ 

c v j — or c v j — 2^ b monatomic ideal gas. 

Here c v j is first given in J/kg-K and then per fluid particle (here atom). 


(6.23) 
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For three or more atoms the relative position of the atoms should be included, 
and for a nonlinear arrangement of atoms, the specific heat capacity for an A/ 0 -atom 
molecule is assumed to be dominated by translation, rotation, and vibration, and 
given by [73] 


Here the translational and rotational energies are assumed fully occupied compared 
with the vibrational energy (i.e., the vibrational energy has the highest transition 
temperature.) Also, note that each vibrational degree of freedom adds one R g /M 
to c p j (combines it with potential energy). The relation for a linear polyatomic 
molecule is similar, except 3 is replaced with 5/2, and 3 N Q — 6 is replaced with 3 N 0 — 
5 (Table 6.1). The empirical values for 7/^ are also listed in Table 6.2 for some 
common polyatomic gases. Repeated temperatures, in Table 6.2, are indicated in 
parentheses. 

Figure 6.3(a) shows the variations of the specific heat capacity of homonuclear 
H2 and N2 with respect to temperature. These predicted results are close to experi- 
mental values. From Table 6.2, we note that 7y> for H2 is only 85.3 K, whereas T/ tV 
is 6215 K. Both of these are lower for N2 (due to larger mass of N). For H2, the 
value of 7/2 is reached at about 6000 K. Note that at T — 300 K, c p j — c v + &b per 
molecules is 3.5&b or 1.038 x 10 3 J/kg-K, as also listed in Table A.l. As we will dis- 
cuss in Section 7.13, for CO2, the first four vibrational excited states are the bend- 
ing mode (which is degenerate, so there are two of the same mode) with energy 


E f( 1, 0, 0) = 172.3 meV (or 1999 K) for symmetric stretch, and Ef v (0, 0, 1) = 291.5 
meV (or 3383 K) for asymmetric stretch. So, the listed 7^ r in Table 6.2 are the first 
excited vibrational states of these polyatomic gases. 

Figure 6.3(b) shows the same for CH4 and H2O. Note that this H2O vibrational 
energies (or temperature) are close to that found from the ab initio calculations 
in Section 6.1.5. Also note that for heteronuclear CH4, the specific heat capacity 
increases significantly with temperature (the first Tf tV j is 1870 K, Table 6.2). For 
water vapor c u? f per molecule can reach as high as 6, but it dissociates before all 
its vibrational states are excited. Note that the softer (weaker) bonds in CCI4 make 
for small Ey v (and Tf tV ), so some of its vibrational states are well occupied at room 
temperature (i.e., large room-temperature c v j). We discussed the van der Waals, 
ionic/metallic, and covalent bonds in Section 4.11.2. 

In general, as the temperature increases, the vibrational energy states become 
occupied. At very high temperatures, the classical limit of k b /2 for each degree of 
motion freedom is reached. The two (constant-pressure and constant-volume) spe- 
cific heat capacities are related through 



nonlinear, polyatomic ideal gas. (6.24) 


Ef v (0, 1, 0) = 82.8 meV (or Tp v — Ef^/k# — 960.7 K, close to that in Table 6.2), 



(6.25) 


446 


Fluid Particle Energy Storage, Transport, andTrans formation Kinetics 




Figure 6.3. Predicted (with empirical transition temperatures, Table 6.2) scaled variation of 
the specific heat capacity of (a) diatomic, and (b) nonlinear polyatomic gases, with respect to 
temperature. Here c v j is in per kg (when using M/R g ) or per fluid particle. 


where f3 is the volumetric thermal expansion coefficient and k p is the isothermal 
compressibility ( k p — 1 /E p . E p is the bulk modulus). For ideal gas, T 2 fi/ pfK p = 
Rg/M. 

The specific heat capacity per molecule (of mass m) can be written as a(T)k^/m, 
where a(T) is dimensionless and expresses the degrees of freedom of tempera- 
ture dependence (a — 3/2 for monatomic gases). Then, noting that the product of 
PfC p jT appears in the macroscopic energy equation of Table 1.1, for an ideal gas 
(p = kftPfT /m) (6.21), we have 

PfC p jT = pa(T)T ideal-gas specific heat capacity, (6.26) 

i.e., the sensible heat content per unit volume is proportional to the pressure. 


6.3 Dense-Fluid Specific Heat Capacity: van der Waals Model 
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6.3 Dense-Fluid Specific Heat Capacity: van der Waals Model 

The phonon theory of liquid thermodynamics is presented in [48], based on the 
Frenkel model of liquid particle jump at frequency coy is able to support shear waves 
for frequencies larger than coy. The internal energy of the liquid is given a function of 
a Debye cod in addition to this frequency. Here we use a classical treatment which 
leads to the equation of states for dense fluids. 

The partition function for a single-component, dense fluid accounts for the 
interparticle force-field interactions and is given as (Table 2.4) 

Zf — -j^-yZf,pZfjZp r , (6.27) 

where Zy p is the classical configuration integral accounting for the particle interac- 
tions (includes vibration), Zy t is the translation component of the molecular parti- 
tion function, and Zp r is the rotational component. The factor 1/A//! accounts for 
the indistinguishability of the molecules. 

The Hamiltonian in the partition function relation (6.1) is written as 


H / = <( Pf) Nf (x ) + H fJ (p) + H f . r (p). 
The translation component 

Then similar to (6.10), (6.27) is written as [73] 

„ (27tmk B T) 3N ^ 2 ^ ^ 

Z f = ~3N f Z f,r Z f,P’ 


(6.28) 


(6.29) 


h 


(6.30) 


where Zf\ p includes the modified volume term, not shown as part of Zy t . The 
rotational component is given for both linear and nonlinear polyatomic molecules, 
as [73] 

jj(N,- r —5)N f /2 j 


Z f,r = 


Np 


(_)(JV»-r-3)JV//2 > 

T f,r 


(6.31) 


where N,. r (= N, + N r ) is the total number of translational and rotational energy 
storage modes (Table 6.1), N s is the symmetry number for a polyatomic molecule 


' Based on the Frenkel theory, the liquid internal energy is 

/ tvi , Pf T \ n , hcx) V\ /"F ,3 
e f = k B T( 1 + -L- )[ 3 $( — ) - ( Yg( — )], 

2 l co d l 

where function g is 

3 f x z 3 
g(x) = — \ — — 

x* Jo e z — 1 
2jt Gqo 

cop = , 

H 

and Goo is the high-frequency shear modulus, and /if is the viscosity. For monatomic liquids cod is 
taken as that of the solid phase. 
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(the number of ways the molecule can be rotated into itself), and T^ r is the char- 
acteristic temperature for rotation. For polyatomic molecules, N s — 2 for F^O and 
N s — 3 for NH 3 , etc. 

The potential component of the molecular partition function (2.21) is based on 
the effective potential (<pf) 

z f,p = f zxv[-j-^( ( Pf)Nf{xi,X2---x N )]dxiX2---x N . (6.32) 


Using the radial distribution function g(r), Section 2.2.5, and for L-J potential 
(2.47) the total effective potential energy of the fluid is [similar to (2.49)] 

N f f°° Nf , lizNl r°° _ 

Ef, P = (<Pf) Nf = J i -y A7Tr ~Vu (r)g(r)dr = — — J r 2 cp u (r)dr 

aN 2 f 

= — , g(r) = 0 for r < d, g(r) = 1 for r > d (6.33) 

o = -27 r f r 2 ip u (r)dr = 8n ^ u (1 - (6.34) 

Jd 3 d* 2d 

where a is the van der Waals coefficient, and d is the diameter of the molecule (this 
is sometimes taken as the molecular collision diameter, which will be discussed in 
Section 6.5). Note that the g(r) approximation in (6.33) matches well the distribu- 
tion in Figure 2.11(b) for liquids. 

The integral in (6.32) is over the volume V and is repeated for Nf molecules 
leading to V N P However, for dense fluids, the fluid particles occupy a relatively 
large percentage of the physical space. These occupied volumes are not accessible 
and should not be included in the integral over all the coordinates. Therefore, (V — 
N fb) Nf is used instead of V Nf , where b is a van der Waals constant representing the 
mean volume occupied by a fluid particle in the system. Then the potential energy 
component is [73] 

Zf.p = exp(-^-)(V - Nfb) N f. (6.35) 

v kb* 

When all three contributions (6.30), (6.31), and (6.35), are substituted into 
(6.27), the dense-fluid molecular partition function is (end-of-chapter problem) 


Zf 


1 (2tt mk B T) 3Nf * xV'-r-mV t )Nf/2 aNf_ 

V 7>,/ FV VT b T 


N f \ 


hf f 


N 


N f 


)(V- 


N f b) Nf . 

(6.36) 


The pressure is given in terms of the partition function from Table 2.4 as 

3 In Z f 


P = £b T 


dv 


T,Nf • 


(6.37) 


6.3 Dense-Fluid Specific Heat Capacity: van der Waals Model 


449 


Table 6.3. L-J parameters and van der Waals coefficients for some common compounds [73]. 


Compound 

£lj/ 

K 

O'LJ, 

A 

a, 

10" 49 Pa-m 6 /molecule 2 

b, 

1 0" 29 m 3 /molecule 

Nt-r = Nt + N r 

h 2 o 

78 

3.17 

15.20 

5.05 

6 

n 2 

95 

3.70 

3.76 

6.40 

5 

o 2 

118 

3.58 

3.78 

5.23 

5 

co 2 

198 

4.33 

10.10 

7.09 

5 

ch 4 

149 

3.78 

6.31 

7.09 

6 


Substituting partition function (6.36) into the preceding equation and using the 
Stirling approximation, i.e., In Nf \ = Nf In Nf — Nf, we have (end-of-chapter prob- 
lem) 


N f k B T 
V - N f b 


aN f 2 

V 2 


ft f 2 

— k B T y- )-an f , ft/ = 

1 — bn f J 


Nf 

V ’ 


dense-fluid van der Waals equation of states, 


( 6 . 38 ) 


where as in (6.21) ft/ is the fluid particle number density, and (6.38) is quadratic in 
ft / and the second term reduces the pressure due to the interactions, similar to that 
in Table 2.4. 

Note that since V is only in the potential energy partition function, the pressure 
is only dependent on Z/ )P . For Z?/7 / « 1 and an 2 <£ 1, ideal-gas equation of states 
(6.21) is obtained. The coefficients of a and b can be related to the L-J coefficients. 
The definition of a in (6.34) can be simplified as a — \67ieu&u/9, if we assume that 
d — (Tlj. The parameter b is interpreted as the volume of space occupied by each 
molecule, which is b ~ Ttd 3 /6. Thus assuming that d = o/j, we have b = no^/6. 
However, these assumptions underestimate a and b. 

Table 6.3 lists the L-J potential parameters and the van der Waals coefficients 
for a few common compounds. Note that these potentials treat each molecules as a 
particle, so they represent the force field of the molecules (as compared to the indi- 
vidual atoms). For example, this H 2 O-H 2 O potential represents mostly the 0-0 
force field. Potentials other than the L-J more accurately model the partially- 
charged oxygens [373], among the potential models is the simple rigid pointcharge 
(SPC). The empirical values for a and b (based on actual d) are also listed, as well 
as the value of N t - r . 

From the definition of enthalpy and by re-writing (6.20) not per unit mass but 
per particle, we have 

h f = e f + pV , e f = k B T 2 ” T f \ Nf , v • ( 6 . 39 ) 


1 Using (6.39), we have 



Nt-rNf 


k B T + 


V/N f 
V/N f -b 


N f k B T 


2aNj 

V 


450 


Fluid Particle Energy Storage, Transport, andTrans formation Kinetics 



Figure 6.4. Predicted variations of specific heat capacities (at constant pressure) of saturated 
liquid water ( p = 1 atm) with respect to temperature. c p j is given in per kg and per fluid 
particle. 


For Nf particles, this is multiplied by Nf. Now using the van der Waals equation 
of states (6.38), we find that the specific heat capacity at constant pressure (per unit 
mass, i.e., using R g /M) for a van der Waals fluid is (end-of-chapter problem) 


_dh L _ Rg l( N t - r V/N A 
pJ dT p M U 2 V/Na-d 

r 2 a bk B T 1 

[ (V/N a ) 2 {V/NA^W^V/NA-b’ 

2 a IcrT 

(V/N a ) 3 ~ (V/N a ~ b f 

van der Waals heat capacity. (6.40) 


Note that we first use Nf = Na to find c v j per mole and then use M to find c v j per 
mass. Note that all three components Zfj contribute to c p j. 

Here we have used the Maxwell relation [73] 

3 hf 3 h 3 hf dp/dT\N f ,v 

~dr^ p ' Nf - a T V ’ Nf ~ ~dV^' Nf dp/dV\ T ,Nf' ' 

Figure 6.4 shows the predicted specific heat capacities of saturated (p = 1 atm) liq- 
uid water obtained with (6.40). The results are about 30% over the experimen- 
tal results. For triatomic liquid H 2 O, the results of Figure 6.4 show that per atom 
c p jm/kft is larger than 3 at lower (relative) temperatures. The energy is the inter- 
molecular potential energy and is also a reason for the large heat of evaporation of 
water. Unlike gases, the liquid specific heat capacity decreases with temperature. 

Noting that the liquid potential energy is large, this energy is released when 
liquid is transformed to gas, and this energy is nearly the heat of evaporation. Also 
note the lower specific heat of gaseous water (per molecule) shown in Figure 6.3(b). 
We will further discuss this in Section 6.11.5. 
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The two specific heats {c v j and c p j) are related through (6.25) and are nearly 
equal for most liquids. In general, an accurate prediction of the liquid specific heat 
is more challenging (compared with that of gases) [73]. 

6.4 Gas BTE, fj and Thermal Velocities 

The BTE (Table 3.1) requires specification of the collision term on the right-hand 
side, which here is considered to be the dynamics of the collision of two particles. In 
the kinetic theory of gases, Boltzmann considered dilute gases and analyzed the ele- 
mentary collision processes between pairs of molecules. The evolution of the equi- 
librium distribution function is described by the BTE. 

6.4.1 Interparticle Collisions 

If there were no collisions, the particles would have positions and momentum dis- 
tributions such that the probability distribution function at time t and t+dt is that 
given by (3.5), i.e., 

ff(x + udt , p + F fdt, t + d^) = f/(x, p , t), (6.42) 

where F / denotes an external force acting on fluid particles at point (x, p). 

The collisions (scattering) change this, and they are represented as dff/dt \ s and 
the BTE (Table 3.1) becomes 

+ «/ • v * + F f ■ v p)ff(x , P , t ) = ^T\ s . (6.43) 

Here we consider elastic scattering and Sf — 0. Boltzmann assumed binary collisions 
with F f — 0. He also assumed that the velocity and position of a molecule are uncor- 
related (assumption of molecular chaos). He constructed a moving-coordinate, and 
the relation is subsequently briefly described [460] and is shown in Figure 6.5, where 
the superscript ' indicates before collision. 

Each particle is designated by a mass, a diameter (hard sphere), and phase- 
space coordinates (x, p). The effect of the binary collisions is expressed in terms 
of a differential scattering cross section describing the probability for a change of 
velocities 


{li yj, U ^ 2 } before ^ Uf,2) after ■> (6.44) 

where 0 thus denotes the relative orientation of the vectors (u' f2 ~ u '/i) an d u /, 21 = 
(m f \2 — u f t 1 ), as shown in Figure 6.5. In Section 6.5, we will discuss the equilibrium 
collision (scattering) rate. 

In Section 6.5 we will write the energy and momentum conservations for a 
binary, elastic collision and will show that |u ^ 21 1 = |u f \2 — U/j | is conserved. We will 
also use the same scattering rate for in- and out-scattering (due to symmetry). This 
scattering rate is yf-f = nf^lUf^dAff, where d Aff is the differential scattering 
cross-section area in the center of mass frame of Figure 6.5. We use the equiva- 
lent collision (Section 6.5) and write dA ff in terms of /?d r) defined in Figure 6.5. We 
assume the hard spheres potential of Figure 2.3, but also show the actual particle 
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Figure 6.5. A general three-dimensional (moving-coordinate) rendering of the binary 
encounter of gas particle (hard sphere) 2 with gas particle (hard sphere) 1 with a relative 
velocity 1/21 • The geometrical variables used in the collision integral are shown. The apse line 
passes through both particle centers [460]. 


path with realistic interparticle force field in Figure 6.5. Including this nonequilib- 
rium binary scattering term, (6.43) becomes [460] 


0 

( 9f + M/ ‘ V * + f/ ' Vp ) // ' 1 


3 t 


= [ [ [ (Z/,l//,2 ~ //,l//,2)«/,2|H/,2lh d« 2 d^r d(p 
J 1) J 0 J U2 


BTE with binary collisions, 


(6.45) 
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where P 2 = m 2 W 2 > and f/,i = f(x, p , t), /j. 1 = f{x , p', t ), and so on. Note that here 
f f is not dimensionless, but f/duf is (this will be given in the next section). 

Then using 


df f df f 

u f • ^xff = u x^T~ + Uy— 1 " u z 


dx 


dy 


dfl 
3 z 


(6.46) 


'/ • V P .// - + F 

0Px 




dp 


dp, 


(6.47) 


Integrodifferential equation (6.45) describes the spatial-temporal behavior of a 
dilute gas. Given an initial distribution f/(x, p, t = 0), the solution f/(x, p,t) 
describes the distribution changes over time. Because f f is difficult to visualize, 
there are certain moments of f f that represent averages such as the local particle 
density, which can be determined as measured. Chapman and Enskog [235] devel- 
oped a general procedure for the approximate solution of the BTE. For certain 
simple model systems such as hard spheres, their method produces predictions for 
ff(x, p, t) (and its moments). The BTE is generally used to describe nonequilib- 
rium processes. The equilibrium distribution /°( x, p) is that solution of BTE that is 
stationary, i.e., given by (3.6), 


D ff(x,p,t) 
~Dt 


= 0 equilibrium distribution. 


(6.48) 


For the case of F f = 0 this gives the M-B equilibrium distribution function /° 
for a spatially and temporally uniform stationary ideal gas (Section 6.5). We will 
evaluate the binary collision rate appearing on the right-hand side of ideal gases 
(6.45) in Section 6.5. Then we use /° and a driving force, along with the collision 
rate, to evaluate kf. 


6.4.2 Equilibrium Distribution Function for Translational Energy 

Consider translational energy only (e.g., monatomic, ideal gas). Gases have a nonde- 
generate behavior (M-B), except at very low temperatures (Section 7.13.2). Assum- 
ing that the molecular velocities are isotropic (in the absence of external fields) and 
that the distribution of molecular speeds in any one component of velocity is inde- 
pendent of that in any other component, the probability of finding a molecule in a 
given element of velocity space, d u /, is then 

P[(u x , u y , u z ), ( u x + d u x , u y + d u y , U z + d u z )\ = ff(u f) du f probability, (6.49) 
and, using the directional independence, we have variable separation given by 

P(u x , u x T dw A ) = A(w A )dw v - 

P(Uy, Uy + d Uy) ~ Y(Uy)dUy 

P(u z , u z + d u z ) — Z(u z )du z . 


(6.50) 

(6.51) 

(6.52) 
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From the second assumption, we have 


f°(iif)du = X{u x )du x Y{uy)du y Z{u z )du z 


(6.53) 


or 


//(«/) = X(u x )Y(u y )Z(u z ). (6.54) 

From the preceding assumption, we know that functions X, Y , and Z should have 
the same form; therefore 


ff(uf ) = X(u x )X(u y )X(u z ). (6.55) 

Noting that u 2 = u 2 + u 2 y + u 2 , we can choose an appropriate functional form for X 
(including symmetry around u x — 0, etc.), such as X{u x ) — A exp (Bu 2 ), then 

//(«/) = A 3 exp[B(u 2 x +u 2 y + u 2 z )]. (6.56) 


The coefficients of A and B are determined based on two constraints, namely the 
conservation of number density of the fluid particles and the kinetic-theory (trans- 
lational thermal motion) and equipartition of energy definition of the temperature 
(Table 2.4), i.e., 


m 

3£b 


n noo noo 

/ //(»/)d«/ = [l ff(u x )du x ] 3 = [2 / f°(u x )du x ] 3 = 1 

J u f J — oo J 0 

particle number conservation, 

C vn 

/ u 2 f f? (u f)du f = (u 2 f ) —T definition of temperature, 

Jur 3 ^ b 


where 


(u 2 ) 1/2 = (— B - ) I/2 RMS thermal speed. 


m 


(6.57) 

(6.58) 


(6.59) 


Note that alternatively /° could be defined such that the integral (6.57) yields the 
total number of fluid particles Nf or the number of fluid particles per unit volume 
(number density) n f . 

Using the preceding gives 


A = ( 


m 


2nkft T 


) 1/2 , 


B = 


m 

2 k B T' 


(6.60) 


' To include the number density of fluid particles ;? / in fp we start with (6.49), written as 

ff(uf)du f 


P = 




Then (6.61), (6.59), and (6.57) become (end-of-chapter problem) 

m —mu\ r°° 

//(»/) = »/( 2yTkB T ) ' ex P( ypf )• J o 47Tu 2 f f°(u f )du f =n f . 
This is the same as the momentum integral (p/ = mu f) given as a Chapter 1 problem. 
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Then the M-B (or Maxwellian) velocity (or momentum) distribution function 
becomes 


/;(«/) = ( 


m 


2nk B T 


) 3/2 exp( 


—mu 


f ' u f 


2k b T 


) = ( 


m 


2nk B T 


) 3/2 exp ( 


mu 


f 


2 k B T 


) 


M-B velocity vector (momentum) probability distribution function. (6.61) 


Figure 6.6(a) gives this distribution for N 2 at two temperatures. 

To find the speed in a given direction, for example, for the x component of the 
velocity, we use Uf — u f, x s x . 

The distribution of the fluid speed can be obtained by considering the probabil- 
ity of finding the particle in the shell of u f < \uf\ < Uf + duf, which has the volume 
of 4ttu 2 du f , so ff(u f)du f = /°(m f)47ru 2 du f. Then 

o m o/o o —mu 2 f 

//(«/) = 4 ^«///(«/) = 4?r ( 2 n k B T ^ 7 M / ex p ( ~2fof ) 

M-B speed probability distribution (occupancy) function. (6.62) 

This is referred to as the Maxwell distribution function. 

Using (6.62), the average (or mean) speed is defined as 


(«/> 



ff(uf)ufdu f 



8 T ^1/2 
71 m 


average thermal speed. 


(6.63) 


The most probable speed is found from dfj(u f) = duf = 0 and is (2k#T /m) l/1 . 
For N 2 at T — 300 K, m — 4.652 x 10 -26 kg, and we have {u 2 ) 1/2 = 516.8 m/s and 
(u y) = 476.2 m/s, i.e., (u /) is slightly smaller [by (8/37 t) 1/2 ] = 0.92]. The two thermal 
speeds are also shown in Figure 6.6(a). The relation with the speed of sound a s will 
be give in Section 6.8. 

Noting that E f — mu 2 J 2, we have d E / = mu fdu /; then we have for the energy 
distribution function 

2F r d E t 

ff(E f )d(E f ) = f°(u f )d(u f ) = / y °[( — ^) 1/2 ] — ^ 

J J ' m mu f 

= 27r(7r^BT) _3/2 F 1 / 2 exp(— — f —)dEf, (6.64) 

J k^T 

or 

fm>=- Tn £ ; 1,2 “p<- £ ;). 

r°° 3 

(E f ) = E* f f 0 f {E f )dE f = -k B T 

M-B energy probability occupancy distribution function. (6.65) 


' Note that ( u f) is not the net flow, and we use u f for the net flow (Sections 6.11 and 6.12). 


456 


Fluid Particle Energy Storage, Transport, andTrans formation Kinetics 


This is the dimensionless energy M-B energy distribution function listed in Figure 
1.1. The mean (average) energy per fluid particle in translational motion is 3k B T / 2 
(Chapter 1 problem). 


6.4.3 Inclusion of Gravitational Potential Energy 


When a gravitational potential energy is added to the particle energy, i.e., from (6.1), 
Ef — Efj + Ef tP = mu 2 / 2 + mgz, with g pointing against z, the equilibrium distri- 
bution function for F = mg, (6.61) becomes 



( 


m 


) 3/2 ex p(-^)exp(— ^) 


—mu 


f 


2nk B T 


k B T 


2 k B T 



mu 


f + mgz. 


( 6 . 66 ) 


satisfying the equilibrium distribution (and under steady state) (6.48), i.e., no colli- 
sion ideal-gas BTE. Then (6.48) becomes 


D /; 

Dr 


= «’V/; + mg-v,/; = o. 


(6.67) 


6.5 Ideal-Gas Binary Collision Rate and Relaxation Time 

Consider the binary collision of ideal-gas particles (hard spheres) 1 and 2, as shown 
in Figure 6.5. The mass and diameters are m\ and m 2 , d\ and d 2 , and velocities are u\ 
and U 2 , or the relative velocity u p 21 = m /,2 — m/,i. The particle collisions are elastic 
(the energy remains in the translational energy of the colliding particles). The total 
momentum and kinetic energy of the two colliding particle are conserved, and if in 
the kinetic energy conservation it is assumed that the particles have the same mass, 
it simplifies the analysis (the momentum conservation will be applied for the general 
cases of m\ and m 2 ). Then conservations of momentum and kinetic (translational) 
energy (elastic collision) are applied and they result in (end-of-chapter problem) 

(m\U y 1 T m 2 M y 2 ) before — ( m\U f \ T m 2 U fp) after 

momentum conservation (elastic collision) (6.68) 

l ^/,21 \ before ~ I ^ f\ 2 ^ j, 1 1 before — l ^/,21 \ after ~ l ^/,2 ^ /,ll after 

kinetic (translational) energy conservation, (6.69) 

where subscripts before and after indicate before and after the collision. 

We now derive the scattering rate for the case of equilibrium distribution func- 
tions. We refer to Figures 6.5 and 6.6, to arrive at the scattering rate per unit volume, 
along the formulation used in deriving (6.45). The number of particles 2 approach- 
ing particles 1 during time interval d t and per unit of volume u fp i rj dfdiidt is 

n f, 2 ffp u f,2i r id ( j)dridtdu2, M/,21 — \ u f,2 ~ u f , l 


(6.70) 
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u f 21 ( 4 ft er ) 


12 




Figure 6.6. (a) M-B speed distribution function for N 2 at T = 100 and 300 K. (b) Two- 
dimensional (in moving coordinates) rendering of binary collision and the collision equivalent 
diameter ideal-gas particles (hard spheres), showing the geometrical variables appearing in 
collision integral [460]. The equivalent collision diameter c /12 is also shown. 


The number of particles 1 colliding with particles 2 is similarly 


n f t 1 /° 1 u f t 21 i]d(/)dijdtdu 1 . 


(6.71) 


Then the total number of collisions is [also related to df//dt\ s in (6.45), dominated 
by occupancies before collision] 


h f \2 dV dt — 



n f,\n dVduiff 2 u y 2 iild(j)dridtdu2 


(6.72) 


or 


n f,\2 = I / / n ftl n ft 2ff :1 ff j2 Uf,2irid(l)dridu 1 du2. 

J 112 J u\ J rj J (j) 


(6.73) 


458 


Fluid Particle Energy Storage, Transport, andTrans formation Kinetics 


We have used equilibrium distribution. Now, we define a collision equivalent diam- 
eter (the diameter of the sphere of collision) by using the geometrical variables of 
Figure 6.6, and we have 

rj = d\2 sini/r, t) dij = d 12 cos \// sin \/f d\fs , d\ 2 = (d\ + d 2 )/2, 


equivalent collision diameter, 


(6.74) 


where is related to 0 as shown in Figure 6.6. The collision cross-section area A // = 
TTd^ 2 is determined with the individual collision diameters. Then we have 

n p 7T /2 p 2 jt 

fi/,i2= / / n f ^np2f 0 fl f 0 f2 Uf2idl 2 d u idu2 / cos^sin^d^ / d 0, (6.75) 

Jm Jill ’ ' Jo Jo 


where 


u 


f , 21 = |W/,1 - M/, 2 | = (M/ fl + U 2 ft2 - 2m/,i • «//,2) 1/2 . 


(6.76) 


Note that for a general treatment w/j • m /,2 can be set to zero. The integrations over 
\f/ and 0 gives n . The equilibrium M-B distribution function for velocity is given by 
(6.61) and for particle 1 is 


/£(“/) = ( 


ni\ x ^/9 / rn\u , 

) M-B distribution (occupancy) function, 


2nkB T 


) 3/2 exp(- 


2 k B T 


(6.77) 

where m\ is M\/Na- Then, in the integration of (6.75), for the approximation we 
have 


/ / + m /,2 ~ 2 “/,l • H/,2) 1/2 d«ldH 2 

J U\ J U2 


- f f [(fh u f’ ldll 0 2 + (fh u f- 2du2 ) 2 • M/,2)d«idM 2 ] 1/2 , 

«/ Ml t/ M? 


Ml JU2 

• oo 


/»oo />oo 

(uf j) — J ffjU/jdui = J f/j(u fj)u fjdu fj average thermal speed, (6.78) 

where we have used (6.63). 

As was mentioned, the contribution from Uf t i • u^ 2 term is zero. Using M-B 
distribution (6.77), the other two terms each give the square of the average thermal 
speed (6.63) for each mass group. Then (6.75) becomes (end-of-chapter problem) 


2 2nk B T(mi + m 2 ) 1/2 

np 12 = 2n f - 1 n f]2 d n [ J ' , 

mi m 2 


(6.79) 


where n yi and n^ 2 are the number density of each particle, and the universal gas 
constant is defined as R g = k^N^, and M — mAA- The preceding is the volumetric 
rate of collision of particles 1 with particles 2. For a monatomic ideal gas, this volu- 
metric collision rate h /-/ becomes 

4 ^ /2d2 fP 2 

»/-/ 4 H f d A m ) ( jtB 7’)3/2 m l/2 

single component gas, binary collision rate, 


(6.80) 
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Table 6.4. Estimates of collision diameter and mean free path (at 
298 K and 1 atm) for some gaseous molecules (or atoms) modeled 
as hard spheres [235]. 


Gas 

A/, nm 

df, A 

Species 

A/, nm 

df, A 

Air 

64.0 

3.72 

He 

186.2 

2.18 

Ar 

66.6 

3.64 

Hg 

83.2 

4.26 

ch 4 

51.6 

4.14 

Kr 

51.2 

4.16 

co 2 

41.9 

4.59 

Ne 

132.8 

2.59 

c 2 h 4 

36.1 

4.95 

nh 3 

45.1 

4.43 

c 2 H 6 

31.5 

5.30 

n 2 

62.8 

3.75 

HC1 

44.4 

4.46 

o 2 

67.9 

3.61 

h 2 

117.7 

2.74 

Xe 

37.6 

4.85 

h 2 o 

41.8 

4.60 





where we have used n / from (6.21). The estimated (from measurements of proper- 
ties such as gas viscosity) collision (hard-sphere) diameter, and the mean free path 
(at 298 K and 10 atm) for some gaseous molecules are listed in Table 6.4 [235]. 
Note that He has the smallest collision diameter among the atoms and molecules 
listed (the collision cross-section area is A/f — nd 2 ). The mean free path is also 
the largest for He (we will discuss the mean free path of ideal gas in the follow- 
ing section). For example, for N 2 at p = 1.013 xlO 5 Pa, and T — 300 K, we have 
nf — 2.662x 10 2: ’ 1/m 3 and hf.f = 2.031 x 10 3:i l/m 3 -s. We can also define the col- 
lision relaxation time as 

1 nf m 1 / 2 1 

f J Yf-f hf-f An l l 2 d 7 j(kftT) l / 2 n f 2 1 l 2 7zd 2 n f(u f) 

single component gas binary collision relaxation time, (6.81) 

where ( up ) is given by (6.63). From (6.81), Zf-f increases as m increases, and as 
df,T , and n f decrease. 

Thus for the preceding N 2 example, we have if-f = 1.311 xlO~ 10 s. 


6.6 Ideal-Gas Mean Free Path and Viscosity 

The interparticle collision relaxation time r /■-/,; is defined as 

_ . = n f5 

f~f3 ^ \ 

2^ n m 


(6.82) 


Then, using (6.79), we have 


1 






(6.83) 
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The mean free path Xy is defined as 

X fj = Tf-fj (u fj) mean free path definition, 
where the average molecular (thermal) speed (u fj) (6.63) is 

(«/.,> = > i/j . 

7i m/ 

Then 

i 

A /4 = 




4/2 


mean free path for multicomponent, ideal-gas. 
For a single component ideal-gas, we have 

P 


*/ = 


1 


1 


= 


2 1 ^ 2 nnfdj 2 1 / 1 nfAff J Xg T 

single component, ideal-gas mean free path, 


(6.84) 


(6.85) 


( 6 . 86 ) 


(6.87) 


where A yy is the particle-particle collision cross-section area. Table 6.4 gives the 
mean free paths for some common gases at T — 298 K and p — 1.013 x 10^ Pa. 
These values are of the order of 10 nm. For the smaller-diameter-lighter atoms, H 2 
and He, they are of the order of 100 nm for N 2 we have Xy = 62.8 nm (close to air 
value). Note that the ratio Xf/n l J 3 = [2 1/2 7tn 2 j 3 d 2 ]~ l gives multiples of the average 
particle distance n f in distance X y, and this for the N 2 examples is 18.8. 

Some other useful relationships can be developed. Although the net flow of fluid 
particles across a planar surface is zero, the flux of particles moving along a direction 
is not. This flux of particles (through a surface with normal vector s n , where i is along 
a positive Cartesian coordinate axis) is [73] 


y OO 

jf,i = J n f u f jff(uf : i)du f j 


y CO 

= / */«/,.( 

JO 


m 


mu' 


n , ) 1/2 exp(— -y A)du f 'i ideal-gas flux, (6.88) 

2jt Xg T 2/cg T 


where we have used (6.61) for only one direction. 

Then the gas mass flux moving in a direction is found by multiplying (6.88) by 
the mass of each particle and can be related to the average thermal velocity accord- 
ing to [using / () °° x exp(— ax 2 )dx = 1/2 a] 


1 8Xg T 1 

m f — mjfj — - mn /( ) 1/2 = - mnf(u /) ideal-gas directional mass flux. (6.89) 

The momentum flux (or stress) is related to the dynamic viscosity according to 


/ 0 — 

u fju fj ff(u f)du f = —{if - - ' l - dynamic viscosity. 

djcj 


(6.90) 
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From this the gas viscosity is (end-of-chapter problem) 

1 1 1 2 1 m(uf) 

M/ = -mn f (u f )k f = -p f (uf)Xf = - p f {u f ) r f - f = 2l/23jr ^ 2 

monatomic ideal-gas viscosity. (6.91) 


Note that here we have used the average mean thermal speed (u /) given by 
(6.63), which is slightly different from the mean thermal speed {u 2 ) 1/2 given by 
(6.59). 

The pressure is related to the average thermal speed through (6.89) 


1 2 1 7 
P = n f k B T = -mn f (u f ) = -p f (u f ) . 


(6.92) 


Then, using r/-/ = Xf/(uf), we have /if = px/-f , i.e., dynamic viscosity is the 
product of pressure and relaxation time for ideal gases. 


6.7 Kinetic-Limit Evaporation/Condensation Heat Transfer Rate 


The mass flux given by (6.89) is used to determine the theoretical maximum heat 
flux through a liquid-vapor interface A/ ? , undergoing condensation-evaporation. 
For a single-component fluid, having a heat of vaporization-condensation A hi g (or 
A h g i) under ideal conditions of no limit to the supply-removal of heat to the liquid- 
vapor interface, no limit to the supply of make-up liquid-vapor to the interface, and 
complete ideal (no resistance) removal of the produced vapor-liquid, the theoretical 
maximum heat transport rate to the interface is the product of mass flux (6.89) and 
the heat of phase change, i.e., [155] 


S 


f-f,lg,max 



— dllg,max ^hlg — ( 


RgTig 
2 71 M 


) 1/2 p g Ahi g , 


(6.93) 


and similarly for q g f max • 

Since the saturation temperature T ig (p g ) increases, p g increases, whereas Ah/ g 
decreases (and vanishes at the critical temperature T c ), and S f-/j g , m ax/ Ai g will reach 
a maximum as the temperature (or pressure) increases. This is plotted in Fig- 
ure 6.7(a) for water, ethanol, and refrigerant R-12 as S f-fj g , max /Ai g as a function 
of the reduced pressure p/ p c - Water has the highest heat of evaporation of any nat- 
ural and synthesized fluid and, as shown in Figure 6.7(a) it also has the highest peak 
in qig.max (over 10 10 W/m 2 ). 

The ideal assumptions regarding liquid-vapor supply are not realized in practice 
because of hydrodynamic resistances, and similarly the heat supply-removal that 
is due to heat transfer resistances, resulting in achievable values much less than 


t Note that the kinematic viscosity is 


Vf = 


aj_ 

pf 


3 <«/>*/ = 3 ( u /) 2t /-/' 


i.e., product of thermal speed and mean free path. 
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Figure 6.7. (a) Variations of the theoretical maximum heat flux for evaporation for water, 
ethanol, and Freon-12 with respect to reduced pressure, (b) Variations of the ratio of the 
measured maximum heat flux for evaporation and condensation to the theoretical limit, with 
respect to the reduced pressure [155]. 


S f-fjg,max/Ai g or S f-f, g i,max/Aig. So far, only one-tenth of this limit has been reached 
in the most exhaustive efforts to reduce these resistances. Figure 6.7(b) shows the 
experimental results in evaporation and condensation experiments to reach these 
theoretical maxima. 

When the far-held vapor concentration is not zero, i.e, there is no vacuum away 
from the liquid-vapor interface, the preceding theoretical limit is modified as 

= <2 (*• «> 

where p gjOQ and 7/ g?00 (/?g,oo) are the far-held vapor density and temperature 
(assumed to be the saturation condition). 


6.8 Ideal-Gas Thermal Conductivity from BTE 

6.8.1 Nonequilibrium BTE and Relaxation-Time Approximation 

The fluid particle BTE (6.43), under no external force and written for a fluid particle 
group f fJ is 



+ Ufj ■ Vffj 


dffJ 


S 5 


dt 


dt 


(6.95) 
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This represents the net rate of change in this fluid particle (molecules) population 
that is due to collision with particles of different positions and momenta. 

Continuing with the collision rate, from Figure 6.6 and also from (6.70), the 
number of particles of group j approaching particle /, during time interval d t with 

fh is 

ffj\u fji |df ijdt]d(/)du j , (6.96) 


where u fji is the relative velocity, and r/ and 0 are defined as in Figure 6.6. Then we 
rewrite the right-hand side of (6.45) as 


Mu 

dt 


s 


III (f'lAi 

J 1J J (f) J Uj 


- ff,iff,j)\u f ,ji\dt r/drjdcpduj, 


(6.97) 


where the prime indicates distribution functions that restore equilibrium. Under 
equilibrium, we have f' u f' ftj = ffjffj • 

The collision rate signifies the ability of the system to return to the equilibrium 
distribution function /°.; the larger it is, the faster this return. 

As discussed in Section 3.1.4, one of the approximations made in simplifying the 
collision rate is the perturbation approximation; using a perturbation parameter e 
and the Taylor series expansion, we have 


ff,i ~ ff,i\e + + ( 


vh 


de‘ 




+ 


(6.98) 


or 


Mu 

de 


€ 


ffJe - f% 


for 6 — > 0. 


(6.99) 


Using the interparticle collision relaxation time r f-fj from (6.82), and noting that 
the collision restores /°., we write 


Mu 

dt 


s 



( 6 . 100 ) 


Next we use this to derive the relation for the ideal-gas thermal conductivity. 


6.8.2 Thermal Conductivity 


Independent of the BTE, the kinetic theory of gas allows for derivation of a relation 
between the ideal-gas thermal conductivity kf and the mean free path [460]. Here 
we derive the relation from the ideal-gas BTE (6.95); by using a treatment similar to 
those used in Chapters 4 and 5 for phonons and electrons [440]. The relaxation-time 
approximation of (6.100) gives 



(6.101) 


where /° is the equilibrium M-B particle distribution function, Table 1.2, and r /-/ 
is the momentum-independent fluid particle (gas) thermal collision relaxation time 
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given by (6.82). Then BTE (6.95) becomes 

d F +u Vf +Ff .W p f f = - ff ^E, ( 6 . 102 ) 

dt ' r /-/ 

where t/-/ is assumed to be independent of p. 

In the presence of a temperature gradient V7\ from Onsager relation (3.56), 
there will be a conduction heat flux (given by the Fourier law) (Table 1.1) and for 
isotropic behavior we have 

d T 

q k = —kfVT, q kJ = -kf - — , (6.103) 

OXj 

where kf is the gas thermal conductivity. With no net motion, heat flow is due to 
the thermal motion and deviation of the energy distribution from the thermal equi- 
librium distribution. Similar to (4.93) and (5.120), the conduction heat flux is also 
given in terms of the molecular energy flux that is due to a deviation in population 

/; = //- ff as 


«* = (2Sfj5 / = (dsj 5 / E,u,{fl ~ f ° )dp " <6104) 

where we are using the fluid particle momentum (instead of the wave vector). Under 
the steady-state condition ( dff/dt = 0); they (6.102) becomes 

f >\ (6.105) 

T f~f 

Now we linearize the Uf • V/y term by approximating ff with ff, i.e., using the 
local equilibrium distribution condition, V/y ~ V/°. Then, we expand V/° in terms 
of VT. We use the classical M-B /?, i.e., the equilibrium distribution function for 
energy given in Table 1.2 as 


P = ex p(- Ej kB f '>’ E f = \ mu /■ 

where pi is the chemical potential. 

Next, expanding /°, using Ef,T , and /x, we have 


«/ • v/; 

3 T 

dfl 

dpi 

VE f 


dff dff dff 

u f (— VE f + -ff VT + ~P~ V/z) 


3£/ J 3T 
£/-/z dff 


3/z 


T dE f 


v; 




/ 


= 0. 


(6.106) 


(6.107) 
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Then 


a/? 

u f • V /? = 

7 7 a£ 


. E f n 

«/-(^vr-^vr + V/x) 


/ 


T 


dfr 1 u 

' J u f -VT-[E f -(ii-T % | p )], 


a£ 


/ 


r 


T 


where p is the pressure. 

We now use the thermodynamics relation 

r 9/X | 7 

A- ar lp 

where /z is the specific enthalpy. Then (6.108) becomes 

0 dff E f — h 


3 E f T 


Also, using (6.105), we have 


3/; 


fh 


dE f k B T 

Using these, the Boltzmann transport equation (6.102) becomes 


or 


ff ff f'f 1 tr i \r vv-r'i 

— Tc - - = 7^ = -r^2 r f-f( E f - /? )(«/ ■ vr). 

jf If k n l 


(6.108) 


(6.109) 


(6.110) 


( 6 . 111 ) 


(6.112) 


(6.113) 


The thermal conductivity is found by use of the deviation f'f. We write conduc- 
tion flux (6.104) for direction j and arrive at 

= prfp / UflEff 'f ipr 

= “ /jE/(£/ “ <6114) 

where we have used the energy-independent r /_/ (6.81), i.e., unlike the treatment 
of the phonon (4.108) and electron (5.131). We replace the velocity with Ef and 
define the integral as [similar to (5.63)] 


2nfXf-f . . 9 dT 


= —k 


3mk&T 2 
dT 


8 V 


n 


f 


=h! f ° ip < 


f 


dxj ’ 


(6.115) 
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where from the isotropic assumption (6.57) we have equal translational energy in all 
three directions, leading to 


u 2 = u j_ = 

3 3m 


(6.116) 


We have used the /° form that includes We will subsequently evaluate the inte- 
gral shown by ( ). Note that we have introduced the particle number conservation 
also through n / by using (5.64) (footnote of Section 6.4.2). We have used (6.103) in 
(6.115). We now 


kf = V 1I F^M E f- h ) E2 f)- 


3 mk B T‘ 


(6.117) 


Next the specific enthalpy h = Ef + pVf = 5k B T /2 is used for monatomic gases. 
Then 


E f — h — -k B T. (6.118) 

Now, evaluating the integral, we start with 

(( E f -h)E 2 f ) 

= ^ A 3 — f ( E f - ^ k B T )E 2 f exp[ F Ef J^ ]d p f monatomic gas. (6.119) 
(2ttTi) n f J 2 k B l 

Then, we convert the momentum differential to energy differential using Ef — 
p 2 f/2m, i.e., 


dp f — Anp^dpf — 2nm 2 E , 


m 


Stt 


d Pf = 2U2 m3/2E T dE f- ( 6 - 12 °) 


f ( 2 Ef) 1 ' 2 

Note that in (6.114) similar results would have been found if we had used (6.64) 
directly and performed the integration over the fluid energy. This shows the consis- 
tency of the classical limit for energy distribution function (6.106). 

In a constant pressure process, we take /z = /z Q = 0, and we have 


{{E f — h)E 2 ) = (E 2 ) — h(E 2 ). 

Now, returning to the averages similar to (5.113), we have the general form 


(6.121) 


<£}>- 


J Ef ff E "f d Pf f Ef ff E '} ^T2 m3/2E 7 dE 

f ff d pf 

JEf 


//S” 3,2£ f d£ / 


j E n f +1/2 exp(-E f /k B T)dE f 
f E 1 f /2 exp(-E f /k B T)dE f r (l/2+l )/(k B T) 3/2 

JEf 


r(n + 1/2 + 1 )/{k B T)- {n+1/2+1] 


tY r(n + 3/2) 

^ B ^ r(3/2) ’ 

where the V function is defined in (5.114). 


( 6 . 122 ) 
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Again, note that we have used classical limit (6.106). Then, 


r(9/2) 


r(7/2) 


( E 2 ) - /i(£ z f ) = (k^TY ) ' - k B T(k B TY ) ' ' 

f f ' r(3/2) 2 v r(3/2) 

105 5 15 


= (W( 


8 2 X 4 


= ^W) 3 , 

where the values of T( 9/2), T(7/2) and T(3/2) are also given in (5.114). 
Next, we use this in (6.117) to arrive at 


(6.123) 


k f = ~ 


2 n / r f-f 15 


3 mk B T L 4 


(k B ry = - 


5 n f r f-f 


2 mk B T' 


(k B T) : 


= 2 kB 


n f r f-f 


m 


k B T = -pfC p j{u 2 f )T f -f, 


(6.124) 


where pf — n/m is the density of the gas (kg/m 3 ), c p j is the specific heat capacity 
(J/kg-K), and {u 2 f -) l/1 is the RMS thermal velocity {3k^T /m) l/2 given by (6.84), which 
is also simply found from the equipartition of translational energy, from m(u 2 ) /2 = 
3k B T/2. 

Similar to (6.84), the product of Xf-f{u 2 ) 1/2 = Xf is the mean free path of the 
colliding gas molecules (but here we use the RMS thermal velocity). Then by using 
this relation, we find that the the preceding expression for the gas thermal conduc- 
tivity becomes 


kf — -pfC p j{u 2 ) l/2 Xf monatomic ideal gas, 


(6.125) 


which is the common form of the result from the so-called elementary kinetic the- 
ory (end-of-chapter problem), except for the appearance of c p j instead of c v j, 
i.e., 


k f = ^ p f c v j{u 2 f ) 1/2 Xf = 1 n f c v j{u 2 f ) l/2 Xf , (6.126) 

where in the second expression we have used c v j per fluid particle (Section 6.2). 
Note that n /, (u 2 ) l/2 , and X / are given by (6.59) and (6.87), and c v j is given by (6.25) 
and (6.22), or (6.23) or (6.24). The kinetic-theory-based treatment of the thermal 
conductivity (end-of-chapter problem) uses (uy) in place of (u 2 ) l/2 , as was used in 
the derivation of /x / relation (6.91). 


t Note that thermal diffusivity of gas is [using (6.125)] 

«/ = T“7 = ^(m/) 1/2 V = \{u 2 f )T f .f, 

Pf c P,f 3 3 

i.e., similar to the kinematic viscosity, it is the product of thermal speed and mean free path. Also, 
thermal effusivity of gas is 

( Pf c P,f k f) l/ 2 = (^/ c p,/< u /> r /-/) 1/2 - 


468 


Fluid Particle Energy Storage, Transport, andTrans formation Kinetics 



Figure 6.8. (a) Variations of measured thermal conductivity of some typical gases with 
respect to temperature [465]. (b) Variations of predicted thermal conductivity of gaseous 
H 2 O, using the mean free path model (6.128), with respect to temperature. 


Note the similarity also with the relation for the gas viscosity, (6.91). Also, note 
that gLfC p j/kf — Pr, i.e., the gas Prandtl number, which is equal to unity when 
(6.126) is used. The Prandtl number of gases is nearly unity [231]. The speed of 
sound for an ideal gas is 


dp f 


( CpJ dp |^i/2 _ ( c p,f Ep y/2 _ ( CpJ Rg j^l/2 


c v,f dp/ 


c v,f Pf 


Cv,f M 


= (P^) 1/2 (u 2 f ) 112 = (^) 1/2 (4) 1/2 , Y = —. (6.127) 


3°v,f 


/' 


Cv,f 


Note that pf l dpf/dp\r is the isothermal compressibility (1 /E p ) (Table 3.11), 
and we have used the Maxwell relations among thermodynamic properties [73]. 

Note that the average thermal speed is defined in (6.63) and is related to (w 2 ) 1/2 
through (uf) — (8/37r) 1/2 (w 2 ) 1/2 . Also, note that for N 2 at T — 300 K,a s — 353.1 m/s. 
For polyatomic gases a more rigorous derivation gives [277], along with using a s , 
i.e., 


k f = + -Jf-){ — ) l/2 a s X f polyatomic, ideal gas, (6.128) 

J jZ 4 M Tty 

where c v j — 3 R //2M, and for monatomic gases the coefficient 157T/32 and the term 
9R g /4M are dropped. The mean free path is given by (6.87). Figure 6.8(a) shows the 
variations of measured thermal conductivity of some typical gases with respect to 
temperature. The gas conductivity increases with temperature, as the speed of sound 
increases with temperature. Figure 6.8(b) shows the predicted thermal conductivity 
of gaseous H 2 O as a function of temperature using (6.128). 


6. 9 Liquid Thermal Conductivity from Mean Free Path andMolecular Dynamics 469 



Saturated Liquid 

/ 

N 

\ 

/ 

\ 

- 

Experiment 


h 2 o 


nh 3 


C 3 H 5 (OH)3 


C 2 H 4 (OH) 2 

/ V 

so 2 


C0 2 


200 300 400 500 600 

T, K 

(a) 


0.7 


i 

S 

5 


0.5 



250 300 350 390 


T, K 

(b) 


Figure 6.9. (a) Variations of the measured thermal conductivity of some typical (nonmetallic) 
liquids with respect to saturation temperature [465]. (b) Variations of the predicted thermal 
conductivity of liquid H 2 O with respect to temperature at p = 1 atm. 


6.9 Liquid Thermal Conductivity from Mean Free Path and 

Molecular Dynamics 


Figure 6.9(a) shows variations of measured thermal conductivity of some typical 
(single component nonmetallic) liquids with respect to saturation temperature. Note 
that generally for a given pressure, there is a small temperature range over which 
there is liquid phase. The liquid metals have a thermal conductivity close to their 
solid-state values (e.g., Hg), as shown in Figure 5.18(a). 

Over the range of equilibrium liquid-phase existence (saturation), the variations 
in kf are not very large. The liquid thermal conductivity can be predicted with the 
result from the Bridgman kinetic theory [59]. 

As was mentioned in Section 1.1.4, liquid particles collide at a much higher rate 
than the gases. Therefore, we expect a smaller mean free path for liquids compared 
with gases. In this theory, Bridgman [41, 59] theory assumes a simple cubic arrange- 
ment of atoms, with a spacing of a — (1 /n /) 1/3 = (M/p/Va) 1/3 , using (1.11). Bridg- 
man then approximates the fluid thermal conductivity relation (6.126) as 



PfCv,f{Uf) ^ Xj- — p fC v fQ s n f 


f 


nonmetallic liquid conductivity, 


(6.129) 


by using the mean free path as nearly equal to the fluid particle spacing, i.e., 
Xf = 3/i^ 1/3 , and the RMS thermal speed equal to the speed of sound a s [defined 
in (6.127)]. Assuming rigid spheres, the heat capacity is taken as Mc v j = 3 R g , 
although for liquid c v j can be larger. Using this in (6.129), we have 



= Pf 


3 Jk as{ JL) 1/3 

M sK p f N A J 

3 R g , c pj dpi | y/2/_y_\i/3 
M c„,/ dp T p/N A 


(6.130) 
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Rearranging this, we have 

2/3 

_ Pf c p j 1 1/2 

7 N ]gM^ K c v jp f K f } 

3Rg Pf s c p,f 1 \l/2 . _ 2_^P/| J_ 

n]P M 2I ^C V J Kf’ f p f dp T E p 

nonmetallic liquid conductivity. (6.131) 

For example, for water at T = 300 K, this gives kf — 0.6437 W/m-K by using 
Kf — 4.46 x 10~ 10 Pa -1 , which is close to the experimental result of 0.613 W/m-K 
[232]. Note that for liquids, c p j — c v j. Figure 6.9(b) shows the variations of the 
predicted thermal conductivity of liquid water with respect to temperature for p — 
1 atm (this limits the temperature range to freezing and boiling temperatures at 
this pressure). The temperature dependence is through pf , c p j/c v j , and Kf , where 
P/(T) decreases monotonically, (c p j /c v j)(T) increases monotonically, and kj(T) 
has a minimum in the middle of the temperature range. 

Equilibrium classical MD simulations and the Green-Kubo integration of the 
heat current correlation function (q(t) • q( 0)) (Sections 3.6 and 4.12 and 4.13) have 
been made in the microcanonical ensemble for water at T — 300 and 255 K [31]. 
They find good agreement with the experimental results. They use the extended 
simple point charge (SPC/E) intermolecular potential model of H 2 O. They find 
that large high-frequency oscillation of (q(t) • q( 0)) is a distinctive feature of water 
around 30 THz. Similar to the results for crystals, they find two low-frequency 
exponential-like decay modes with first being faster (short range), with a decay rate 
of the order of the collision time 0.03 ps and temperature independent. The second 
decay is slower and temperature dependent. The nonequilibrium classical MD sim- 
ulations of water in [393] predict the anomalous initial increase of the thermal con- 
ductivity with temperature and the thermal conductivity maximum shown in Figure 
6.9(b). They also use the TIP(transferable intermolecular potential)4P/2005 inter- 
molecular potential model which yields similar results. This and SPC/E are rigid 
non-polarizable empirical models. 

The theory of electrical conductivity of liquid metals and their alloys is given in 
[136]. The electron mean free path is only a few atomic separation distance long and 
the o e relation includes the atomic structure through the structure factor. For liquid 
metals the heat transfer is dominated by charge (electron) transport, and from the 
electric thermal conductivity, the Wiedemann-Franz law (5.193) with the Lorenz 
number can be used to predict the thermal conductivity of liquid metals [161]. The 
electrical conductivity of liquid metals has been calculated using ab initio MD and 
the Kubo-Greenwood relation in [343]. 

6.10 Effective Conductivity with Dispersed Particles in Thermal Motion 

The derivation of the Brownian diffusion by Einstein and that by Langevin are sum- 
marized in [93]. These are given here along with a simple effective thermal conduc- 
tivity model. 
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6.10.1 Lange vin Derivation of Brownian Diffusion 


A spherical particle of diameter d s and mass m s dispersed in a viscous liquid (viscos- 
ity pf) under isothermal (Tf) conditions and under the thermal motion (no other 
driving force) experiences displacement as governed by the Langevin stochastic par- 
ticle dynamics equation [93] given in Table 3.7 for Fk ,<? = 0, i.e., 

df x dx 

m s — y = —3TT[ifd s h F(t) one-dimensional Langevin equation, (6.132) 

dr dt 

where the hindering force is the viscous force on the solid, spherical particle (called 
the Stokes force). This force is 3 7tpLfd s u s , where u s is the particle speed dx/dt . In 
(6.132) F(t) is the stochastic (thermal) driving force which gives the average particle 
velocity through this kinetic energy as m s (u 2 ) / 2 = 3&b T /2 and also through the force 
correlation given in Table 3.7. Multiplying (6.132) by x and using the chain rule, we 
have 


m, d 2 x 2 dx 9 3 dx 2 

— m s ( — ) = — npLfd s — b F\t)x(t). 


(6.133) 


2 dt 2 dr 7 2" r J "■* dt 

Now taking the ensemble average over a () (Section .3)and assuming that 
{F(t)x(t)) = 0, i.e., the instantaneous thermal force and the instantaneous particle 
positions are not correlated, then 


mAu 2 ) m s d dx 2 3 dx 2 , dx 

Noting that, from the equipartition of energy, we have 


(6.134) 


1 ,dx. 9 1 9 3 

2 m *< ck 2 > “ 2 W ^“^ “ 2 kBTf ’ 


(6.135) 


then we have 


m 


3tt /x fd s dt dt 
The solution to (6.136) is 


d dx 2 dx 2 2 x 3k^Tf 


dt 


3n i± fd s 


(6.136) 


dx 2 2 x 3 k B T f - 3lt t fds t 

(-?->=- ~ + Ae 


m , 


dt 


3 71 fi fd s 


(6.137) 


The viscous relaxation time is defined as 


m 


= 


~ (6.138) 

JT y* u s 

which is independent of temperature (except through /z/), and it is of the order of 
10 -9 s for small particles in liquids. 

Then for t j r M 1, we have 


^dx 2 ^ 2 x 3k#Tf 


dt 


3tt pifd s 


— » L 


(6.139) 




' This gives the Stokes drag coefficient equal to 24/Rej, where the Reynolds number is Rej = 
p f u s d s /uf [232]. 
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Using at t — 0, the integration gives 


[X 2 ) - {x 2 0 ) 


2 x 3&g Tf 2 x 3k B T /- 

3 Txpufds m s 



(6.140) 


where (<5 2 ) 1/2 is the RMS of the displacements of a particle in Brownian motion. The 
more general solution is (3.65) 

The Einstein (Brownian) diffusion coefficient is defined through 

(S 2 ) = 6DEt, (6.141) 


or 

/ T 

De = — Einstein (Brownian) diffusion coefficient. (6.142) 

3 7tfifd s 

As an example, for d s — 2 /xm particle in water at 300 K (/x/ = 9.2 x 10~ 4 Pa-s), 
De — 0.24 /xm 2 /j, and for d s = 2 nm gives De — 240 /xm 2 /s (i.e., (<5 2 ) 1/2 = 38 nm in 
one second). This shows the solid particle diffuses through liquid more effectively 
when temperature is raised, or liquid viscosity or particle diameter is decreased. 

From (6.141), the root-mean-square displacement in any direction is (2 De 0 1/2 - 
The Brownian diffusion time (time it takes for a displacement of d s / 2 1/2 ) is defined 
as 


te 


4De 


3tt p.fd^ 
4k B T 


Brownian diffusion time, 


which becomes very long as the solid particle diameter increases. 


(6.143) 


6.10.2 Thermal Relaxation Time and Effective Fluid Thermal Conductivity 

In enhanced thermal conductivity liquids, due to the suspension of nanoparticles, 
the lack of thermal equilibrium between the particle and the liquid (in a temperature 
gradient V7/ field) also plays a role [213]. 

Here we take an alternative and simple approach. The effective conductivity of 
liquids with particle suspensions (kf) may be expressed as a parallel (or additive) 
contribution of conductivities, i.e., 

(kf) = kf + kfE dilute suspension, (6.144) 

where kE is the contribution that is due to the Brownian motion (nanoparti- 
cle concentration is low enough that interparticle collisions are rate) of con- 
stituents and increases the ability of the particles to diffuse, store heat, and 
transfer heat through its surface (a continuum or semicontinuum concept). The 


t Note that the velocity distribution follows the M-B relation (6.61) for / — > o o [323], i.e., 

(u 2 )= ^L +{u 2_^L )e -2„r^ 

J m m 

where u 0 is the velocity at t = 0. This shows (u 2 j) reaches equipartition as t — > oo. 
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storage/boundary-resistance/surface-convection is represented by thermal relax- 
ation time (6.82) z a — \ s / {u 2 s ) l/2 , where k s is the thermal mean free path of the solid 
particle. Then, using (6.126), kf t e can be written as 




(6.145) 


where n s is the number of particles per unit volume, c v ^ s is its heat capacity per 
particle [(4.66), the classical limit for a monatomic solid 3Nk# for a crystal with 
T > 7b], N — N\p s 7td 2 /6M S , where p s and M s are the density and molecular weight 
of solid particles. N is the number of atoms in the particle, and R t is the sum of the 
internal and external resistances to heat flow (heat loss from the particle) [232]. 
As n s increases, the mean free path of the solid particle X s will be limited by solid 
interparticle collisions. 

Because of the coalescing of the solid particles (as in colloids in general), solid 
particle clusters are formed (i.e., not monodispersed). The cluster form favors the 
dominance of the internal resistance due to relatively small cluster effective con- 
ductivity (k) c . This low value of (k) c is in part due to the size effect in the thermal 
conductivity of the solid particles [Section 4.9.4(A)]. Also, note that, where clusters 
are formed, (d) c , (n) c , and (c v ) c should be used in (6.145), which increases the diam- 
eter and reduces the number of particles per unit volume. For a sphere (here the 
cluster) to lose a substantial amount of its heat content, the Fourier number should 
be nearly 0.1 [232], i.e., 


4(a) c z a 4 (k) c z a 

Foj = =— = j = 0.1, 

(< d) c ( pc p ) c {d s ) 2 c 

or the thermal relaxation (diffusion) time (Table 3.12) given by 

= Q x (pc P )c{d) 2 c ( n) s {c v ) c (d) 2 c 

Ta ~ • 4(k) c " ' 4 (k) c ' 


(6.146) 


(6.147) 


Then for clusters, (d) c is larger and {k) c is smaller (compared with nonclustered 
d s and k s ), resulting in large thermal relaxation time z a and larger kf^. Note that 
this thermal relaxation time can be longer than the viscous relaxation time (6.138) 
suggested in some analyses [234]. 

For dominant external resistance, under very small Reynolds number 
p(u 2 ) l/2 d s f /if, the resistance is l/2nd s kf. Then the relaxation time is c v ^/2nd s kf. 
If there is no cluster, then this relaxation time is larger than that based on internal 
resistance. 

Note that even with a small volume fraction, the particles can form a colloidal 
network [percolation threshold, similar to Figure 2.9(b) (v) for soots]. Then the 
heat conduction through the connected matrix should be considered (instead of the 
Brownian motion) (, which assumes well-dispersed particles). 
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6.11 Interaction of Moving Fluid Particle and Surface 


The fluid mean free path presents the probability distance a fluid particle travels 
before undergoing collision with another fluid particle. In the presence of a con- 
densed phase, i.e., a surface (or interface), there is also the probability that the fluid 
particle collides with this surface. Representing the geometry for the surface con- 
taining the fluid particles by a clearance distance /, then the ratio of the probability 
of the fluid-fluid collision to the fluid-surface collision is given by the Knudsen num- 
ber Kn / as 


Kn/ 


l 


Knudsen number. 


(6.148) 


For liquids, X/ is three times the molecular spacing 3(M/p/A/a) 1/3 , and therefore 
Kn/ « 1. 


6.11.1 Fluid Flow Regimes 

For large Kn/, the probability of the fluid particle-surface interaction (collision) is 
larger than that among fluid particles and this is the free-molecular-flow regime 
(Kn / > 1). For small Kn/, the interfluid particle collisions dominate, and it is 
called the viscous-flow regime (Kn/ 1). Between these two is the transitional- 
flow regime (0.01 < Kn/ < 1). Figure 6.10(a) shows results of the Knudsen experi- 
ment with CO 2 flow in capillary tube, (l — d — 3.33 x 10~ 2 mm, and length L — 2 
cm), at 25° C with varying pressure [230]. The measured mass flow rate divided 
by pressure drop is plotted versus the pressure (in cm-Hg). For isothermal flow, 
rhf/(Ap/L) — d 2 Mp/32M fR g T , is proportional to p , in the viscous regime. In this 
experiment the transition to viscous regime is around Kn/ = 0.14, but for general 
geometry consideration, this may be lower. Figure 6.10(b) gives approximate bound- 
aries for these regimes. The viscous-flow regime is described by the Navier-Stokes 
equations of fluid motion listed in Table 3.10 (momentum and mass conservation 
equations). These equations can be derived from the BTE, by taking the appropri- 
ate moments of this equation [73, 459]. The viscous-flow regime in turn is classified 
based on the flow Reynolds number Re^, where L is the characteristic (hydrody- 
namic) length for the surface (or object). The Reynolds number is the ratio of the 
inertial to viscous forces, i.e., 

Re L — Reynolds number, (6.149) 

H 

where u/ is the macroscopic (net) fluid velocity. The low-Reynolds-number flow 
is characterized by zero-velocity fluctuations, i.e., laminar-flow regime. At a high 
Reynolds number, the flow becomes unstable and turbulent (chaotic fluctuations), 
i.e., turbulent-flow regime. One type of turbulent-flow structure is the boundary- 
layer turbulence, as depicted in Figure 6.10. The regime between the laminar and the 
turbulent-flow is the transitional, viscous-flow regime. The transition for boundary- 
layer turbulence is around Re/, = 5 x 10 5 . 
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Figure 6.10. (a) The results of the Knudsen experiment showing the mass flow rate through 
a bundle of capillary tubes of diameter d at various absolute pressures [230]. (b) The free- 
molecular, transitional-flow, and viscous-flow regimes, as marked by the magnitude of the 
Knudson number Kn/ (/ is clearance distance) and the expanded viscous-flow regime, as 
marked by the magnitude of the Reynolds number Re^ (showing laminar, laminar-turbulent 
transitional, and turbulent-flow regimes). 
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Figure 6.11. Fluid particle-surface interaction showing an impinging fluid particle with a y- 
component velocity colliding and reflecting from a solid surface. 


Both gas and liquid flows can be sonic or supersonic. The Mach number Ma = 
Uf/a s , where a s is the speed of sound in the fluid, is used to show the effect of 
reaching and surpassing the speed of sound in fluid flow and its compressibility and 
shock formation features (in gases, in particular, this results in the formation of 
various shocks that are discontinuities in pressure, etc.). 


6.11.2 Knudson-Flow-Regime Surface Accommodation and Slip Coefficients 


Consider free-molecular flow (Kn/ > 1), as depicted in Figure 6.11. The fluid parti- 
cles interact only with the surface. The particles approach the surface with velocity 
(averaged over many realizations) (u y x ) and leave with an altered tangential veloc- 
ity, ( Uf tX )' . The energy transfer to the solid is mostly through the f-p channels (as 
compared to f-e) [307] 

Then the Maxwell tangential momentum (translational) accommodation coef- 
ficient a u , defined as 




( u f,x) - (Uf,xY 

( u f,x ) 


momentum accomodation coefficient, 


(6.150) 


represents the tangential velocity slip. Noting that the average fluid velocity at the 
surface is the average of these two, we have for the surface slip velocity m, by using 
the net flow quantities, i.e., Uf X , 


u 


U; — 


/, x T (1 &ii)w 


2 a 

— ( — — — — )i7 y x velocity slip for free-molecular-flow regime. 


Here we first consider a thermal fluid-solid surface, i.e., (Tf) = T s = T. The MD 
results for a monatomic gas with L-J potential and FCC solid of lattice parame- 
ter a , are obtained in [6]. The L-J potential parameters are 6lj and <jlj for fluid 
particle-solid interatomic interaction. In the MD simulations, the M-B distribution 
is used for (u y x ). Figure 6.12(a) shows the variation of a u with respect to ouja, for 
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Figure 6.12. (a) Variation of MD predicted momentum (translational) accommodation coef- 
ficient with respect to the normalized L-J potential separation constant, (b) Same, but with 
respect to the normalized interaction energy constant [6]. 


T — 300 K, au/^B = 100 K, and three values of a. As the equilibrium interatomic 
distance represented by au/a increases, a u —> 0, i.e., the reflected molecules have 
the same tangential momentum as those impinging. For a very small interatomic 
equilibrium distance, all the tangential momentum is lost by the interaction with the 
surface ( a u — ► 1). Figure 6.12(b) shows the variations of a u with respect to eu/k^T , 
for au = 2.4 A, a — 4 A, and T = 200, 300, and 400 K. Again, as the interaction 
energy increases (or the temperature decreases), the reflected tangential momen- 
tum decreases ( a u — ► 1). 

Under thermal nonequilibrium between the gas and the solid surface ((Tf) ^ 
T s ), the thermal accommodation coefficient is defined as [46] 

(ff/.y) ~ 


a-f — 


( 6 . 151 ) 
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Table 6.5. Experimental values for momentum 
accommodation coefficient a u for some 
gas-surface pairs for near T = 300 K [444]. 


Gas 

Surface 

ci u 

Air 

machined brass 

1.00 

Air 

old shellac 

1.00 

Air 

fresh shellac 

0.79 

Air 

oil 

0.9 

Air 

glass 

0.9 

n 2 

glass 

0.95 

co 2 

machined brass 

1.00 

co 2 

old shellac 

1.00 

co 2 

oil 

0.92 

h 2 

oil 

0.93 

He 

oil 

0.87 


where {qp y ) is the energy flux incident upon the surface, {q/, y )' is the energy flux 
reflected from the surface, and ( q/, y (T s )) is the stream of fluid particles leaving the 
surface and carrying the same mean energy per particle as a stream issuing from 
a gas in equilibrium at the surface temperature T s . For cij — 1, there is a complete 
thermal accommodation (called diffuse re-emission). 

Tabulated values for aj are given in [444] and for a very clean surface and 
weakly interacting fluid particle-surface molecules, aj can be very small {aj -> 0). 
However, for polar gas molecules, we have aj —> 1. 

For monatomic gases (translational kinetic energy only), {q/, y ) is proportional 
to T (translation kinetic energy) and the proportionality constant is the same for all 
quantities in (6.151); then aj — ((7/) — (Tf)')/((Tf) — T s ). However, for polyatomic 
gases the impact changes the proportions of the rotational and vibrational (and at 
high temperatures the electronic) energies, and therefore this simplification does not 
hold [107]. For fluid particles with rotational motion, a rotational (and vibrational) 
accommodation coefficient is similarly defined [107] using the moment of inertia 
(6.15). 

The MD results for thermal (energy) accommodation of a diatomic gas with 
both translation and rotational energy are reported in [46]. They simulate the fluid- 
solid pair N 2 -Pt, using the L-J potential, and examine both the directly scattered as 
well as the adsorbed-desorbed fluid (Section 6.11.5) particles. For Kn/ — ► 0 (viscous- 
flow regime), we have a u = aj = 1, and the fluid velocity and temperature at the 
surface become the solid surface values. These are called the viscous-flow-regime, 
no-slip surface conditions. 

Tables 6.5 and 6.6 list experimental values for a u and aj for typical gas-surface 
pairs, stating the surface condition and temperature [444]. For some noble gases 
and He with very smooth, low-surface-energy solids, aj is very small (approximately 
zero). Note that for Ne on clean W, there is a small temperature dependence of a?, 
while a u changes significantly with temperature, as in Figure 6.12(b). The momen- 
tum accommodation coefficient is generally close to unity. We will use a u and aj in 


6.11 Interaction of Moving Fluid Particle and Surface 


479 


Table 6.6. Experimental values for thermal accommodation coefficient a T for some 
gas-s olid-surface pairs (at specified temperature) [444]. 


Gas 

Surface 

Surface condition 
(adsorbed gas) 

T, K 

aj 

Air 

bronze 

indeterminate 


0.88-0.95 


cast iron 

indeterminate 


0.87-0.96 


aluminum 

indeterminate 


0.87-0.97 

n 2 

W 

indeterminate 

305 

0.624 


Pt 

indeterminate 


0.5 


glass 

indeterminate 

103 

0.38 

o 2 

Pt, bright 

indeterminate 


0.81 


Pt, black 

indeterminate 


0.93 


Pt 

saturated 

303 

0.38 

co 2 

W, bright 

co 2 

305 

0.990 


Pt 

saturated 

303 

0.76 

h 2 

Pt, bright 

indeterminate 


0.32 


Pt, black 

indeterminate 


0.74 


Pt 

saturated 

303 

0.220 


glass 

indeterminate 

308 

0.29 


glass 

indeterminate 

103 

1.0 

He 

W, flashed 

indeterminate 

298 

0.17 


W, not flashed 

indeterminate 

298 

0.53 


W 

clean 

303 

0.0169 


W 

clean 

248 

0.0153 


w 

clean 

83 

0.0151 


w 

Kon H 2 

298 

0.106 


w 

H 2 on K 

298 

0.096 


w 

O on K 

298 

0.22 


w 

KonO 

298 

0.12 


Pt 

saturated 

303 

0.238 


K 

clean 

298 

0.0826 


Na 

clean 

298 

0.0895 


glass 

clean 

302 

0.31 


glass 

indeterminate 

298 

0.35 

Ne 

W 

clean 

303 

0.0412 


W 

clean 

243 

0.0395 


w 

clean 

77 

0.0495 


w 

h 2 

295 

0.17 


w 

n 2 

79 

0.32 


Pt 

saturated 

303 

0.57 


K 

clean 

298 

0.1987 


Na 

clean 

298 

0.19 


glass 

indeterminate 

298 

0.7 

Ar 

W 

clean 

303 

0.272 


W 

clean 

243 

0.294 


w 

clean 

77 

0.549 


Pt 

saturated 

303 

0.89 


K 

clean 

298 

0.444 


Na 

clean 

298 

0.459 

Kr 

W 

clean 

303 

0.462 


W 

clean 

243 

0.498 


w 

clean 

77 

0.926 

Xe 

w 

clean 

303 

0.773 


w 

clean 

243 

0.804 


w 

clean 

90 

0.942 
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the slip model in the following Sections 6.11.3 and 6.11.4, and also for size effect on 
effective conductivity of confined gas in Section 6.14.1. 


6.11.3 Slip Coefficients in Transitional-Flow Regime 

In the translational-flow regime (10 - 2 < Kn / < 1) and in the presence of a gradient 
in the mean gas velocity u /, the tangential surface velocity slip is defined through 


Ui = a u 


du ftX 

dy 


on a solid surface, velocity slip for translational-flow regime, 

(6.152) 


where a u is the velocity slip coefficient, i.e., m — 0 corresponds to no velocity slip. 

Also, the flux of molecules impinging on the surface is given by (6.89), and the 
tangential momentum flux is the product of this molecular flux and the change in 
the tangential velocity. Then, using (6.90) for this change, we have 

1 

r xy = -mn /(u f)a u up x - (6.153) 

This tangential momentum flux is also the fluid viscous shear stress, and for a 
Newtonian fluid (6.90) it is 


r xy ~ Pf 


du ftX 
dy ’ 


(6.154) 


where gif is the fluid viscosity. Then substituting (6.151) and (6.152) into the equa- 
tions (6.153) and (6.154), we have 


or 


1 _ 3 u 

-mn f (uf)a u Uf, x = /X/ — ^ 


f,* 


Ui 

= / x / — = / x / 

uc u 


2 — a u 1 _ 


u 


a, 




(6.155) 


Oiu 


2/x f 2 On 
mnf(uf) a u 


Maxwell velocity slip coefficient. 


(6.156) 


This is the Maxwell velocity slip coefficient relation. 

Now noting that /x/ = mn f(u 2 f ) 1/2 Xf /3, (6.92) (end-of-chapter problem), it is 
customary to approximate (6.156) with 


otu 


2 a u 

a u 


X .f = a u^f- 


(6.157) 


The temperature slip coefficient aj is similarly defined through (i.e., aj — 0 corre- 
sponds to no temperature slip) 


Ti — T s — a T 


9(T f ) 

dy 9 


temperature slip coefficient on interface. (6.158) 
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As an approximation, a T is related to a u through the Kennard relation [444] 


a T — a u — q-y — = ctjX f Kennard temperature slip coefficient 

c p,f t> Ff c p,f 

Y = Pr = , , 

c vj kf 


(6.159) 


where y is the specific heat ratio and Pr is the Prandtl number. Note that a* and a j 
are dimensionless and are of the order of unity. These show that the velocity and 
temperature slip coefficients are proportional to the gas mean free path (6.87), and, 
as Xf decreases, these slip coefficients tend to vanish (viscous-flow regime). 


6.11.4 Solid Particle Thermophoresis in Gases 


In the presence of a temperature gradient in a gas with solid particle suspensions, 
the gas kinetic energy difference on different parts of the particle surface can move 
the particle in the direction of a lower temperature. This is referred to as particle 
thermophoresis. For the motion to be significant (compared with, for example, the 
buoyancy force), the particles should be small, compared with the mean free path 
of gas, i.e., Kn^ = 2 kf/d s (d s is the solid particle diameter) can become large. This 
problem has been analyzed [454] where for the velocity slip, in addition to a* dis- 
cussed in Section 6.11.3, is also affected by the temperature variation around the 
particle. This is presented using the temperature slip using a thermodiffusive slip 
coefficient a* T , such that the tangential (polar) slip velocity is given as 


*, 9 u o . * 2 [if dT f 

u e ,i =a u k f r- +a T 

dr r 


d< 


at r = — . 
PfTfd s ‘36 2 


(6.160) 


Also, the temperature slip is given similar to (6.158), using a £, as 

dT f 


Tf T s — a T Xf dr > 


d s 

at r — — . 
2 


(6.161) 


These allow for fluid temperature variation Tf(r,0) around the solid particle. 
The result for the thermophore tic force Ft on the solid particle as [454] 



6np 2 f al jd s (j- + a£Kn</) 


k f , „.*T^ \ VT f 


T 


f 


Pfil + 3<Kn d )(l + I’f + 2a*Kn d ) 

K s 


(6.162) 


where kf and k s are the fluid and solid conductivity, and Kn c i — 2 Xf/d s . In [454], 
a* — a* T — 1.14 and a j — 2.18 are suggested. 

The thermophoretic velocity is [454] 


u T — F 


T 


3tt fifd s 


{1 + Kn,/[«i + a 2 exp( 


<23 

Km 


)]} 


particle thermophoretic velocity. 


(6.163) 
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In [454] it is also suggested that a\ — 1.20, — 0.41, and a 3 = 0.88. When Kn</ -> 0, 

the Stokes velocity 3ngLfd s F T is recovered. This is the same as the velocity used in 
Brownian motion as presented in Section 6.10. 


6.11.5 Physical Adsorption and Desorption 

When an involatile solid is in contact with a gas, the gas molecules adsorb (stick) 
to the solid (the solid is called the adsorbent or substrate, and the adsorbed gas is 
called the adsorbate). Surface adsorption differs from absorption (which requires 
penetration into the bulk solid phase). In physical adsorption (or physisorption) the 
gas molecules are held to the surface by the relatively weak van der Waals forces as 
shown in Figure 6.13(a). In the chemical adsorption (chemisorption), the chemical 
reaction occurs at the surface and the gas molecules are held to the surface with 
strong chemical bonds. 

The amount of gas adsorbed to a surface at a given temperature depends on 
the gas pressure and equilibrium condition. This is called the adsorption isotherm 
and is generally given as the mole of gas per gram of adsorbent as a function of 
pressure (or normalized by the saturation pressure for a given temperature). Fig- 
ure 6.13(b) gives the adsorption isotherm for H 2 O adsorbed on Pt, for T — 298 and 
313 K. The adsorption isotherm is also presented as the amount of fluid particles 
adsorbed per unit area of solid surface. As the temperature increases, less fluid par- 
ticles are adsorbed. Also, as the saturation pressure of the fluid is reached the fluid 
liquifies on the surface and the adsorbed amount increases substantially (capillary 
condensation) [54]. 

Figure 6.13(c) shows MD adsorption results, the variation of the number of 
adsorbed Ar atoms per unit surface area of Pt with respect to the surface temper- 
ature, 85 < T < 1320 K, i.e., 0.06 < e S f/k^T < 0.931 [206]. A full surface coverage 
by a monolayer is also marked. Note that the surface temperature ranges from the 
triple-point to above the critical-point temperature of Ar, where e S f /k^Tc — 0.525 at 
the critical-point temperature of Ar, and c S f/kQT tp — 0.931 at the triple-point tem- 
perature [Figure 2.13(a)]. Minor adsorption is found at high temperatures, due to 
large kinetic energy compared with surface force, with an exponential increase with 
decreasing temperature due to a decrease in kinetic energy compared with surface 
force. This is associated with relatively weak fluid-solid interatomic interaction. This 
weak interaction results in a small decrease in adsorption at high temperatures, how- 
ever, once fluid particles adsorb onto the surface, interatomic interactions (poten- 
tial) promote further adsorption. This is more pronounced at high pressure, Nf = 
900. A transition occurs at c S f/k-QT ~ 0.7 for Nf = 600, whereas at c s f/k B T ~ 0.6 
for Nf = 900. This transition in turn affects the accommodation coefficients and the 
effective thermal conductivity. Near the triple-point temperature, a fully-covered 
adsorbed layer is found. For Nf = 900, the number of adsorbed atoms continue 
to decrease as the temperature increases, whereas for Nf = 600, those are nearly 
constant above the critical temperature. This residual adsorption at high pressures 
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Figure 6.13. (a) Simple and multilayer physical adsorption, and (b) experimental adsorption 
isotherm for H 2 0-Pt at T = 296 and 313 K [54]. (c) MD results showing variation of the 
number of adsorbed Ar atoms per unit surface area in the nanogap for Nf = 600 and 900, as 
a function of dimensionless inverse temperature € s f/k B T. Exponential curve fits to the MD 
results are also shown. The full surface coverage by a monolayer is also marked. 
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leads to pressure-dependent a u and a T , but is expected to disappear at very high 
temperature (large gas superheat). 


(A) Single-Layer Pure Gas Adsorption 

Desorption is the process of removing the adsorbent gas molecules and is achieved 
by raising the temperature or lowering the pressure. 

The fraction of surface area covered by gas molecules is 0 ad , and it is gener- 
ally allowed that first this fraction reaches unity as the adsorption proceeds and 
then after completion of a single molecular layer (monolayer), additional layers are 
formed until the van der Waals forces emanating from the surface are not able to 
affect the gas molecules sufficiently far from the surface. These are shown in Fig- 
ure 6.13(a). 

The simplest analysis is for single-layer, single component gas adsorbed fluid 
particle is called the Langmuir adsorption model. It is for a planar, homogeneous 
surface, with no reaction among adsorbed species, and a monolayer adsorption only. 
The rate of adsorption is the integrated flux of gas molecules moving toward the 
surface with energy sufficiently large to overcome the adsorption barrier E ad . Note 
that this is proportional to the fraction of surface not covered by adsorbed particle. 
This is expressed as [37] 

ff(u f)a ad du f t y Langmuir adsorption model, (6.164) 
where u is defined from the threshold energy, 



Ead = 2 OTM /,o’ (6.165) 

which defines the threshold gas velocity u for adsorption and a ad is called the 
sticking probability (assumed to be independent of u y y and is generally between 0.8 
and 1.0). The equilibrium distribution function /°(wy) is given by (6.61), and the 
integration gives 

-A = M /(^~) V2eX P(^r%)( 1 ~ °ad )0W = YadHfO- ~ °ad), (6.166) 

at 2nm k^T 


where y ad is the adsorption rate coefficient per fluid particle. The desorption rate is 
assumed to be proportional to the surface coverage 0 ad , i.e., 


d t 


= YdeOad exp( 



(6.167) 


where y de is desorption rate coefficient and E de is the desorption activation barrier. 
There are other adsorption and desorption kinetic models, in which the dependence 
on the surface vacancy 1 — 6 a d and coverage 0 a d is not linear. The first-order-models 
given preceding are among the simpler ones. 
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At equilibrium, we have dn ad /dt — dn de /dt , and from this we have 

( IS ) 1/2 °^ ex P( lif ) „ _ Yad„ e ad 

ftf — . ftf — -i n ■> An ad — Fcle Fad ■ 

Yde Yde 1 - 0 ad 

Rearranging this gives 


(6.168) 


Qad ~ 


~n f 
Yde J 


Yad 


, = — ^ , p = n f k B T. 

1 +^n f l + ^p } 

Yde J ^ 


(6.169) 


Yde 


At low pressures, 6 ad = ( Yad/ Yde) P , and at high pressures, 6 ad = 1. Assuming a 
monolayer adsorption, where V max is the volume of completely covered ( 6 ad — 1) 
gas particles, then the volume of adsorbent is ( 6 ad — V a d/Vmax) 


Vad = 


V Yad_ „ 
mClX Yde P 

l+Yld.p 

Yde 


P = n f k B T 


Langmuir adsorption isotherm. 


(6.170) 


There are other adsorption isotherm models, including the Brunauer-Emmett- 
Teller (BET) isotherm for multilayer adsorption. Examples of isotherms are given 
in [230]. t 


(B) Heat of Adsorption 


The net energy A h ad is the differential (per molecule) isosteric (constant 6 ad ) 
enthalpy (or heat) of adsorption and is related to p and T (similarly to the Clausius- 
Clapeyron relation for liquid-vapor equilibrium) as [277] 


3 In p | A h ad 

dT ~ k B T 2 


ideal gas. 


(6.171) 


In general A h ad = Ah ad (T , 0 ad ). This heat (enthalpy) of adsorption is similar to 
the heat (enthalpy) of evaporation. The specific enthalpy is defined in terms of the 
specific internal energy (and pressure and specific volume v) as 


h — e + pv. 


(6.172) 


Then we can write for the enthalpy of evaporation, at conditions T and p, 

Ah, g = ( c gtV - ci tV )T + p{v g - vi). (6.173) 

The enthalpy of evaporation per molecule (or atom) is the energy required for 
changing a molecule of a liquid into the gaseous state. This energy breaks down the 
intermolecular attractive force, and also provides the energy necessary to expand 
the gas p(v g — 1 7 ). There is no potential energy (internal energy is the molecular 


t The BET equation is [504] 

P 1 c-1 p A E ad 

= 1 , c — exp ( ), 

Yad\Peq ~ P) T max C E max pig k$T 

where pi g is the saturation pressure pi g (T), and A E ad is generally found empirically. 
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kinetic energy) for an ideal gas. For example, for H 2 O the enthalpy of evaporation 
at p = 1 atm and T — 373.15 K is 0.39 eV; from Figures 6.3 and 6.4, we note that 
this is mostly associated with p(y g — v/), compared with (c g tV — c itV )T. 

An example of the prediction of 6 ad (T) and A h ad (T, 0 ad ) for H 2 O adsorption 
on SiC >2 is given in [373]. They find that A h ad is larger than the bulk heat of evapo- 
ration A h/g and show that SiC >2 distorts (elongates and changes the bond angle) the 
hydrogen bond in H 2 O compared with the bulk (or free) H 2 O. 

In high solid-fluid surface area per unit volume A S f / V adsorbers (such as dessi- 
cants), up to 25% of the mass of the adsorber occurs. For spherical particles of diam- 
eter d packed with porosity 6, we have A s f /V — 6(1 — e)/d , and as d approaches a 
few micrometers, A s f/V becomes very large. 


6.11.6 Disjoining Pressure in Ultrathin-Liquid Films 


The pressure in thin-liquid films is affected by the interatomic forces of the liquid 
and the solid substrate. The integral force can be presented as the pressure differ- 
ence between the vapor and the liquid (assuming a single component fluid) across 
this interface, p g — pi. For a L-J fluid with a similar L-J (2.9) interaction with the 
solid atoms, this relation has been derived in [75], i.e., 

Vf-f = (6.174) 

<Pf-s = 4e L j./-,[( ffLJ ^) 12 - ( ffLJ ^) 6 ]. (6.175) 

r r 

The mean-field potential that a fluid atom experiences at the vapor-liquid interface 
is (r 2 = v 2 + z 2 ) 




n s (p f- s 2nxdxdz, 


(6.176) 


where jc is measured for the vapor-liquid (8 is the liquid-film thickness) interface, 
and n s is the solid atomic number density. This gives 


4-T'Mu. 4tt n s e UJ . s (jAj- 


( < Pf) = 


68 3 


+ 


45<5 9 


A h 


15 8 


J- 2 ( VU.f-s y) _ ^LJ./-S j3] 


8 


(6.177) 


where Ah = 4n 2 n s n /Cuj-s^u f-s ca ll e d the Hamaker constant. Note that this 
gives a mean surface potential with exponent is 9-3 as compared with 12-6 used for 
the pairs in (6.174) and (6.175). 

The first term is generally very small and negligible; then we have the pressure 
difference [73] 


Ah 

Pi — Pg = p d = —faAA' 


This pressure difference is called the disjoining pressure p d . 


(6.178) 
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6.12 Turbulent-Flow Structure and Boundary-Layer Transport 

Turbulent flow is marked by random fluctuations in the fluid velocity u f. For a 
boundary-layer flow, with the Cartesian coordinate system and with u / being the 
velocity in the x direction, Figure 6.14(a) renders this turbulent velocity function. 
Figures 6.14(c) and (d) show the structures of the viscous and thermal boundary 
layers for laminar and turbulent flows. The distributions of the velocity and temper- 
ature are shown in terms of the dimensionless velocity u*f and temperature TJ. As 
with the laminar flow, the near-field nonuniformities are confined to regions adja- 
cent to the surface and are marked by the viscous and thermal boundary-layer thick- 
nesses 8 V and 8 a . For turbulent boundary layers, the fluctuations vanish far away and 
very close to the surface. The region adjacent to the surface is called the laminar 
sublayer. The laminar viscous sublayer has a thickness 8/ ?y , and the laminar ther- 
mal sublayer has a thickness 8^ a . These are marked in Figures 6.14(c) and (d). In 
turbulent boundary layers, although the disturbed region is larger than its laminar 
counterpart, most of the changes in the velocity and the temperature occur very 
close to the surface. As such, adjacent to the surface the gradients of the velocity 
and the temperature are much larger than those in the laminar boundary layers. 

It is customary to decompose the fluid velocity into a time-averaged (or mean) 
Uf and a fluctuating component u'j - [195], i.e., 

_ i r 

Uf = Uf + u' ft , Uf = — f Ufdt mean and fluctuating components of u f, 

* Jo 

( 6 . 179 ) 

where r(s) is the time period for averaging and is taken to be long enough such that 
Uf no longer changes by any further increase in r. 

The temperature is also decomposed as 

— _ 1 r 

T f = T f + T'f, T f = - / Tfdt mean and fluctuating components of Tf. 

T J o' 

( 6 . 180 ) 

Turbulence can be produced within the boundary layer when the flow becomes 
unstable. This is called the boundary-layer turbulence. The boundary-layer tur- 
bulence, in an otherwise parallel laminar flow (far field), occurs at a transi- 
tion Reynolds number Re^. r . This boundary-layer transition Reynolds number is 
Re Lf , = 5 x 10 5 [413]. 

Turbulence can also be present in the far-field flow and this is called the free- 
stream turbulence. This can be caused by propellers, the presence of grid nets, other 
interactions with solid surfaces, or by instabilities in the far-field flow. Our discussion 
here is limited to boundary-layer turbulence. 

Although on the solid surface Uf — 0, the surface-convection heat transfer is 
influenced by the velocity and temperature fluctuations near the surface, similar to 
the laminar-flow case. The turbulent velocity fluctuations are three dimensional, and 
the component perpendicular to the surface makes the largest contribution to the 
surface-convection heat transfer. 


Uf= Uf+ Up 



Mean Velocity 
RMS of Turbulent 
Fluctuation Velocity 


(a) Fluid Particle Turbulent Velocity Fluctuations in the x direction,' Hf t 


Turbulent Heat Flux 

Laminar Viscous 
Sublayer {k/r 0) 

Aku 


'ft 

of 

O ht 

OF 


vrT f * 




Turbulent Mixing Length: 

Distance Traveled by a Turbulent Eddy 
Before Reaching Thermal Equilibrium 

— T f * 


(i) Laminar 

V 


Turbulent Eddy (Mixing Vortex) 

(b) Turbulent Mixing Length, ) ft 

(ii) Turbulent 


A 


ku 


Undisturbed 




-iif 


~x, u 


LrUf* 


oo 

0(7 

[GO 




i 


-X, It 


*- u f 


Ur = 


Undisturbed 

Instantaneous 

Velocity 

Fluctuations 


Region Where 
Turbulent Eddies 
Enhance y-Direction 
Momentum Transfer 


t ^ Laminar Viscous Sublayer, 
(No Fluctuations), Aft~ 0 



'/,V 


Dimensionless Time-Averaged 
u f' ^-Direction Velocity Turbulent 

H * = Mixing Length 

u fi 

(c) Viscous Laminar and Turbulent Boundary Layers, S v and S x 


(i) Laminar 


(ii) Turbulent 


Undisturbed 



Air,, 9ku 


x, Tf 



Undisturbed 

Instantaneous 
Temperature 
Fluctuations 


Region Where 
Turbulent Eddies 
Enhance y-Direction 
Heat Transfer 



t ^ Laminar Thermal Sublayer, S/ a 
(No Fluctuations), ht~ 0 


Dimensionless Time- Turbulent 
Averaged Temperature Mixing Length 

T f * = h - T- s 
Tf* o' T s 

(d) Thermal Laminar and Turbulent Boundary Layers, 5 a and S a 

Figure 6.14. (a) Turbulent velocity fluctuations showing the mean and fluctuating compo- 
nents of the x-direction velocity u’ ft . (b) A rendering of turbulent mixing length, (c) Structure 
of the viscous laminar and turbulent boundary layers, (d) Structure of the thermal laminar 
and turbulent boundary layers, (c) and (d) include renderings of the turbulent eddies (and 
turbulent mixing lengths) that contribute to the lateral (y-direction) heat transfer. 
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Figure 6.15. (a) Homogeneous turbulence in a unidirectional flow. (b)Turbulent energy spec- 
trum, i.e, turbulent energy distribution function verses turbulent wave number, showing the 
various regimes [195]. The Kolmogoroff spectrum law applies to the large wave number (iner- 
tial) subregime. The results are homogeneous, equilibrium (balance between production and 
dissipation) turbulence. 


6.12.1 Turbulent Kinetic Energy Spectrum for Homogeneous Turbulence 


The idealized turbulent flow is the homogeneous, isotropic turbulence (spatial 
homogeneity in mean properties). This is rendered in Figure 6.15(a). In compari- 
son with the boundary-layer turbulence, the homogeneous turbulence is in the free 
stream (away from any surface). The turbulent kinetic energy equation is obtained 
from the Navier-Stokes equations given in Table 3.10 and is [195] 



1 , , 
2 U f’ iU f’ if 



2 

fj 


isotropic, turbulent kinetic energy Ep t . 


(6.181) 
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(6.182) 
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The first term on the right is the convective diffusion of the turbulent mechanical 
energy, the second is the work of deformation of the mean motion by the turbulent 
stresses, the third is the viscous shear stress of the turbulent motion, and the last one 
is the viscous dissipation. 

Under homogeneous turbulence only the time-dependent part of the left-hang 
side and the viscous dissipation on the right are nonzero. For this case, any existing 
turbulent fluctuation decays in time by viscous dissipation. Then 


dt 


9 3 = Hf ( du 'u MfjJu'fj 

dt 2 f' 1 pf dxj dxi dxi 


€p t homogeneous turbulence, 

( 6 . 183 ) 


where e p t is the viscous dissipation rate of the turbulent kinetic energy. 

The turbulent velocity fluctuation for an incompressible fluid (V • Uf = 0) can 
be Fourier decomposed by the wave vector k and the angular frequency co as 


u f (x,t) = J j co) exp (iic / • x — cot) d/c / d co, 


and the incompressibility requires that 


( 6 . 184 ) 


Kf • U f = 0 . 


( 6 . 185 ) 


This states that the only disturbances allowed are transverse (not longitudinal). Such 
turbulent elements are called turbulent eddies. Then it is said the turbulent veloc- 
ity field is made of eddies of different sizes (wave numbers). The eddies of large 
sizes are created by the mean flow, and they in turn exchange their energy with the 
smaller eddies (this is called turbulent energy cascading). 

To describe the turbulent fluctuations (kinetic energy) in terms of distribution 
over wave number (or frequency), we define the turbulent energy distribution func- 
tion fjj through 

Ef tt = -uJ 1 = / f t (Kf,t)diCf turbulent energy distribution function, (6.186) 

2 J ' J o' 


where the wave number and the angular frequency are assumed to be related 
through Kf = co/upi, where uy\ is the mean velocity. Here ff t has units of m 3 /s 2 . 
Figure 6.15(b) gives the variation of the turbulent energy distribution function f t 
with respect to the wave number as compiled from measurements and theoretical 
predictions. This is also called the turbulent energy spectrum. Figure 6.15(b) shows 
that for the smallest wave number (largest-size) eddies, we have a Kf relation for 
the turbulent distribution function and very slow decay (viscosity is not important). 
The intermediate wave-number eddies contain most of the turbulent kinetic energy 
and are referred to as the energy-containing eddies. The peak is designated by Kp e . 
The smallest eddy size is the Kolmogoroff length = 2n /X /k- 

The eddies of length X y t that have velocity u f tt have Reynolds number Re r = 
Pfii fjXfj/u f , and for large eddies (larger Re/) their energy is not dissipated by 
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viscosity, but cascaded to smaller eddies. The eddies with Re, ~ 1 are dissipated 
because of viscosity, and this gives the smallest eddy, which has a length X ^ k (Kol- 
mogoroff length) and velocity u ^ k 

A/ K = . Kolmogoroff length, smallest eddies. (6.187) 

11 f, K 

Using (6.183), Kolmogoroff (Kolmogorov) suggested that the velocity of the small- 
est eddies must follow (replacing the time derivative with u /,k A /,k) 

U r k 

— —~€f t viscous dissipation rate, (6.188) 

*/.K 

and using this in (6.187), we have 

XfK = [(— ) 3 — — ] 1/4 , w/k = (— 6//) 1/4 Kolmogoroff length and velocity scales. 
P.f € .f,t Pf 

(6.189) 

Then, using — 2 ttA ^k, we can show that [334] 

ff t (x) = 1.5 turbulent energy distribution function for inertial subregime. 

(6.190) 

This is the Kolmogoroff —5/3 spectral law for equilibrium, homogeneous turbu- 
lence. 


6.12.2 Boundary-Layer Turbulent Heat Flux 

As with (6.179) and (6.180), the convection heat flux vector is similarly averaged, 
and we have 


u — Qu,m T Qu,t 

= (pCp)fU f T f + (pCp) f u' ft T' ft 

mean convection turbulent convection 
heat flux vector q ujn heat flux vector q ur 


(6.191) 


The turbulent fluctuations contribute to the heat transfer in a way similar to the 
molecular fluctuations discussed in Section 6.4. There we used the molecular (ther- 
mal) velocity fluctuations and the RMS thermal speed (u 2 f ) i/2 and through (3.14) 
showed how the heat was transfered by these fluctuations. Here, the combined 
effects of the turbulent velocity fluctuation (u' f - t • u' f -,) 1/2 , the ability of the fluid to 
store/release heat ( pc p ) /, and the ability of the fluctuations to carry the fluid content 
a short distance before reaching thermal equilibrium also result in heat transfer in 
the presence of a temperature nonuniformity. This is shown in Figure 6.14(b). 

From (6.57), we write the y component (i.e., perpendicular to the surface) of 
the turbulent convection heat flux as 


0 lu,t)y — ( P C p)f V fjTff 


( 6 . 192 ) 
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We now proceed to relate v'f,T' ft to mean quantities that are more readily mea- 
sured or predicted. 


6.12.3 Turbulent Mixing Length and Turbulent Thermal Conductivity 


Using an analogy with the conduction in gases (which is due to molecular fluctua- 
tions), as given by (6.125), the heat transfer that is due to turbulent fluctuations is 
expressed as [195, 413] 



( P c p)f v 'f,t T 'f,t = - p L 1 (pc P )f(v%) 1 / 2 ^f,t 


d T 


f 


d y 


(6.193) 


where k y, is the turbulent mean free path and is also called the turbulent mixing 
length [shown in Figure 6.14(b)]. This is a representation of the distance traveled by 
a fluid particle before reaching equilibrium (either thermal or mechanical). It varies 
with the distance from the bounding surface. The constant Pr, (called the turbulent 
Prandtl number) is determined empirically and is near unity. Here {v'j t ) l/2 is the 
RMS of the turbulent velocity fluctuation in the y direction. 

We note that the proportionality of v'f t Tf t to d T /-/dy, similarly exists for veloc- 
ity and temperature deviation caused by spatial (instead of temporal) nonuniformi- 
ties. This is discussed and the proportionality shown in [231]. 

Because in (6.193) the turbulent heat transfer is related to the gradient of the 
mean temperature, a turbulent thermal conductivity kp t is defined by 


_ dT f 

\tfu,t )y = —kf,t dy 


turbulent thermal conductivity. 


(6.194) 


Then from (6.194) and (6.193), k/ tt is found as 


kf.t = (k f ,,) ± = Pr, \pc p ) f { v'h) 1/2 X f ' t , 


(6.195) 


where subscript _L indicates perpendicular to the surface. 

Next (t if / 2 ) 1 / 2 is related to the gradient of the component of the fluid mean 
velocity along the surface, i.e., \dTif/dy\. This is because, from the examination of 
the momentum equation, we find that the magnitude of the fluctuations increases as 
the velocity gradient becomes larger. When we use the turbulent mixing length k y r 
again, and we have (uy/ 2 ) 1 / 2 = kp t \du / /dy\. Again, this is because as d T y/dy was 
the source for v'j- t T' f r \duf/dy \ is the source for (v ,2 t ) l/2 . Then (6.61) becomes 

k f.t = ?h\p c p)f^\t l^f I. «/.* = UrV’ ( 6 - 1% ) 

dy (. pc p )f 

where ary, is the turbulent thermal diffusivity (or eddy diffusivity). Note that Pr, = 
Vfj/ay t , where v t is the turbulent kinematic viscosity. 

We can extend the results to the three-dimensional heat flow. The turbulent 
convection heat flux vector ( pc p ) fu' / t Tj t is proportional to the gradient of T y, i.e., 
VT /. Therefore, as VT f becomes larger, ( pc p ) fu'f t T' f t increases. Then, assuming 
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that k t is isotropic (i.e., the same in all directions), from (6.194) the vectorial form of 
q t is 


qZ=(pc p ) f u' ft T' ft = -k fJ VT f , (6.197) 

where we note that the turbulent convection heat flux vector is related to the gradi- 
ent of mean temperature. 

We note that in general kf t is anisotropic (and should be represented by a ten- 
sor). 


6.12.4 Spatial Variation of Boundary-Layer Turbulent Mixing Length 


For fully-turbulent flows at high Reynolds numbers, kfj can be larger than kf (the 
molecular thermal conductivity) at some locations near the solid surface. Also, ky t 
vanishes in the laminar sublayer. Therefore kfj (or u' f - 1 and A/,,) varies with the 
distance from the surface and enhances the convection heat transfer. For parallel 
flows, this enhancement is noticeable in the direction perpendicular to the flow (y 
direction), where the mean velocity Vf is small and the heat transfer is otherwise 
dominated by molecular conduction. 

The smallest turbulent mixing length is the Kolmogoroff length A/k, (6.189), 
and the largest is the characteristic length of confining solid L (in the direction of 
turbulent transport). 

Empirical results show that for the flow over a semi-infinite flat plate, the vari- 
ation of the mixing length in the turbulent boundary layer, adjacent to surface, is 
approximated as [233] 



0 0 < y < 8ij 

*Vk (y ~ &i,v) hv < y < 0-215, >y 
0.0855,. y 0.215 y < y < 5,, y 

0 
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distribution of turbulent mixing length, (6.198) 


where i = a or v (thermal or viscous), k v k (von Karman universal constant) 
is typically equal to 0.41 and 5, ?y is the the turbulent viscous boundary-layer 
thickness that will be subsequently given below [233]. The laminar sublayer thick- 
ness is given in terms of the wall shear stress r s as 5/. y = 10.8/xy /(T 9 /pj) 1/2 , and 
8f a = 13.2 Pr5/ y /10.8. The mixing length is zero in the laminar sublayer where there 
are no turbulent fluctuations. Above the sublayer, the mixing length increases lin- 
early with the distance from the bounding surface until y = 0.21 5, >y , above which A y t 
is proportional to the boundary-layer thickness. Outside the boundary-layer (in the 
free stream) there are no turbulent fluctuations and A = 0. In practice it is assumed 
that 8 t ,a — 5f, y , i.e, turbulent thermal and fluctuation boundary layer thickness are 
equal. 
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The turbulent wall shear stress related to the wall friction factor and boundary- 
layer thickness, are 


r, _ c / M /,o o 
P - 2 

^ = 0.0296 Re7 0 ' 2 
2 L 

t = 0 037R ^ 2 - 


(6.199) 

( 6 . 200 ) 
( 6 . 201 ) 


Figure 6.16(a) shows the distribution of turbulent mixing length (dimension- 
less) as a function of the distance (dimensionless) from the edge of the laminar 
sublayer [4]. The results are deduced from the measured velocity distribution. Fig- 
ure 6.16(b) shows the variation of the dimensional, directional fluid conductivity 
(kf)± = kf T k with respect to the distance from the solid surface, calculated 
with the experimental results of [4]. The results are for air at T - 300 K, and 
Re L = 3.55 x 10 5 , which is close to the transition Reynolds number. The laminar 
sublayer and the turbulent boundary-layer thicknesses are also shown. For this 
experiment, the total conductivity reaches about 3.0 W/m-K (kf = 0.026 W/m-K). 

The distribution of the mean, x -direction velocity Uf is generally determined 
from empirical relations that include the dependence on y and Re^ [233]. 

Figures 6.14(c) and (d) give a rendering of this enhanced heat transfer. The 
fluctuations in the velocity and in the temperature are characterized by the turbulent 
eddies (i.e., small vortices with a large range of sizes and frequencies). The turbulent 
mixing length k f t is also shown. 


6.12.5 Turbulent Mixing Using Lagrangian Langevin Equation 

In [330], a modified Langevin equation is used to describe the turbulent mixing of 
thermal markers. They show results for a point source (or a sink) located on the 
wall of a channel with turbulent flow. This requires adding to the Brownian motion 
treatment, the direct influence of molecular thermal diffusion and the mechanism 
by which the dispersing markers are removed from the wall. This is done by 
considering that the markers are displaced both by convection and by a random 
walk associated with molecular diffusion. Because of molecular diffusion, the 
marker need not follow a fluid particle. This effect is taken into account by allowing 
the time-scales in the Langevin equation to depend on the Prandtl number (or the 
Peclet number). They use a modified Langevin equation to describe dispersion in 
an inhomogeneous field. 


6.13 Thermal Plasmas: Plasma Thermal Conductivity 

Electrically charged gases (i.e., plasmas) are heated by Joule heating through impos- 
ing an electric current. Gases become charged (i.e., ionized) at high temperatures 
(T f > 2000 K). When very high temperature gases (i.e., Tf > 4000 K) are needed, 
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(a) 



Figure 6.16. (a) Variations of the mixing length deduced from the measured velocity distri- 
bution, as fractions of the distance from the edge of the laminar sublayer [4]. (b) Variations 
of effective fluid directional thermal conductivity (left) and the model mixing length (right) 
with respect to distance from the surface [4]. 


Joule heating is used and the process is called thermal plasma generation. Figure 
6.17 shows the typical temperatures in natural and engineered thermal plasmas and 
the associated force electron density n e c (1/cm 3 ). A thermal plasma is made of 
electrons, ions, and neutral molecules and atoms. Compared with the conduction 
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Figure 6.17. Typical temperatures for thermal plasmas and their associated force electron 
densities [ 253 ]. 
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electrons in solids, Figure 5.20 for example, fluorescent lamps have higher conduc- 
tion electron densities than some semiconductors. Also, the plasma in magnetohy- 
drodynamics (MHD) has higher electron density than semimetals. Because elec- 
trons are much lighter than the rest of the species in the plasma, they heat up much 
faster. Therefore, unless there are many collisions among all the species, there can 
be a thermal nonequilibrium among them. Once the heat source (e.g., Joule heating) 
is removed, thermal equilibrium is quickly achieved, except for very short elapsed 
times and at very low pressures. 

Among the common gases used in thermal plasmas are Ar, H 2 , O 2 , N 2 , air, 
Ar-H 2 , Ar-He, and CO 2 . Laboratory units with the capability of S e j = 30 to 50 
kW and industrial units of up to 1-MW power are used. Because of the high tem- 
peratures, there are some desired heat losses to prevent the solids in contact with 
the plasma from melting. There are also some undesired heat losses. Therefore the 
temperature in the gas drops over a short distance, but the center of the plasma has 
temperatures of about 10,000 K. 


6.13.1 Free Electron Density and Plasma Thermal Conductivity 

Thermal plasmas are used in manufacturing and materials processing, for example 
in the heating of sprays of paint particles in dry painting, in chemical vapor depo- 
sition, in welding, and in surface-material removal. Because of the free electrons, 
plasmas have a high electrical conductivity a e , and, depending on the gas, they can 
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Figure 6.18. Thermal conductivity of Ar-H 2 gas mixture at elevated temperatures [53]. 

also have a high thermal conductivity. The plasma thermal conductivity (kf) can be 
decomposed as 


where kf ^ represents the conductivity of heavier species and kf e is for free elec- 
trons. Note that u e used here is based on T e , which may not be equal to 7} ? Section 
(6.13.2), and from (6.63) using the electron mass (Table A. 3, m e — 5.45 x 10 -4 m p , 
where m p is the proton mass), the electron thermal speed is rather large. This results 
in a large contribution from kf e . The collision diameter for e-h collision is also small, 
making X e large [according to (6.87)]. Figure 6.18 gives the thermal conductivity of 
Ar-H 2 mixture as a function of temperature and for various hydrogen volume frac- 
tions [53]. Note that, around T = 3500 K, the conductivity of hydrogen reaches a 
value of 15 W/m-K (because kf e > kfh in ionized gases, this magnitude is typical of 
some metallic solids). Because of this high thermal conductivity, such thermal plas- 
mas can very effectively heat the entrained particles (sensible heating rates d T /dt , 
of the order of 10 5 to 10 7 K/s are achieved). 

The gas is charged by injection of charged particles, by pilot electrodes, by high 
frequency starting circuits, or by an initial increase in the gas temperature, for exam- 
ple, by an C 2 H 2 -O 2 torch. For the Joule heating of charged gases, the steady-state 
energy equation is given in Table 1.1. In thermal plasma generation, the volumetric 
radiation heat transfer becomes significant and needs to be included. Under local 
thermal equilibrium for all species in the plasma, the energy equation from Tab- 
le 1.1 is written as 



(6.202) 


h 


e 


V ■ (q k +q u + q r ) = sij + s e ,] = Sij + a e e e ■ e e = s t j + a e e] 


thermal equilibrium energy equation. 


(6.203) 
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(a) Equilibrium Composition of Argon Plasma (p = 1 atm) 



T, K 

(b) Electrical Conductivity of Air, Argon, Nitrogen, and Oxygen Plasmas 

Figure 6.19. (a) Equilibrium composition of argon plasma as a function of temperature at 
1-atm pressure, (b) Electrical conductivities of air, argon, nitrogen, and oxygen plasmas as 
functions of temperature, at 1-atm pressure [263]. 


where s t j is the dissociation-ionization energy conversion rate < 0, and e e {yim) 
is the electric-field intensity vector and can be steady or oscillating (i.e., time peri- 
odic). For time periodic fields use ( 3 . 52 ). Then a portion of s e j is used for the 
dissociation-ionization. Figure 6.19(a) shows the equilibrium composition of the 
argon plasma as a function of temperature and at 1-atm pressure. Note that the con- 
centration of free electrons n e , c rises rapidly as T — 1.5 x 10 4 K is reached and 
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Figure 6.20. The thermal equilibrium, or lack of 
it, between electrons T e , ions (heavier charged 
species) T h , and the gas temperatures Tf includ- 
ing neutral atoms, as a function of pressure [ 253 ]. 
As the pressure (and collision rate) increases, 
thermal equilibrium is reached. 



increases at a much lower rate shortly after that. The number of neutral species n A 
decreases rapidly for T > 10 4 K and becomes relatively rare at T = 3.5 x 10 4 K. In 
Figure 5.20 it was mentioned that solid semimetals have electron concentrations of 
10 15 to 10 21 electrons/cm 3 , and this places these thermal plasmas in the electronic 
conduction range of semimetals. The electrical conductivities of several gases are 
given in Figure 6.19(b), as functions of temperature. Again note that for T > 10 4 K 
a plateau is reached. These electrical conductivities are very large for the gas phase, 
but smaller than those of the metals. 

Determination of s/j involves determining the most significant dissociation and 
ionization reactions, which in turn requires knowledge of the associated equilibrium 
compositions and the energy needed for breaking each of these bonds. This is not 
addressed here, and details can be found in [263]. 

Plasmas are multicomponent high-temperature gases containing neutral parti- 
cles and atoms and molecules, and electrons and ions with continuous and exten- 
sive interactions among them. The plasma state of matter and plasma physics are 
described in [83, 427]. The plasmas are further divided into cold and thermal plas- 
mas. In cold plasmas, the lighter electron temperature is much higher than the other 
heavier gas constituents (i.e., ions and neutral atoms or molecules), and therefore 
thermal nonequilibrium exists between the electrons and the remainder gas species 
referred to as the heavier particles (7} 7 ). In thermal plasmas, there exists a near- 
thermal equilibrium. In [253], it is shown that the increase in the pressure (or the 
molecular density) leads to thermal equilibrium. Figure 6.20 shows this trend toward 
thermal equilibrium with the increase in pressure (1 torr is equal to 1/760 of 1-atm 
pressure and one atmosphere is 1.013 x 10 5 Pa), where Tf stands for the gas temper- 
ature (electrons, ions, and neutral atoms) and T e is the electron temperature. These 
ions are included in the heavier species. For p > 100 torr, thermal equilibrium is 
attained. The neutral atoms have the lowest temperature, thus reducing the average 
gas temperature. Then the atmospheric pressure plasmas are in equilibrium. The 
binary collision rate is given by (6.79) and p 2 dependence is shown in (6.80) 

Plasmas can be under external applied electric or magnetic fields, and they gen- 
erate (i.e., induce) a magnetic field as they flow. From the heat transfer characteris- 
tics, plasmas are a subset of the MHD, but they are generally treated separately for 
the following reasons. 
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Because of the very high temperatures, the radiative heat transfer is generally 
significant, and the multiple constituents have various constituent size, mass, and ini- 
tial conditions, and therefore can be in local thermal nonequilibria [122]. The electri- 
cal conductivity of the dissociated and ionized gases also becomes significantly large 
with the increase in temperature, and, in general, the thermoelectrophysical prop- 
erty variations must also be considered. In low-pressure plasmas, the mean free path 
of the molecules may be of the order of the momentum and thermal boundary-layer 
thickness, and therefore in a transition-flow regime (Knudsen regime, discussed in 
Section 6.11), or a molecular-flow regime treatment may be necessary. 

The equilibrium population density of the excited states of the various species 
are determined from the kinetic theory [253] and is in general treated similar to 
the chemical reactions. Treatments of the species equations and other transport and 
thermodynamic properties of plasmas are reviewed [122]. 

An example of plasma flow under an applied field is given in [468], where 
allowance for a velocity slip is made for electrons flowing at much higher veloci- 
ties than the rest of the constituents. An example that includes chemical reactions 
among the constituents is given in [338]. 


6.13.2 Thermal Nonequilibrium Plasma Energy Equation 


The thermal energy conservation equations for the electrons and for the heavier 
species are written assuming monatomic species. The specific heat capacity at con- 
stant pressure for ideally behaving monatomic gases is given by (6.23) using (6.21), 
i.e, per atom (particle) we have 


c p — c v + k B = “^B- 


(6.204) 


The free-electron energy equation, similar to (5.265), but for a free-electron subsys- 
tem, becomes 


1 d 2 5 

-t— r gk B n e , c T e u + 
r z or Z 


l a 5 

r sinO d0 2 


k B n e , c T e v sin 6 


1 a 2 a 

kf e r — 

r dr ' dr 


T e 


l d , . ^ d 

H t ; 7 T TT 7 \kf e sin 0 —— T e A E\n e c T V • c[ r T s e j s e -h ■> 
r z sin 0 d0 d0 


(6.205) 


where A E\ is the ionization energy, s e j is volumetric Joule heating, and s e -h is the 
rate of energy transfer from the electron to the heavier species. Also, u and v des- 
ignate r and 0 components of the gas velocity. The heavier species energy equation 
becomes 
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(6.206) 


The ii ex in (6.205) is determined from a kinetic model and is a function of the 
electron temperature and the concentration of the electrons and atoms (as described 
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in Section 6.13.3). The interaction kinetics rate between the electron and heavier 
species s e - h is divided into the interaction between the electrons and ions and the 
interaction between the electrons and atoms. These interactions are determined by 
the proper kinetic models and depend on 7} ? and T e as well as on n a ,tii (n^ — nj + n a ), 
and n e , c . These kinetic models are discussed in [78] and are reviewed in Section 
6.13.4. 

The two-medium (two-temperature) descriptions of the energy transport and 
the fluid dynamics just given for the electrons and the heavier species, with the vis- 
cosity (including the second viscosity), density, and the thermal conductivities being 
strong functions of the temperature, constitute a continuum description that now 
requires specification of the boundary conditions. The presumed low pressure of 
the plasma would require the modeling of these boundary conditions through the 
slip coefficients. These are discussed next. 


6.13.3 Species Concentrations for Two-Temperature Plasmas 
Consider the single ionization-recombination reaction for a monatomic gas 

A ^ A + + e~ . (6.207) 


The law of mass action having the equilibrium constant in terms of the number 
densities of atoms, ions, and electrons, n a , n h and n e (for A, A + , and e~), which is 
derived in [87] for the case of local thermal nonequilibrium between the electrons 
and the heavier species ( T e and 7} ? ). This is 


PePi 0 Zy / (7^) 27Tm e kft T e 3 ^ , AEj 

= 2 T ~ 72 ) 7 *B^exp(-— -) law of mass action 
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(6.209) 


where AEj is the effective ionization energy of the atom and A E a ^ and A are 
the differences between the kth and ground-state energies. It is assumed that m a = 

mj — mf x . 

The preceding equation is referred to as the Saha equation. 


6.13.4 Kinetics of Energy Exchange Between Electrons 

and Heavier Species 

The energy exchange between electrons and heavier species is based on collision 
frequency (similar to Section 6.5) extended to multicomponent gas, and is written 
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Figure 6.21. Conduction heat transfer across a confined (by two parallel solid surfaces) gas 
layer where Kn/ = kf/ 1 is larger than unity. 


as [78, 364] 
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(6.210) 

(6.211) 

( 6 . 212 ) 


where a is the degree of ionization, A ea = icd^ a /4 is the electron-neutral collision 
cross-section area [212], and d ea is the effective equivalent diameter for this collision 
(6.74). The collision frequency for electrons (and similarly for ions and neutrals) is 
expressed using (6.81) and is written as [212] 


— = T "k A ek((Ue ) 2 + (MA-} 2 ) 1/2 ^^ 
T e , m e 


(6.213) 


from (6.83), m e k = m e mk/(rn e + mk). Empirical relations are used for the cross- 
section areas, including [212], i.e., 


A ea ( cm 2 ) ~ (-0.35 + 0.775 x lO’ 4 ?;) x 10" 18 . (6.214) 


Numerical examples are given in [78]. 


6.14 Size Effects 

6.14.1 Effective Thermal Conductivity in Gas-Filled Narrow Gaps 
(A) Regimes and Closed-Form Solutions 

At low gas densities or in small gaps, the probability of collision of fluid particles 
with the confining solid becomes larger than that of the interparticle collision. This 
is depicted in Figure 6.21 for two parallel plates, separated by a distance /, confining 
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If Kii/ 

Figure 6.22. Classification of free-molecular, transition, and continuum (viscous) regimes for 
heat conduction across a gas confined between parallel plates for a T \ = ci T 2 [444]. 


a gas in thermal motion (no net flow). Using the thermal accommodation coefficient 
(6.151), the monatomic, free-molecular (fm) regime effective gas thermal conduc- 
tivity is [235, 441] 


( kfjm ) _ P{ c vJ + lf~) 1 

/ ” J- + J- - 1 (2n MRnT) 1 / 2 

ax, i dr, 2 6 


(6.215) 


monatomic gas effective thermal conductivity in free-molecular regime, 


where c v , f is the molar heat capacity and R g = £b AA- This Knudsen number regime 
is Kn / = kf/l -> oo (i.e., ballistic transport), so no Knudsen number appears. For 
the transition regime (intermediate Knudsen number), the preceding relation is 
modified as [444] 


(kf,tr) — 1 + 


4 1 

15 Kn / ci j i T 


a T,l a T,2 

cit, 2 ~ eiT,iaj,2 



(6.216) 


monatomic gas effective thermal conductivity in transition regime. 


This includes the Knudsen number effect and the range of Xf/l (and momentum 
accommodation coefficients ar,i and cij, 2 ), where (6.215) (free-molecular regime), 
(6.216) (transition regime), and (6.126) (continuum or viscous regime) are valid, and 
are shown in Figure 6.22. Note that Kn / = 1 is in the transition regime. 

For fluid particle-solid surface pairs with small a T (Table 6.6), the transition to 
the continuum regime occurs at higher 1/Kn/, i.e., higher pressure [from (6.87)]. The 
small thermal accommodation coefficients would generally lead to smaller effective 
gas thermal conductivity. For example, for Ne-W pair, the transition to continuum 
regime occurs around 10 7 Pa (at 300 K), due to long mean free path and smaller a T . 

Figure 6.23 shows the variation of the effective thermal conductivity of Ar gas 
between two W plates separated by 1 gm, at 300 K, as a function of the gas pressure. 
The thermal accommodation coefficient is from Table 6.6. Note that (kfj m ) increases 
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Figure 6.23. Variation of the effective thermal conductivity of Ar gas occupying spacing 
between two W plates separated by 1 /xm, at T = 300 K, as a function of pressure. 

linearly with p , whereas (kf tr > has a middle exponential behavior bounded by a lin- 
ear and a plateau behavior. There is a slight jump at the continuum (viscous) regime 
boundary. For the continuum regime, we have used kf = pnfC v j(uf)\f/2, where 
P — 5/2 for monatomic gases [460]. Note that for this example, p for the beginning 
of the continuum regime is more than 100 atm. Also, note that the ballistic heat 
transfer by particles to the solid surface is not addressed here. So, (kf) accounts for 
heat transfer through the particle-particle collision and the particle-wall collision. 

(B) MD Simulations Including Adsorption 

The effect of adsorption on momentum a u and thermal aj accommodation coef- 
ficients and effective thermal conductivity (kf) of Ar vapor-filled Pt nanogap and 
nanocavity is examined using nonequilibrium MD simulations and L-J potentials 
[206]. Near the saturation temperature, condensable gas adsorbs onto the the con- 
fining surface by interatomic/molecular potential, and this adsorbed layer enhances 
thermal a T and momentum a u accommodation coefficients due to an increase in the 
fluid particles-confining surface interactions. This increased thermal accommoda- 
tion in turn enhances the effective thermal conductivity, and the larger momen- 
tum accommodation increases viscous shear stress at the confining surface. This 
adsorption-affected heat transfer is significant in gas-filled nanopores, such as ther- 
mal insulation aerogels [200, 290], and in polymer electrolyte of fuel cells [99, 207], 
where the effective thermal conductivity and accommodation coefficients must 
be addressed. However, the effect of adsorption had not been addressed in the 
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derivation of the closed-form solutions of the effective thermal conductivities in the 
molecular- and transition-flow regimes (6.215) and (6.216), and in the treatment of 
the momentum and thermal [46] accommodation coefficients. 

For the confining surfaces, a three-layered, face-centered-cubic (FCC) (111) 
plane solid Pt is modeled using the harmonic potential with N s = 3, 136 atoms. 
The solid temperatures are controlled using the Langevin thermostat with phan- 
tom molecules as described in [309, 308, 484]. The parameters are as follows: The 
force constant T = 46.8 N/m, the mass of Pt is m s — 3.24 x 10 -1 yg, the equilibrium 
distance (distance to the neighboring atoms) r Q = 0.28 nm, the friction (damping) 
coefficient y = 5.184 x 10 -12 kg/s, and the random excitation force of the Gaussian 
distribution with the standard deviation <r F — (2Yk^T s / Ar) 1/2 . The temperature dif- 
ference between the two surfaces is from 10 to 120 K for the accommodation coeffi- 
cients, (so it is larger than the temperature fluctuation of the solid), whereas 10 K is 
used for the effective thermal conductivity calculations. 

For the Ar-Pt interactions, L-J potential is used in the nanogap, whereas a 
one-dimensional potential between Ar and the adiabatic side walls is used in the 
nanocavity. This is [308, 484] 

M0 = 4?r3 1 1 ^ / ( — ) 2 [2(^) 10 - 5(^) 4 ], (6.217) 

15 r Q l l 

where e S f — 6.82 meV [442], o S f — 0.309 nm [484], / is the distance between the fluid 
particles and side walls, and the cut-off distance is 3.5 a s f. To reach steady state, 
5 x 10 6 time steps are simulated; then we calculate ensemble-averaged thermody- 
namic properties, a u ,aj , and (kf) over another 5 x 10 6 time steps. The gas pressure 
is calculated using the ideal gas law. The accommodation coefficients are evaluated 
form of (6.151) and (6.150), following the recipes described in [442, 443]. An imag- 
inary line is used to separate incident and reflecting particles and is placed at the 
cut-off distance of the solid-fluid interaction (1 nm from the surface). The selection 
of distance is based on two requirements [442, 443]. One is that the reflected parti- 
cles must not be interfered with by surface forces, and the other is that the reflected 
particles should not collide with the adjacent fluid particles before passing through 
this imaginary line. For Nf > 1, 000, the second requirement is violated due to the 
small mean free path (kf ~ 2 nm). Thus, we use Nf = 1536 only near the triple- 
point temperature, where adsorption significantly reduces the number of gaseous 
particles (to about 100). 

The ensemble averaged heat flux is calculated similar to () as [353, 484], 

{q k,g ) = + E <p,u, - z + ' ML (6.218) 

i i i j 

where V is the volume, m/ is the mass of particle /, m, is the velocity, u iiZ is the z- 
component of the velocity, cpi is the potential energy, Zij is the z-component of the 
displacement separation, and F { j is the interaction force between i and j particles. 
Note that ( ) represents the ensemble average. Then, the effective thermal conduc- 
tivity is evaluated from the Fourier law, (kf) = —{qk, g )/(dT/dz). Note that (qk,g) is 
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Figure 6.24. (a) 3-D snapshot of simulated Ar atoms (A/ = 600, Kn/ = 2.1) in the nanogap at 
(T g ) = 85 K, showing larger adsorption on the top cold surface, and (b) stereo view of the top 
and bottom surface showing larger adsorption at the cold surface. 


the same as the heat flowing into the hot and leaving the cold surface {qk, s ), which 
are calculated integrating the net damping and random forces with respect to time 
in the Langevin equation. Radiation heat transfer is neglected among the walls. 

A snapshot of MD simulation in the nanogap, including adsorption, at (T g ) = 
85 K with Nf = 600, is shown in Figures 6.24(a) and (b). The cold surface is below 
the triple-point temperature (T tp = 85 K [219]), T c = 80 K, whereas the hot surface 
is above it, T \ - 90 K. Noting that the triple-point temperature of Ar confined in 
Vycor glass nanopore is only 2 K larger than that for the bulk Ar [219], thus we 
expect the equilibrium phase diagram of the confined Ar to be different. Here we 
only use the bulk triple-point temperature as a reference when addressing phase 
change in the Ar-Pt nanogap. Near surfaces, thermodynamic equilibrium (chemical 
potential) between gas and adsorbed phase determines the surface coverage. 

Adsorption influences the surface momentum and energy exchange as mani- 
fested through a u and thermal aj accommodation coefficients. In Figures 6.25 and 
6.26, variations of MD-simulated a u and aj are shown with respect to surface tem- 
peratures, 75 < T < 1, 320 K (i.e., 0.06 < e s f / k^T < 1.13). The a u has a low value 
(a u — 0.33) at high temperature c s f/k B T — 0 and increases toward unity (diffuse 
and no temperature slip) with decreasing temperature c s f / k B T -> oo. At low tem- 
perature, the kinetic energies of incident particles are small enough for signifi- 
cant solid-fluid interactions (adsorption) (i.e., the adsorbed particles fluctuate sev- 
eral times due to the attractive surface force before escaping out of the poten- 
tial well). In addition, the adsorbed particles exchange kinetic energies with the 
neighboring adsorbed particles. These cause the increased a u , and result in the 
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Figure 6.25. Predicted momentum accommodation coefficient a u using N f = 600, 900, or 
1536 as a function of dimensionless inverse temperature e s f/k B T , showing transitions at 
e s f /k B T = 0.7 for N f — 600 and € s f/k B T = 0.6 for Nf = 900. For Nf = 600, solid circles are 
the MD results for the hot surface above the triple-point temperature and the cold surface 
below it. Other simulation results are shown [6]. The linear curve fits, critical-, and triple-point 
temperature of Ar are also shown. 



Figure 6.26. Predicted thermal accommodation coefficient a T using N f = 600, 900, or 1,536 
as a function of dimensionless inverse temperature € s f/k B T, showing transitions at e s f /k B T =■ 
0.7 for Nf = 600 and € sf /k B T = 0.6 for N f = 900. For N f = 600, solid circles represent the 
simulation results for the hot surface above the triple-point temperature and the cold surface 
below it. Experimental results are shown [50]. The linear curve fits, critical-, and triple-point 
temperature of Ar are also shown. 
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10 1 Kn, 0.1 



Figure 6.27. MD results for the effective thermal conductivity (kf) in the nanogap with 
respect to vapor pressure (p g ) and Kn/, at a few vapor temperatures (T g ). 


transition at e s f /k^T ~ 0.7 which is related to the temperature where no significant 
adsorption occurs. 

In the nanogap, the effective thermal conductivity in the transition regime is 
calculated between the triple-point and critical-point temperature and is compared 
with (6.216) using the predicted a T as shown in Figure 6.27. Overall, the MD results 
are in good agreement with the closed-form solution within 20% uncertainty, even 
at low temperatures (significant adsorption). The closed-form solution is derived 
using the Maxwell integral equations of transfer, the Maxwell velocity distribution 
function of fluid particles, and the gas temperatures near the confining surfaces 
predicted by the accommodation coefficients and confining surface temperatures, 
neglecting adsorption as the boundary conditions. This approach is still valid even 
with adsorption because the thermal accommodation coefficients account for the 
effective fluid-wall molecular interactions. The MD results show that high temper- 
atures allow for a large number density of gaseous particles, n f small Kn / without 
significant adsorption and large mean thermal velocity, which increase (kf). How- 
ever, the absence of adsorption results in low a?, limiting (kf). At low temperatures, 
small kinetic energy leads to significant adsorption, which, in turn, increases (kf) by 
increasing a j, whereas it causes large Kn / and small mean thermal velocity that 
reduces (kf). 


6.14.2 Thermal Creep (Slip) Flow in Narrow Gaps 

Thermal creep (slip) flow of a gas along a surface (nonadsorbing gas, i.e., no gas- 
surface interactions) with a temperature gradient results in flow from the colder 
region toward the higher-temperature region. In a tube with a relatively small 
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temperature gradient along its surface, the density does not change appreciably over 
points a few mean free paths apart. Then the molecules striking it from one direc- 
tion (i.e., the warmer side) supply it with an impulse proportional to the average 
thermal speed corresponding to the higher temperature, and those from the other 
direction give it an impulse proportional to the average thermal speed correspond- 
ing to the lower temperature. This difference in impulse (force) acting on the wall 
results in the differential force on the layer of the gas closer to the wall, thus result- 
ing in the streaming of molecules from the cold to the hot end of the tube. Because 
the streaming is from the colder side toward the warmer side, the momentum that 
is due to the streaming gas would also reach the wall, and this would be opposite to 
the direction of increasing temperature, because it is in this direction that the wall 
acts on the nearest gas layers with their tangential forces. 

Consider a temperature gradient along the jc direction on the surface, given by 
dT/dx. Using the velocity equilibrium distribution function (6.61), which includes 
rif, the probability distribution functions at a reference temperature T 0 and at the 
varying temperature r(jt), we have 
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Using these, we have 
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where the Taylor series expansion is used twice. 


510 Fluid Particle Energy Storage, Transport, andTrans formation Kinetics 


Now the disturbed distribution function is given in terms of the equilibrium 
distribution function and a perturbation parameter 0 
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Next the gas BTE (6.102) becomes 


u 


df f 

Uf ' r ~fr+ Uf ' 


df 

dff df 


dx 


90 Id T muj 

W f,r M f,x j ( 


v -*) = 

rdx v 2£ B T 2' 


dt 

90 

97 


0 


Tf- 


(6.225) 


/-/ 


Next, the solution to (6.225) is found and after lengthy steps, the thermal slip 
(creep) speed at the surface is given by [235, 292] 

Pf ^8 


Ui t — &T 


thermal slip (creep) speed Ujj and constant aj, (6.226) 


p M dx 

where gj is the thermal slip constant. Then using (6.92) for /xy, we have 
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g t — - Kennard thermal slip constant (6.227) 
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Kennard [235] derives a relation that gives g t — 3/4. 

As an example for the thermal slip speed of air, at T — 298 K and p — 
1.013 x 10 5 Pa, we have (u 2 f ) 1/2 — 413.7 m/s, and Xf = 64.0 x 10 -9 m, and then 
u i T — 2.221 x 10~ 8 dr /dx. On reducing the pressure, for example to 1.013 x 10 2 Pa, 
this speed increases by a factor of 10 3 . Further refinement of (6.226) is reported 
in [292] and [422]. In the latter, a value of 1.175 is computed for gj , with a relatively 
small dependence on the mixture composition. 

For flow through the tube of radius R , for the case of high Kn r — Xf /R{R is the 
tube radius), we have only the thermal creep flow, and for small Kn r , we also have 
the viscous-flow contribution. Figures 6.28(a) and (b) show these two flow regimes. 
Now the combined the thermal slip (6.227) and the Knudsen slip (6.152) for radial 
geometry give the total velocity slip at the tube wall as 


Hi = —a, 


duf x pfR^dT 
dr 


t at r = R. (6.228) 

p M dx 

The momentum equation is given in Table 3.10, and for u g x and dp/dx (using the 
symmetry at the center line, r = 0), we have 
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(R 2 -r 2 + 2 :a u R)^+a T ^f- 

dx p M dx 


(6.229) 


6.15 Problems 


511 



>1 


Symmetry 

Line 


_ _^0_ _ _ 

Q 


O— 

t 

O— 

O— 

O— 

^ °T 

O— 

—O/ 

- — 0\ 

—O 


R >2 


Cold Hot 7 f ■ Cold 

; Thermal Creep Flow 
Viscous Flow f 

(Due to Thermally Induced Pressure Gradient) 


(a) Low Pressure ( Kn* > 1 ) 
(Thermal Creep Flow Only) 


(b) High Pressure ( Kn^ < 1 ) 
(Includes Viscous Flow) 


Figure 6.28. (a) Knudsen-, and (b) viscous-flow regimes of the thermal creep flow (tempera- 
ture gradient along the tube surface) 


The fluid flow rate is 


jt R 4 pM 

Mf = 

' 8 n f R g T 


<1 + 4 ¥ ) 


dp 

dx 


+ OjTT 


li f R 2 d T 
T dx ' 


(6.230) 


Note that for Mf — 0 we have (for nonadsorbing gas), (6.230) giving the induced 
pressure gradient as 

dp 8cr t Rg d T 

o — 7 T - — 77: — 7 thermally induced pressure gradient for M f — 0. 

dx MR 2 p{ l + 4^)dx r t> j 


(6.231) 


This thermally induced pressure gradient (in the viscous-flow regime) returns the 
thermal creep flow, resulting in the zero net flow rate. Note that dp/dx follows 
dT /dx, i.e., pressure is lower where the temperature is lower. 


6.15 Problems 


Problem 6.1 

Use the software Gaussian to obtain the rotational constant, and the first four 
vibrational states of CO 2 . The values are listed in Section 6.1.5 and its footnote. 

Problem 6.2 

Derive the specific heat capacity relation (6.22) using the definitions for the 
ideal gas and the diatomic molecule, translational (6.10), vibrational (6.14), and 
rotational (6.16) partition functions. 

For rotational partition function, an approximation ln[l + Tj\ r /3T + •••] = 
Tf r /3T + • • • . can be used, but is not necessary. 

Problem 6.3 

Show that the dense fluid total partition function is (6.36), using the partition 
function for the individual energies. 
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Problem 6.4 

Derive van der Waals equation of state (6.38), using the dense-fluid total parti- 
tion function. 

Problem 6.5 

Derive the relation for the specific heat capacity (at constant pressure) for the 
van der Waals dense fluid, i.e., (6.40), using (6.36), (6.38), and (6.39). 

Problem 6.6 

Using M-B speed distribution function /°(m /), show that the ideal-gas average 
thermal speed is (u /) = (SIcbT / nm ) l/2 , i.e., (6.63). 

Problem 6.7 

Using (6.24) and Table 6.2, plot Mc v j/R g for CH4 (methane) as a function of 
temperature, up to 2500 K, as in Figure (b), and comment on its molecular degrees 
of freedom of motion changing with temperature. 

Problem 6.8 

Complete the integration (6.88) to show the relation (6.89) for the ideal-gas 
mass flux. 

Problem 6.9 

Show that the integral (6.119) will give the same result (6.123) when we use 
(6.64) for the particle equilibrium distribution function and take the integral directly 
over the energy (instead of the momentum space). 

Problem 6.10 

(a) Use the three-dimensional liquid MD code and plot the trajectory of a fluid 
particle (start near the center of the computational cube). 

(b) Plot the velocity distribution function (use x -direction velocity and divide 
the negative and positive velocities into small bins and enter the number of particles 
with velocity in a particular bin and then plot this number versus velocity). 

(c) Comment on the distribution found in part (b) and compare with the M-B 
distribution function (6.77). 

Problem 6.11 

(a) Show that (6.34) is the result of integration (6.33). 

(b) Assuming d — ou and using Table 6.3, evaluate a and b for H2O and com- 
pare with the tabulated values (Table 6.4). Comment on the validity of the assump- 
tion d — ou- 


Problem. 6.12 

Consider a one-dimensional ideal gas flow along x, with a velocity Uy x (y) = 
u y x + u f, x (y), where u y x (y) is the average velocity. Assume that 
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(i) (dff/dt) s — — (// — fj)/Tf-f, where r y_y is the relaxation time to restore 
equilibrium, which is the time between molecular collisions. 

(ii) dff/dy = dff/dy, 

(iii) no external forces, and 

(iv) steady-state condition. 

(a) Show that the gas BTE leads to 


ff - ff = r f-f u f,y 


ff du f,* 
u f , x 3 y 


(b) Then using (6.91) for the definition of the viscous shear stress, show that 
the gas viscosity is (6.91), i.e., /xy = pfXf-f{u 2 f )/ 3, where pf — mrif is the density 
of the gas, and {u 2 ) l/1 is the RMS thermal (fluctuation) speed, which is given by 
(«/) = f Ufff(uf)du f . 

The definitions of viscous shear stress and viscosity are given by (6.90), i.e., 


Txy — 


pxUpyffdtlf 


mu f y u 


T 'ey — 


= ~Pf 


$ u fAy) 

dy 


Note that (u 2 ) = 3 {u 2 y ) with the isotropic assumption. Also, note that the inte- 
gral f u f X u f yfjdu f is zero, i.e., 


J u f,x u f, yff duf — J f^ z du z J u x fj- x du x j Uy f j-ydUy, 

where u f, x f° x is an odd function of uy x , then f up x f° x duy x = 0. Similarly, 

I U f,yff,y ~ 0’ e * c - 


Problem 6.13 

(a) Using one-dimensional motion, show that the relative speed of colliding par- 
ticles remains the same before and after elastic collision, i.e., show (6.69) using the 
momentum and energy conservation during the collision. 

(b) Derive (6.79) for the particle collision rate, by completing the integration in 
(6.75). Take Uf\-u yy — 0 for a general treatment. 

(c) Determine the collision rate and the mean free path for ideal gas air at p — 1 
atm and T — 300 K, using the molecular collision diameter from Table 6.4. 

Note that the integration over \js and 0 are separated and, show that this integral 
is equal to n . 


Problem 6.14 

(a) Use the relation for the thermal conductivity of a polyatomic, ideal gas 
(6.128) to predict the thermal conductivity of air at T — 300 K and p — 1 atm. In 
(6.128) c v j — 3 R g /2M, then (6.25) for ideal gas and c p j — 5R g /2M. Compare this 
with the available the measured value. The prediction can be improved using exper- 
imental values for c v j, c p j , Pf,a s , and Xf. 

(b) Use the Bridgman liquid thermal conductivity relation (6.131) to calculate 
the thermal conductivity of liquid water at T — 300 K, and p — 1 atm. 
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Problem 6.15 

Using the fluid particle velocity probability distribution function that satisfies 
the fluid particle number density n y for the ideal gas, 


m o —mu f 

//>/) = 7 


2nkftT 


2 k B T 


which is also listed in footnote of Section 6.4.2, show that f /° dii y = nf. 

Problem 6.16 

Consider the effect of nanoparticles (in Brownian motion) on the effective con- 
ductivity of host liquid. 

(a) Use effective conductivity (kf) relation (6.144), for water at T = 300 K, with 
alumina (AI 2 O 3 , five atoms per molecule) nanoparticles, and assume the particles 
are not in a cluster form (i.e., are well-dispersed). Then calculate (kf) for the follow- 
ing conditions. d s = 10 nm, n s = 10 20 1/cm 3 , c VtS = 3 x 5Nk&, number of molecules per 
particle N = NaPs^^ /(6M S ), where 5 in the c VjS expression is the number of atoms 
in AI 2 O 3 , p s = 4000 kg/m 3 , and M s are the density and molecular weight of the par- 
ticles, k s = 36 W/m-K (no size effect assumed, but it can reduce k s significantly), and 
the water properties at 300 K. Use (6.145) for the diffusion thermal relaxation time, 
and z a = 0.1x3c v ^ s /2jtd s k s , with (w 2 ) = 3 &b Tf/m s . 

(b) Repeat for d s — 50 nm, while keeping the mole fraction of nanoparticle the 
same. Note that n s — 6/nd 3 . 

(c) Use d s — 10 nm, and repeat with external resistance and time constant T a = 

Cv,s d s kf. 

(d) Comment on the conductivity enhancement that is due to nanoparticles in 
Brownian motion, is it significant? Note that the larger particles do not remain sus- 
pended and tend to precipitate. 


Problem 6.17 

The mean free path concept, the classical specific heat capacity, and fluid parti- 
cle flux can be directly used for fluid particle thermal conductivity (6.126) for ideal 
gas. The figure shows the direction of conduction heat flow along direction x, where 
the temperature distribution is given by T — T(x). The smallest distance we can use 
as our differential (vanishing length) is the average of the mean free path. 

(a) Show that the number of particles that cross x = 0 moving in the +x direction 
with a given speed u, making an angle between 0 and 0 + dO with the x axis, is 
proportional to sin 0 cos#d$. 

Hint: use 


//>/) = ( 


m 


27TksT 


) 3/z exp( 


—mu 


2k B T 


V, 


dfi. 


similar to (6.62). Also the differential solid angle d£2 = 2n sin OdO. 

(b) Show that the average distance traveled along the x direction is 2/. f/3. 
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Problem 6.17. Derivation of kf from kinetic theory of gases. 


(c) Using the fluid particle (molecular) mass flux (6.89) and the Fourier law 
of conduction (6.103), show that the conduction heat flux is [this is an alternative 
(6.114) which uses BTE] 


Qk,x = -mn f (uf)(e f ' i - e/, 2 ) 


1 de d T 

= -mrif(uf )-^- — (—Ax) 


1 


d T dx 
de d T . 4 


= -mrif(uf) ( — kf). 

4 ; w ' dT dx V 3 }) 


(d) Using the definition of c v j (Table 2.4) show that 

1 dT 

qk.x = - 3 PfCvj{u f )Xf — , p f = mn f . 
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Note that here the average internal energy is used, while in (6.114) the phase-space 
internal energy is used. However, the final results are the same. 

Problem 6.18 

(a) Show that integral (6.176) gives the relation (6.177) for the mean-field poten- 
tial (<p f ). 

(b) Using n s — nf — 2 xl 0 28 1 /m 3 , cruj-s = 3.0 A, and eu,t-s — 1.7xl0 -21 J, cal- 
culate the Hamaker constant in J and in eV. 

(c) Plot the disjoining pressure pd versus the liquid film thickness, using (6.178), 

o 

for the fluid-solid pair in (b), and for 5 < 8 < 1000 A. 

Problem 6.19 

Determine the thermophoretic force on an alumina (AI 2 O 3 ) particle with diam- 
eter of 100 nm in air at T — 800 K and a temperature gradient of 500 K/mm. 

Problem 6.20 

(a) Using the available thermodynamics data for saturated water, and (6.93), 
plot Sf-f t t g , max /A as a function reduced pressure p/p c [as shown in Figure 6.7(a)]. 

(b) At one atom pressure, the critical heat flux (dryout limit) of a pool of boiling 
water under normal gravity is about 1.2 MW/m 2 . What fraction of (a) is this? Com- 
ment on the limitation of pool boiling (buoyancy driven flow) and how this boiling 
critical heat flux can be increased. 

Problem 6.21 

The high thermal conductivity of thermal plasmas (Figure 6.18) is due to the 
collisions of large number density charged and neutral particles (n ec and n a ) moving 
at high thermal speeds. 

(a) Consider the electrons with the largest thermal speed (smallest mass) to 
dominate the thermal conductivity, i.e., use ( 6 . 202 ) as electronic thermal conductiv- 
ity only (kf) = kf te = n ex c v ^ e u e X e /3. For pure H 2 thermal plasma at T e — 4000 K, use 
kf from Figure 6.18, and n eyC = 10 16 1/cm 3 . Then using c v , e = 3 Icb/2 per free electron, 
and u e from (6.59), calculate the electron mean free path X e . 

(b) Using this X e , estimate the electron-atom collision diameter d ea from (6.87), 
assuming n e n a . 

(c) Comment on the magnitude of d ea and the applicability of this analysis. 

Problem 6.22 

(a) Using (6.128), (6.215), and (6.216), for air-Al (even though this is a diatomic 
gas mixture) at T — 300 K, with a gap size / = 1 /zm, plot (kf) as a function of pres- 
sure for 10 2 to 2 x 10 8 Pa. Use Table 6.6 for the thermal accommodation coefficient, 
then using this value in Figure 6.22 find the marking for the viscous, transition, and 
free-molecular regimes 

(b) Repeat part (a) for Ne-W using kf — \finfc v j(uf)\f [460], = 5/2 for 

monatomic gases. 
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(c) Comment on the trends and any jumps (discontinuities) in the curves. Note 
that the accommodation coefficient is temperature dependent, increasing as the 
temperature decreases [Section 6.14.1(B)]. 

Problem 6.23 

Consider application of the Fermi golden rule (FGR) to the kinetics of vibra- 
tional energy transfer from an adsorbed CO molecule to its metallic substrate crys- 
talline Ni. In the adsorbed state, the CO vibration is affected by the surface force 
field and is called the frustrated vibration. This CO vibration is transmitted through 
the CO-Ni stretching vibration which is in turn damped via a multi-phonon process 
(phonon emission). These are shown in the figure below. 


Problem 6.23. Adsorbed CO molecule on solid, ide- 
ally smooth Ni substrate. The vibrational energy 
transfer to the substrate is shown. 

o o o o o 

The maximum frequency of Ni, cod.m is 36.6 meV (295 cm -1 ) and the vibra- 
tional frequency of CO-Ni, <z>co-Ni is 49.0 meV (395 cm -1 ). Assume that the energy 
between CO and Ni can be described by a Morse potential model (Table 2.1), 
(p(d c o - d Ni ) = <A>({1 - exp[— a 0 (dco - dm)]} 2 - 1), where d c o (d N i) is the displace- 
ment of CO (Ni) from the equilibrium position, cp Q is the adsorption energy (1.8 eV), 
a 0 is (m r co-Ni^co-Ni/^°) 1/2 (f rom th e second derivative of the Morse potential), 
and the reduced mass is co-Ni = ( m co + m Ni ) _1 * 

(a) Using the Taylor series expansion and expand the Morse potential in power 
of ( dco — dm) to find the total Hamiltonian of the vibrational properties of the 
CO (adsorbate) and Ni (metal) system. The total Hamiltonian H is the sum of the 
Hamiltonians of the localized adsorbate vibration H f and the phonons H^, each 
expressed with the creation and nnihilation operators (^c Q _Ni an d ^co-Ni for the 
localized CO-Ni vibration, b^ Ni Ka and b^i Ka for the Ni phonons), and the interac- 
tion Hamiltonian H f. p . In H/- p , the relaxation of the CO-Ni stretching vibration is 
through the two-phonon emission process, for the lowest order in the perturbation 
theory. Hint: d^ { for two phonon emissions and dco for the relaxation of the CO-Ni 
vibration are required. 

(b) From the Fermi golden rule (3.27), the transition probability rate, from state 
k to k\ is y , — (1/r* y) — (2n /ti)\M K y\ 2 8 D (E K > — E K =f hco). Using the interaction 
Hamiltonian in part (a), derive the expression for the relaxation rate of the CO-Ni 
stretching vibration via two-phonon emissions, y f. p Np=2 . Using the creation and 

annihilation operators, the displacement dco — [/i/(2m / ,c o-Ni<^co-Ni)] 1/2 (^co-Ni + 
bco-m) and d Ni = ^[^/(2m N i« N i, KB A^ N i)] 1/2 (^Ni, K ff + wher e A^i is the 
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number of Ni atom. In this transition, the initial state is represented as l^co-Ni = 
o. /nu« + 1, /nuv + 1) and the final state is |n CO -Ni = 1, /nu«, M, K ' a ’)- To sim- 
plify this problem, assume that a^Uce is only dependent on k (i.e. = &>nu)’ 

and use the fact that £(z-s„) 2 = 1 and (V^N^EM^co-Ni - <»nu - <wnu') = 

a k,k' 

f dct>Ni D p (ct>Ni ) D p (&>CO— Ni “ &>Ni), where Dp(a>si) = (l/#Ni)I^Z>(<tfNi — &>Ni,K')- 

K 

(c) Using the relation in part (b), find the relaxation time of the vibrational 
energy between adsorbate CO and adsorbent Ni by the two-phonon emissions at 
300 K and then estimate the energy transfer rate. For the phonon density of states 
D p (o ) p ) use the Debye model, D p (co p ) — [3(co p /ci> D ) 2 8(l — co p /co D )\, where 8(x) is 
the Heaviside step function [8(x) = 1, if x >0 and <$(jc) = 0, if x < 0] and cop is the 
cut-off phonon frequency. 
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The radiative heat flux vector q, is given in terms of the photon intensity I p h in 
Table 1.1. The photon intensity, in turn, is determined by the source of radiation 
(including emission) and its interactions with matter (including absorption, reemis- 
sion, and elastic scattering) as it travels at the speed of light in that matter. In addi- 
tion to thermal emission, which is related to temperature of matter and is generally 
random in direction over a wide range of wavelengths, there are other stimulated 
and ordered emissions. Photons are also central in a wide range of energy con- 
versions si-j (e.g., solar, flames, lasers). In this chapter, we examine various pho- 
ton emission, absorptions, scatterings, and other interactions. These interactions are 
strongly dependent on the photon energy hco, where co is the angular frequency. 

We refer to a propagating, coherent, EM wave and its energy (as described by 
the Maxwell equations), as well as a quantized wave packet (or quantum-particle), 
both as photons. Historically, radiative heat transfer had been constructed assum- 
ing broadband radiation, but with the emergence of lasers, very narrow or discrete 
photon energy has become common. Here we use discrete, nonequilibrium photon 
energy distributions, as well as blackbody (Planck law) thermal radiation (as in a 
photon gas), to treat photon transport and interactions with electronic entities (e.g., 
electrons in isolated atoms or ions, conduction electrons, valence electrons, molec- 
ular dipoles) in matter. We begin by reviewing photon energy and electric energy 
transitions in matter (atoms or molecules) without first discussing electromagnetic 
field interactions. These include some interaction (transition) selection rules. How- 
ever, for a complete quantitative treatment of the interaction, the classical wave 
nature of a photon is used. This is due to a relative ease of use and the success the 
classical method had in explaining experimental results. 

Blackbody radiation is an important experimental discovery that played a cen- 
tral role in the development of quantum mechanics. Using classical wave theory, 
the spectral, hemispherical, emissive power is given by the Rayleigh-Jeans law (Sec- 
tions 1.4 and 7.2). However, it was found that the Rayleigh-Jeans law was applicable 
only for long wavelengths. The entire spectrum was understood only when Planck 
suggested that an EM wave with frequency co exchanges energy with matter in a 
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quantum given by E ph — hco (discussed in the quantum-mechanical description of 
the simple harmonic oscillator in Section 2.6.4). This assumption suggests that light 
waves have a well-defined energy just as particles do. The derivation of blackbody 
radiation will be given in the next section. 

In the photoelectric experiment light impinges upon a material and electrons 
are emitted because of the interaction of the light with electrons. Experiments show 
that, if the frequency of light is below a threshold value, there is no emission of elec- 
trons, regardless of intensity. The Planck blackbody radiation was used by Einstein 
to explain the photoelectric effect (the photoelectric transition rate is reviewed in 
Section G.2, Appendix E, as an application of the FGR) as light being made of par- 
ticles with energy E p h = hco. Electrons are emitted by a single (it can also involve 
multiple photons, but with much lower probability) photon knocking the electron 
out; thus the energy per photon must exceed the electron work function. 

The quantum treatment of a photon as a harmonic oscillator, along the lines of 
the treatments given in Section 2.6.4 (2.90), and Section 4.5 (for phonon), gives the 
energy of the photon occupation number (probability) f p h(K , o'), as 

1 

Eph,K,a — hco a (jc )[ f p h (/c , Of) -f- — ], (7.1) 

for wave vector ic and polarization o'. We will further discuss the quantum-particle 
treatment of photon and the radiation field Hamiltonian in Section 7.3.1. 

In general, the low-frequency EM waves (for example, microwave) are well 
treated using the classical wave theory (Maxwell equations), whereas the high- 
frequency (high-energy) waves are treated using quantum mechanics, when elec- 
tronic transitions are involved. In this chapter, we start with the quasi-particle treat- 
ment, then coherent wave treatment, and make some comparisons. 

The photon energy can reach very high values, as shown in Figure 7.1(a), where 
the various regimes of the EM waves are shown. These are starting from the low- 
est photon energy, long, medium, and short wave and very-high frequency radio, 
covering down to wavelength of 1 m, then microwave, infrared, visible, ultraviolet, 
X-rays, y-rays, and cosmic rays. This large range for phonons allows for interactions 
with very low energy entities (such as the rotational energy state in fluid particles) 
to very high energy entities (e.g., causing ejection of electrons from atoms). 

Comparing the energies of different wavelengths (frequencies), we find that A = 
5 /xm (microwave) has co — 3.770 x 10 11 rad/s, and hco — 248.2 /xeV (close to rota- 
tional transitions); X = 50 /xm (far infrared) has co = 3.770 x 10 13 rad/s, and hco = 
24.82 me V (close to k#T = 25.85 meV for T = 300 K, Figure 1.4); X = 5 gem (near 
infrared) has co — 3.770 x 10 14 rad/s, and hco = 0.2480 eV (in the range of photodis- 
sociation of ozone and oxygen molecule, and close to the first vibrational transition 
of N 2 , 0.2890 eV, Figure 1.4); A = 0.5 /xm (visible, green) has co = 3.770 x 10 15 rad/s, 
and hco = 2.482 eV (close to the electronic gap energy of AlSb, 2.50 eV, Table 5.1); 
X — 0.05 /xm (ultraviolet) has co — 3.770 x 10 16 rad/s, and hco — 24.82 eV (close to 
first ionization energy of He, 24.58 eV, Table A. 2); X — 0.005 /xm = 5 nm (X-rays) 
has co = 3.770 x 10 17 rad/s, and hco — 248.2 eV [close to first photoionization energy 


Photon Energy Storage, Transport, and Transformation Kinetics 


521 


Production of 
Photon (Electro- 
magnetic Wave) 


Conversion 
of Matter to 
Radiation 


Frequency Photon Classification of 
f Hz Wavelength Photon (Electro- 
2, m i magnetic Wave) 


Radioactive 

Disintegration 


Electron 

Bombardment 

Thermal Radiation 
Emission: 
Free-Carrier, 

Vibration-Induced Dipoles, 
Intraband Electronic 
Transitions, etc. 

Lasers: 

Infrared, Visible, 
Ultraviolet 


Amplified Oscillations 
in Electronic Circuits 


Electronic Devices, 
Rotational Machinery 


Direct Current 
Batteries 


t i 


3 x 10 25 
3 x 10 24 
3 x 10 23 
3 x 10 22 
3 x 10 21 
3 x 10 20 
3 x 10 19 
3 x 10 18 
3 x 10 17 
3 x 10 16 
3 x 10 15 
3 x 10 14 
3 x 10 13 
3 x 10 12 
3 x 10 11 
3 x 10 10 
3 x 10 9 
3 x 10 8 
3 x 10 7 
3 x 10 6 
3 x 10 5 
3 x 10 4 
3 x 10 3 
3 x 10 2 
3 x 10 1 
3 x 10° 


io-' 7 

IO ' 16 

IO ' 15 

IO ' 14 

IO ' 13 

10- 12 

10 -“ 

10-10 

10- 9 

10- 8 

IO’ 7 

IO ' 6 

IO ’ 5 

10- 4 

10- 3 

10- 2 

IO ’ 1 

1 

10 1 

10 2 

10 3 

10 4 

10 5 

10 6 

10 7 

10 8 


Regimes 


Cosmic-Rays 
y - Rays 


Ultraviolet 
Visible Light 


Microwaves 


Radiowaves 



Wavelength 

Regimes 


X-Rays o 
0.01-100 A 



Ultraviolet 
10-390 nm 


Violet 

390-450 nm 

Blue 

450-490 

Green 

490-570 

Yellow 

570-590 

Orange 

590-620 

Red 

620-770 


Near Infrared 
0.77-25 pm 


Far Infrared 
25-1,000 pm 


Microwaves 
1 - 1 ,000 mm 


Very-High-Frequency Radio 
1-10 m 


Short-Wave Radio 
10-100 m 


Medium- Wave Radio 

100-1,000 m 


Long-Wave Radio 
1-10 km 
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Figure 7.1. (a) Spectra (wavelength and frequency) of the EM wave (radiation) regimes and 
their production. 


of Al, Figure 7.1(b)], and A = 5 x 10~ 5 gm = 0.5 A (X-rays) has co = 3.770 x 10 19 
rad/s, and hco = 24.82 keV. 

Figure 7.1(b) shows examples of spectral (frequency dependent) absorption 
coefficient a ph co of matter (gas, liquid, and solid, and polymer, oxide, semiconduc- 
tor, and metal), over a large range of photon energies from the microwave regime to 
the y-rays regime. The inverse of a p h^ is the spectral photon mean free path k p h tQ ,. 
High absorptions are associated with electronic dipole transitions driven by atomic 


, 1/cm 
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(b) Absorption Spectrum 


Figure 7.1 ( cont .) (b). Spectral photon absorption coefficient for typical gas, liquid, and 
solid phases. For the solid phase, examples of polymer, oxide, semiconductor, and metals 
are given. The spectral photon mean free path k ph>0} is the inverse of a pho) . As the pho- 
ton energy progressively increases, it interacts with larger energy entities, starting with low- 
energy, rotational-vibrational-electronic energy of polyatomic gases, to electron ejection 
from metals. 


vibration (in gases, liquids, and solids), electronic transitions including bandgaps, 
and free charge carriers (e.g., electrons) transitions. For example, the vibration 
(phonon) energy range for crystalline SiC >2 (quartz) was shown in Figure 4.8(a) and 
the electronic band structure of GaAs was shown in Figure 5.6(c). 

In this chapter we start with the ideal quantum-particle (photon gas) treatment 
and the blackbody spectral intensity. Next we examine nonblackbody photon emis- 
sions, such as lasers. Then we discuss the quantum and semi-classical treatments 
of photon-matter interactions. Next we consider two-level electronic transition sys- 
tems and introduce the Einstein spontaneous and stimulated emission coefficients. 
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Then we use these in the photon BTE to formulate the photon particle transport 
equation (equation of radiative transport). We will show that, in the optically thick 
limit, kph'O T, where L is the distance traveled by a photon, we can use the 
Fourier law and define a radiant conductivity. We also examine EM wave treat- 
ment of radiation and discuss field localization resulting from coherent interference 
of the waves as they travel through an ideal, one-dimensional, absorbing multilayer 
medium. We also contrast this with the particle treatment of this phenomena. Then 
we examine various photon-matter interactions, including continuous and band 
absorptions and emissions. Next, examples are given of photon-matter interactions 
in energy conversion, using laser cooling of solids and gases, and photovoltaics, as 
examples. Finally, we consider size effects in photon emission and transport. 


7.1 Quantum-Particle Treatment: Photon Gas and Blackbody Emission 


Photon particle (or gas) treatment allows us to examine its thermalized (or thermal 
equilibrium) energy distribution (and also assign pressure and entropy to it as with 
fluid particle gas). In photon gas the interphoton collisions are absent (however, the 
wave treatment of the photon allows for interference, etc.), but the photon interacts 
with electric entities (such as a free electron or oscillating dipole). 

We start with the quantum energy of the simple harmonic oscillator, neglect- 
ing the zero point (T = 0K, from Figure 1.1, f° h = 0) energy and expressing the 
quantum energy as hco. 

For simplicity, we assume only the frequency dependence of the photon energy 
and write the photon energy (7.1), dropping the 1/2 term, density e p h i( o, similar to 
(3.38), using the photon distribution function f p h^, in frequency range co to co + dco 
as 


^ ph,co 


d E 


ph,(o 


V 


hcof ph D p h,Q)d(o. 


(7.2) 


Similarly, the photon number density is defined. The blackbody density of state 
D/j'Co [which is defined similar to (4.19) for phonon and (5.65) for electron] is for 
dispersionless (linear dispersion relation) phase speed (4.16), which is equal to the 
group speed (4.15), u p h — dco/dK = co/k 


2a. j 


D h {«) = 


f 47T/c d/c 

^I'~(2tt) 


/ v i /0 _^ 3 8d(*' ~ K) 


Db,(o — 


1 r 1 

= — 2 / - u ph K) 8 n(co' - u ph ic) 

71 J 0)1 11 ph 


Tt j co 

2 3 
* u ph 


[co — u p h(co)K, dispersion relation] 


blackbody photon DOS and phase speed, 


(7.3) 


t Photon number density is found from (1.19) as n p h = / 0 °° f p h(co)D p h{co)^co- For blackbody emission, 
n p h,b is proportional to T 3 (end-of-chapter problem). 
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where the number of polarizations a is 2. Debye phonon DOS (4.26) is based on 
this, except that Debye introduced the cut-off frequency to constrain the number 
of oscillators (to 3 n for monatomic, cubic crystals). Both assume a linear dispersion 
relation (group and phase velocities are equal and constant). The general dispersion 
relation for the photon, in terms of the complex index of refraction mi {k — K 0 m\ — 
mxOL>/u p h,o) is given in Table 3.5. Then 


d E 


ph,co 


V 


ha)' fph&oj D p h,co 

7T 2 lT ph T>b,u 


( 7 . 4 ) 


The spectral photon intensity I p h,J is related to the photon energy density 
through (dividing by the total solid angle Q = An and multiplying by the velocity 

u p 


d/p/z, <»(&>, T) 


u ph dEph^ 1 , 

— — — — u phfiQjf ph D ph do) 

An V 47 1 

u ph hco f phdco Dph^co 
47T n 2 u 3 ph D b ^ 

f ph da) T) ph oj 
An 3 u 2 p h Db,(o 


( 7 . 5 ) 


The total intensity is found by integrating over angular frequency I ph — f d I ph ^- 
Similarly, the radiation heat flux is dq p h = dl p h/4f Note that we have not included 
the angular variations of I p h , although it can be significant and can be included start- 
ing from (7.2). 


' The phonon intensity is defined similarly to (7.5) as 


d Ip'Q)((o) 


- p ■ A - Ti cofp Dp(co)dco. 
4 tt 


* The differential solid angle is d£2 = sin6d(pd0, where 6 is the polar and 0 is the azimuthal angle 
and for azimuthal symmetry dQ = 2n sin#d0 = 27rdcos0 = — 27rd/x, where /x = cos0. This is used 
in Table 1.1. Integration over — 1 < /x < 1 gives Q = 4tt. 

§ The radiation heat flux q p h for photon gas is 

, & ph M ph 

dq P h,co — ^ > 

which is similar to the mass flux for fluid particles (6.89). Then using (7.2), we have 


d q ph,eo — ^ w phti cof ph D ph d co . 

In general (for directional I p h) the relation between dq p h j(0 and d I p h,co is 


dq P h,a> — / 

JQ. 

/* Z7T /* 7T/Z 

= / / dI p h,co cos# sin#d#d0, 

Jo Jo 


Q.=An 
*2 7T /*7r/2 


when the integral is over the solid angle of a unit hemisphere. 
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Under equilibrium distribution, f ph = f° h (Table 1.2) and for vacuum u ph o — 
c 0 , the blackbody radiation intensity is given by 

hco 3 

d 7 ) — ~ 'o j 

^ Uph.o 



Tia)' 


d co 


^Jt 3 u 2 pho exp(/i<y/*B T) - 1 ’ 

or by using the relation X — 2tt/k — 2 7tu p h, 0 /co, we have 

3 7 

/? ( '8tt ) m pfi^o 2 tt / i pfa 'O dA / A 


(7.6) 


d/ w (A,r) = 


4jt 3 A 3 exp(2jrft u ph , 0 /Xk.Q T ) - 1 


o 


X 5 [exp(27r^w /7 / ?<0 /XX B T) — 1] 


dX Planck law. 


(7.7) 


The Planck law describes the ideal, quantized (harmonic oscillator) spectral distri- 
bution of the EM energy (photon) in thermal equilibrium (called thermal radiation). 

The maximum in 7^ (3/^/3X = 0) occurs at hco/k^T — hcn/Xk^T — 4.965 or 
X max T — 2898 /zm-K (called the Wien displacement law), whereas the maximum 
in Ib iQ) (dlb'Oj/dco = 0), which gives the most likely frequency, is edhco/k^T — 2.821 
(both are end-of-chapter problems). 

The solar radiation is produced through nuclear fusion reactions, originally as 
very high energy gamma rays and after billions of collisions with matter it reaches 
the surface and then escapes. The core of the sun is solid-like dense (10 7 K, H fusion) 
while its surface is a very low-density (10 -3 kg/m 3 ) plasma (with turbulent convec- 
tion currents). So, 5780 K is an effective temperature, dominated by emission and 
transmission of radiation through its thin (500 km) photosphere 

The blackbody, spectral emissive power Eb,k is Ib,\cos0 and when integrated 
over 0 gives 


d Eb,\ = Jtdlh ) — 


4?r 


b,k 


X [exp(27thu p h,o/kkB T ) - 1] 


dX 


blackbody spectral emissive power. (7.8) 


This is generally referred to as the the Planck law of blackbody radiation. Almost 
all (98 %) blackbody thermal emission is between XT =1444 and 22,890 /zm-K [232]. 

This variation of dZ^/dX as a funciton of X is shown in Figure 7.2(a), for four 
different temperatures. The Draper point marked there identifies the threshhold of 
radiation detection by the human eye. 


' The frequency-dependent (7.7) and (7.8) are 

d Ib,to — 


TioT&Ol) 
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Figure 7.2. (a) Blackbody spectral emission power as a function of wavelength (b) Exam- 
ples of wavelengths of typical lasers. The numbers in parentheses indicate the wavelength in 
micrometers (some have multiple wavelengths), (c) Illustration of the solid angle span and 
bandwidth (around co Q ) of some light sources. The solid angle AQ describes the direction of 
radiation. 
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The total, blackbody emissive power E b is found by integrating the spectral, 
blackbody emissive power E b x over the wavelength range (0 < X < oo), and this 
gives 

po o Tl^k 4 

E b (T) — / E b A d7 = <7 sbT 4 , a sb = Stefan-Boltzmann law. (7.9) 

Jo ' 60 h 5 u 2 pho 

This is the Stefan-Boltzmann law, and ctsb is the Stefan-Boltzmann constant , 
which is osb = 5.6705 xl0~ 8 W/m 2 -K 4 . 

For very large wavelengths, the exponential term in (7.8) is approximated by a 
two-term Taylor series solution (end-of-chapter problem), leading to 

d E b 'X — ^ JrM/7/? 4 °^ B ^ dA Rayleigh-Jeans law for large 7. (7.10) 

The same result is obtained using h -> 0 in (7.8), i.e., allowing photons of arbitrary 
small energy content, as postulated by the classical mechanics. Thus (7.10) is iden- 
tical to the one derived by Rayleigh and Jeans using the classical mechanics and is 
called the Rayleigh-Jeans distribution. Because in (7.10), as X -> 0, dE b ,x oo, it 
is called the ultraviolet catastrophe. 

7.2 Lasers and Near-Field (EM Wave) Thermal Emission 

7.2.1 Lasers and Narrow-Band Emissions 

Laser (light amplification of stimulated emitted radiation) is a device generating or 
amplifying light (wavelengths ranging from the far-infrared regime to X-rays and 
y-rays regimes). The laser beams have high directionality (indicated by their solid 
angle AQ, spectral purity (very narrow bands A co), and intensity. Figure 7.2(b) gives 
examples of the primary wavelengths emitted by some lasers [429] and covers four 
orders of magnitude (from ultraviolet to far infrared). Different atoms and atomic 
combinations (and in different phases and states), creating various quantum energy 
states and state transition possibilities, are used as the emitting medium. Various 
excitation mechanisms (energies) are used to create transitions in this medium. Gen- 
erally mirrors (optical cavity) are used for the amplification (feedback). 

There are gas lasers (e.g., He, Ne, Ar, Kr, Xe ion, N 2 , CO 2 ), chemical lasers 
(e.g., HF), dye lasers, metal-vapor lasers (e.g., HeCd, NeCu), rare-earth doped solid- 
state lasers (e.g., ruby, Nd 3+ :YAG, TLLALOs), semiconductor lasers (e.g., GaN, 
AlGaAs, InGaAsP), etc. Some lasers reach the ideal monochromatic (A co -> 0), 
unidirectional output (A £2 —> 0), but some, including random lasers, may have sig- 
nificant directional distributions, or might have broadbands. For example, He-Ne 
laser has a band width A co = 1.5 x 10 6 Hz (0.002 nm around the central wavelength 

' Similarly, the phonon Stefan-Boltzmann coefficient (not constant) is arrived at using the Debye 
model and a single phonon speed, as (using c V jP per kg) 

pc v , P u p, a 

16r 3 


ctsb (phonon) 
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of 633 nm), while Ti 3+ :Al 2 C >3 laser has A co — 1.28 x 10 14 Hz (300 nm centered 
around 800 nm). These are illustrated in Figure 7.2(c). As mentioned, various mir- 
rors and cavities are used for creating the directional preference, and various meth- 
ods are used to create a narrow-band resonance [429]. 


7.2.2 Classical EM Wave Near-Field Thermal Emission 

The fluorescent emission is expected to be random in direction and also has a band- 
width. The radiation entropy aspect of laser cooling has been analyzed in [403]. The 
radiation that is due to thermally vibrating dipoles and other electric transitions 
occurring at a distance below the surface and also for an object of linear dimension 
d or for objects separated by a distance d , when the wavelength of the EM wave A 
is nearly the same as the clearance distance 2nd/X < 1, the EM field is referred to 
as being in the near-field region. The blackbody radiation discussed in Section 7.1 
is the ideal emission in the far-field region, where the distance from the source of 
emission (local dipoles, etc.) is several times larger than the wavelength. The ther- 
mal radiation emission can be presented as the thermal fluctuation of charges in 
matter. This fluctuating electric field e e (x, co) is given as [344, 383, 481] 

e e (x, co) = icofi 0 / G e (x,x',co) • j e (x,co) dx', (7.11) 

Jv 

where G e (V/m) is the dyadic Greens function from the source located at x' and j e 
is the Fourier transform of the current density vector that is due to thermal fluc- 
tuations. The electric field is due to the thermal fluctuations in the dipole moment 
p e (w). The fluctuation in p e is represented by a correlation [221], which in turn is 
related to temperature, frequency, and the imaginary component of the polarizabil- 
ity a e , c (3.41).* 

The radiative heat transfer between two spheres is found from the Poynting 
vector (Table 3.5) normal to the surface and has been numerically calculated in 
[344]. We subsequently consider the analytical solution in the limit of small clearing 
distance. 

When two dielectric solid surfaces at different temperatures T\ and T 2 (for 
example a tip and a surface) are brought very close (submicrometer distance) and 
in a vacuum, one of the near-field interactions is through fluctuating dipoles in each 
solid. This is the near-field radiation (Coulomb interaction) dipole-dipole energy 


t 2tzcI/X is called the size parameter and is key in the particle scattering theory [230]. 

* Writing (3.41) using a polarizability tensor, we have p e \ = e Q u e jke e ,k, je = ~i^>Pe,k- The correla- 
tion function for the dipole moment becomes [221] 


{p e ,k(co)pl ,(co')) = nco{h(^-)lm[€ 0 a e ^ k [(co)]2TT8(co - co'). 
’ Zkb-/ 


hco 


Also, the mean energy of the harmonic oscillator is [same as (7.1)] 
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transfer (known as the Foster energy transfer [115]). The rate of net radiation 
energy transfer between a solid 1 and a solid 2 is 

Qph, 1-2 0 ^) = ^ ^e,c,2 | ? &e,c,j — Ot e ,c,j(.€e,j')i ( 7 . 12 ) 

where the strongly frequency dependent [at transitions, Figure 7.1(b)] a e ^,2 is the 
imaginary part of the polarizability (3.41) (ability of an ion to distort the electron 
of the other ion) of solid 2, and e e is the incident electric field vector produced by 
the dipoles excited by lattice thermal energy. The polarization in turn is related 
to the electric permittivity e e , which in turn is a signature of the electric entity of 
material (Section 3.3.5). It has been shown that (7.12) can be written in terms of 
temperatures T\ and T 2 as [115] 


q P h,i-2 = T- ae ' c f 6 e ’ c ' 2 [ Eph (w, 7 i) - E ph (w, T 2 )], 

where d is the separation distance and photon energy E ph (co , T) is 

hco 


(7.13) 


E P h = tio)f° ph = 


eX p(^)-i 


(7.14) 


For d of the order of one nanometer, this energy transfer rate is many orders of 
magnitude larger than that corresponding to the far-field radiation heat flux for the 
emission and absorption of photons, which is [115] 

q P h,i- 2 = CO f e fTf [E ph (co, 7\) - E ph (co, T 2 )\. (7.15) 

32 Tt^u ph d z 


Note the vastly different dependence (or lack of) on co and d for (7.14) and (7.15). 

The near-field radiation heat transfer is further discussed in Section 7.15.1, 
under sized effects. The experimental results of [242] for a tip-sample (scanning 
thermal microscopy) distance below 10 nm show deviation from the preceding the- 
ory. These are due to local variations in material-dependent properties, for which 
the macroscopic semiclassical (Maxwell) description of dielectric properties may 
fail. 


7.3 Quantum and Semiclassical Treatments of Photon-Matter Interaction 

The formalism of quantized radiation field, based on quantum operators, is intro- 
duced in the next sections. Then we will discuss the photon-matter interaction by 
using these operators. These are needed for the photon-electron interactions (i.e., 
Section 7.12). 


t For spheres of diameter cl s , the relation is 


ct e , c (w) = Im[ar g (<w)] = An df 


3 Im^M] 
M*;) + 2]2’ 


where e e (co) is the frequency dependent electric permittivity (3.44). 


530 


Photon Energy Storage, Transport, and Transformation Kinetics 


7.3.1 Hamiltonians of Radiation Field 

Quantization of electrodynamics begins by presenting the EM field by the vec- 
tor potential [407]. Using the EM field described by the vacuum Maxwell equa- 
tions summarized in Table 3.5, we use the vector potential a e with the radiation or 
Coulomb gauge (V • a e — 0, also called transversality condition, as the transverse 
component of a e accounts for EM radiation of a moving charged particle) to arrive 
at the current for Ampere law written as (Chapter 3 problem) [95] 


V 2 a e (x, t) 


1 9 : 


o dtl 


a e (x, t ) = 0, 


(7.16) 


e„ = 


da e 

~dt~’ 


b e = V x a e , 


(7.17) 


where a e , e e , and b e are the vector potential and electric field and magnetic field 
vectors of the EM radiation defined in Section 3.3.1 (Table 3.5). 

We assume time-space separations, a e ^(x, t) — q a (t)a a (x ), and use the separa- 
tion of variables method to find 


V flry + 


CO 


a 


a - 2 

U 


a a — 0, 


ph, o 


dt 2 


+ M u c la ~ 0 , 


(7.18) 


where co a is the separation constant (eigenvalues). The solutions are (plane-wave 
expansion) [407] 


q a = q a e-^\ a e , a (x) = s P U—, 7 ) 1/2 e ilc ° x , 

V 

««,a(*. 0 = \q a \(d-) 1/2 Sp h ^ X -^\ (7.19) 

V 

where V is the interaction volume, s p h, a is the unit polarization vector for the a 
mode and K a = co a u p h is the wave vector. Note that, unlike EM waves generated by 
a point charge (i.e., electron having mass and charge), EM wave in vacuum (free 
space) does not have mass or charge. Therefore the vector potential is written in a 
quantity per an imaginary particle having the mass and charge of an electron. 

Using the preceding, the Coulomb gauge condition gives 

V • a e a = 0 = s ph<a ■ ic a i(T-) 1/2 e" Ca ' x q a e ,COa '. (7.20) 

e 0 V 

From the preceding, we note that s p h, a • ic a = 0; therefore the polarization and prop- 
agation vectors are perpendicular (i.e., the field is composed of transverse waves 
only). 

Summing over all modes a e , a (by including negative K a and co a ), (7.19) becomes 
a e (x, t) = Y^tea(t)a e , a (x) + qi(t)a\ a (x)]. (7.21) 
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Using the preceding, e e and b e , for a plane wave with polarization along the y direc- 
tion and motion along the x direction (for example) become [from (7.17)] 
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U ph , ° 
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(7.23) 


where s x , s v , and are the unit vectors. The Hamiltonian (energy) of the radiation 
field is given by (assuming a vacuum) 

H = \ J (toe] + Mo l b])AV = J e 0 e;dV 

= JT f E ~ ~ J][E V. 

47T J ^ hlpi 7 0 ^ Uph 0 

(7.24) 

Note that magnitude of the magnetic field is the same as the magnitude of the elec- 
tric field, as evident in (7.22) and (7.23). Then we have for the integrals 

[ 1 

I tie, a ‘ tie a' d V — 

J Co 


J a e a ■ a e , a dV = 0 = J a\ a ■ a\ a dV 

J 4. a ■ <*e, 


a dV = 


(7.25) 


Therefore, the classical Hamiltonian of EM field becomes 

H = - . [ E / [(9»9« a «.a • «*.«' + 9a9l'«ta ‘ «L') 

4 JTU ph,o a,a' J 

- {q a q'a a e,a ‘ a\^, + qUd' a l,a ‘ <*e,a')]dV 
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(7.26) 
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Now we replace q a and cf with the following coordinates and momenta 


Qa — Qa T q. 


dQa . ( 

Pet = -^T = -tVaWa ~ q' a h 


Then 


1 1 

qa = ~(Qa - Pol), 

Z ICOrv 
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ql = + - — Pa), 
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and (7.26) becomes 


H = 2 J2 °iq<yql = l E(Pa + W a Go)- 


a 


(7.27) 

(7.28) 


(7.29) 


(7.30) 


This is the Hamiltonian for the harmonic oscillator. 

We have just formulated the dynamics of EM radiation as its mechanical analog, 
a simple harmonic oscillator. Thus, the EM field can be treated as an ensemble of 
harmonic oscillators with their frequency and polarization. 

In the quantum treatment of the EM field, we treat Q , p, q, and as operators, 
with the following commutation relations (2.72) (Chapter 2 problem) 


[Car > Pa'\ — iftSaa' 

[ Qa , Qa'] = [ Pa , Pa'] = 0- (7.31) 

Then (7.31) gives 

t h 

via i q a ' J — ^ $aa' 

ZjQJqi 

[Ca, 4'] = (7.32) 

where c t and c are creation and annihilation operators, respectively (Section 2.6.4) 
and Sd'd' is the Kronecker delta. The creation and annihilation operators are here 
defined as 

c„ = 4 = (733) 

Then the Hamiltonian of the EM field (7.30) becomes [similar to those given by 
(2.85) and (4.50)] 

H ph = y^hco^clcq + -), (7.34) 


similar to (4.49) for phonons. Using these operators, vector potential (7.21) becomes 


h 


a e (x , 0 = £(- -) 1 / 2 s ph Acae^ x + 

Ze 0 co a V 


(7.35) 


We have used = l/p 0 u 2 ph Q , where e 0 is the free-space permittivity and p. Q is the 
free-space permeability. 

The preceding photon Hamiltonian will be used in photon-matter interaction, 
including in Section 7.12.1, where we develop the theory of laser cooling. 
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Treatment of Photon-Matter Interaction 
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Figure 7.3. (a) Classical (optical constant) treatment and semiclassical (classical EM wave e e 
and h e and discrete electronic energy) treatment of photon-matter interactions, (b) Elastic 
and inelastic photon-atom interactions showing Rayleigh (elastic scattering), fluorescence 
(mechanical and electronic transitions) and Raman (mechanical transitions) scatterings. In 
anti-stokes scattering, the emitted photon has higher energy than the absorbed photon. 


7.3.2 Photon-Matter Interactions 

In the semiclassical treatment of EM wave (represented by e e and h e ) interaction 
with matter, the bulk optical properties of the matter are represented by the com- 
plex spectral index of refraction — n\ — Ik\ (Table 3.5). Here n x is the spectral 
index of refraction and k x is the spectral index of extinction (loss). The Mie scatter- 
ing theory is an example of this treatment [236] and results in prediction of scatter- 
ing and absorption characteristics of the particles. Rayleigh elastic scattering is the 
limit of this for small particles (size parameter n d/X is 1, where d is the particle 
diameter) [230]. 

In the semiclassical treatment of EM wave-matter interactions, the wave is 
treated as classical, whereas the atom is treated as a quantum system with discrete 
EM states undergoing transitions because of absorption of photons. These two treat- 
ments are shown in Figure 7.3(a). Figure 7.3(b) shows the classical elastic Rayleigh 
scattering, with no absorption (the radiation intensity only undergoes scattering), as 
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well as some quantum energy absorption and transitions (inelastic). The examples 
are fluorescence, in which the photon energy matches the electronic transitions, and 
Raman scattering, in which the atomic kinetic energy is also excited (in addition 
to electronic transitions). In the next few sections, the focus will be on the semi- 
classical treatment of the absorption (and emission), when the detailed electronic 
transition and the associated atomic kinetic energy changes can be analyzed and 
used for heating, cooling, or other energy conversions. 

In the quantum treatment of EM wave-matter, the photon-electron interaction 
Hamiltonian becomes [23] 

^~^ph~e — —(a a^^a e • p e 

m e 

= -—(^T—y /2 ( SpKa . Pe )( a + a t )(«.'■*■* + cV 1 **) 

m e 2e 0 co a V 

Ti f)x 

= -(„ 7 j) V1 (s ph , a • e c — )(a + a^)(ce iK ' x + cV iK *) 

2e 0 co a V at 

= -(ff) y2 (s P h, u ■ e c x)(a + a')(ce iK * + cV iM ), ( 7 . 36 ) 

where s p h, a is the polarization vector of the EM wave, p e is the dipole moment 
vector (electric entity here), co a is the EM wave frequency, and a(a t) is the oper- 
ator describing the internal motion (excitation) of the electron. We have used 
the commutation relationship for the transition dipole moment p e — (V'/IPelV'V) — 
im e (o a {\lr f \x\iri). 

In a typical atomic transition in the optical regime, the photon wavelength (of 
the order of several thousand angstrom) is much larger than the linear dimension of 
the atom (of the order of 1 A). Then we can use the expansion e~ lK X = 1 — iic x — 
(ic • x) 2 / 2 — . . . and take the leading term, which is 1. 

This Hamiltonian from the quantum treatment of EM wave-matter interaction 
will be used in Section 7.12.1, when we develop the interaction rate using the FGR 
(3.27). 

7.4 Photon Absorption and Emission in Two-Level Electronic Systems 

As mentioned, the classical description of absorption and emission of photons, 
based on the complex dielectric constant (and its relationship with the complex 
index of refraction, is given in [127]). Here we start with a quantum treatment. 

We begin the photon absorption by introducing the quantum two-level elec- 
tronic transitions and the Einstein model for interaction of photon and matter (its 


t Note that 


h dx h p 

i dt i m e 


[H, *] = ~ ~ — 


im. 


(tf\p\fi) = (V'ylflT x]\ifi) = {xfrf\Hx - xH\\Jfi) 

= ( Ef - Ei)(yjf f\x\yjfi) = TicD a {^f\x\^i) . 
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(Incoherent) 


(b) 


Figure 7.4. (a) Electron transitions and photon emission in an irradiated, two-level elec- 
tron system. Both spontaneous and stimulated emission are shown, as well as the stimulated 
absorption, (b) Stimulated emission follows the direction of incident radiation, but sponta- 
neous emission does not. 


electronic structure). Figure 7.4(a) shows the model for absorption and emission in 
this electron system. When the photon emission is influenced by the absorption of 
the photon, distinction should be made between the spontaneous photon emission 
(which is due to fluctuations, including thermal motion) and the stimulated emission 
(which depends on the absorbed photon). In principle, the excitation and emission 
can also be due to phonons and molecular vibration (e.g., CO 2 laser in Figure 7.39). 
We have already discussed spontaneous emission by transition dipole, e.g., (3.43), 
and at finite temperatures there will always be a spontaneous emission present. We 
now seek the relations between the spontaneous and stimulated emissions in excited 
systems. Figure 7.4(b) shows that the stimulated emission follows the direction of 
incident radiation, whereas the spontaneous emission is random in its angular dis- 
tribution. 


7.4.1 Einstein Excited-State Population Rate Equation 

Consider photon irradiation with frequency co on an electron system with popula- 
tions n et A in the ground state and n e ^ in the excited state (because of absorption of 
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photons), as shown in Figure 7 . 4 . The spectral energy density of photon is given by 
( 7 . 4 ), and, using this, we find that the electron system population rate equation is 


d n e , B 
d t 


Yph,e,s P n e ,B T 


spontaneous emission 


d E 


Yph,a^e,A 


ph,co 


Vd co 
stimulated absorption 


ph,u> 

Yph,e,st^e,B TTj 

Vd CO 

stimulated emission 


Ynr^e, B 

nonradiative decay 


population rate equation. (7.37) 


The last term is due to nonradiative decay (Section 7.11), and can be for example by 
phonon emission. This is referred to as the Einstein population rate equation [291]. ' 
Note that Y P h,e,s P is i n units of (1/s) and Y p h, e ,st and Y P h,a are in (m 3 -rad/s)/(J-s). 
This is needed to make the stimulated absorption and emission proportional to the 
incident radiation. 

Population inversion and amplification occurs when n^p > n^A, he., the popu- 
lation of the excited state is larger than the ground state (for any energy carrier /). 
Then the population is not in thermal equilibrium (and does not follow the distribu- 
tion functions of Table 1.2). To maintain steady-state population inversion, a three 
or larger level system is needed (Section 7.13.1 for CO 2 laser). As in Figure 5.39 
for He-Ne laser, a pumping level, and a lasing upper level (metastable) and a lower 
level are needed. If the lower level is the ground state, this is a three-level laser, if 
not, it is a four-level laser (e.g., He-Ne). 

The spontaneous (without means to influence the process) emission (no prior 
field) or relaxation transition is a spontaneous drop from B to A while emitting a 
photon (EM wave) or phonon at the transition frequency. This is also called flu- 
orescence, and signifies that each electric or magnetic entity behaves as a random 
oscillation antenna (e.g., electric dipole antenna). Spontaneous emission is incoher- 
ent emission. The stimulated (in presence of prior field) responses or stimulated 
transitions (absorption and emission) result in each electric or magnetic entity act- 
ing as a miniature, passive resonant antenna and oscillates in response to the applied 
signal only. This is a phase-coherent internal transition and emission. 

Note that in this two-level system dn e ^/dt — —dn e p /dt. Under steady-state, we 
have dn e B /dt — 0. 


' The Einstein coefficients A, Bab , Bp a in ( 7 . 37 ) are 


d n e , B 
d t 


—An e jB 


+ B AB n e ,A 


Vdco 


B B A^e,B 


dE pho, 
Vd to 


Ynr n e,B • 


* Under spontaneous decay only, the solution to ( 7 . 37 ), with initial condition of n e ^( 0), is 

n e , B ( t ) = n e , B ( 0)e~ t/Tph ’ e ' sp , 

where the life time is T ph , e>sp = Yfh, e ,s P - 
In general, the radiation (decay) lifetime is 

11 11 

— — 1 1 . 

U T p he, sp T p he, st ^nr 

Under general condition, spontaneous emission dominates, but in lasers, the stimulated emission 
dominates. 
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Under y nr — 0, the steady-state result gives the relation between the coefficients 
(Kirchhoff law) 


Yph, a n e ,A 


dE ph,u> 

Vdco 


Yph,e,spWe,B T Yph,e,st^e,B 


dE ph,co 

Vdco ' 


(7.38) 


We note that for dEph^/Vdco in (7.2), f p h is not required to be the equilibrium dis- 
tribution and, as in lasers, can have a very narrow band of energy with a population 
far from equilibrium. One can write E p i ljCO / Vdco as a sum of the thermal contribution 
and external (nonthermal) contribution [291]. 

In Section 7.11, we will list examples of r p h, e ,s P for some materials, as well as the 
expression for the classical oscillating electron emission. Also, in Section 7.4.4, we 
discuss the relation between y p / 1M and the absorption coefficient and cross-section 
area. In Section 7.8, we will discuss calculation of absorption coefficient, using FGR. 
Once y p h, a is known, for equilibrium population, y p h, e ,st and y p h, e ,sp are found from 
(7.40) and ( 7.42). Similarly, when y p h,e,s P is known, the other two are found. 


7.4.2 Einstein Coefficients for Equilibrium Electronic Population 

Under classical equilibrium energy occupancy, and for y nr — 0, the electronic energy 
distribution functions can be presented by use of the degree of degeneracies g e ^ and 
g e (for g e j = 1, there is no degeneracy) defined in the partition function (2.27) as 


n e ,B 

We, A 


8e,B / h(O e ,g x T j-, 

^xp( - ~), Tico e o — E e p E e A . 


8e,A 


k B T 


(7.39) 


Then (7.39) requires that for equilibrium thermal source dEph^/Vdco is given by 
(7.4) as hcof° ph D b ^ we have 


ge,AYph,a = 8e,BY P h,e,st equilibrium condition 1. (7.40) 

This states that, for nondegenerate systems {ge.A = 8 e,B = 1), the stimulated emission 
and absorption rates are equal. 

Also, rearranging (7.40) and using (7.38) and (7.39), we have 


dE p h,(o 

Vdco 


Yph,e, 


sp 


Se,B 

Tico 3 

7l2ll?, ph 


j^)Yph,a Yph,e,st 


exp( 


hco 

k^T 


(7.41) 


^ There are some special nonequilibrium conditions, namely, 


§e,A n e,B 

ge,BCl e ,A 


low excitation condition 


ge,A n e,B 1 ■ 

— = 1 saturation 

ge,BCl e ,A 


ge,A n e,B + 
— > 1 

ge.B^e.A 

The last one exists in lasers. 


amplification (inversion). 
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^ ph,e,sp . — e, z equilibrium condition 2. (7.42) 

Yph,e,st 71 U 

Therefore, all three terms are present, i.e., using (7.40) along with (7.42), there is 
need for the stimulated emission. 

Equations (7.38), (7.40), and (7.41) describe the so-called inverse processes 
under equilibrium and are called the detailed balance relations. 

The three Einstein coefficients y p hj (or A, Bab , and Bp a coefficients) are simi- 
larly related through (7.40) and (7.42), under equilibrium (this also makes for homo- 
geneous and isotropic radiation). 

The absorbed power (including stimulated emission), per unit volume, is 


S ph-e — h,CO e g 


d n 


e,B 


d t 


— h^Oe,g(^Yph,a^e,A 


AB 


dEph y0 ) 

Vdco 


d E 


Yph,e,st^e,B 


ph,(o 

Vdco 


)■ ( 7 - 43 ) 


The spontaneous radiative lifetime r p h, e ,sp — 1/ Yph,e,s P is part of the radiative life- 
time and in the absence of stimulated emission becomes the radiative lifetime x r 
(Section 7.12.2). 


7.4.3 Spontaneous Versus Stimulated Emissions in Equilibrium 

Thermal Cavity f° h 

Consider the source of photons to be thermal, so f p h appearing in E p h in (7.2) is that 
continuous equilibrium bosons, i.e., 

1 


/; * <*p(fe) - 1 


photon equilibrium distribution. 


( 7 . 44 ) 


Under steady-state and equilibrium photon distribution, from (7.38) we have 

^E p / 1C0 Yph,e,sp 


Vd co 


n e ,A 


( 7 . 45 ) 


n e s Y p h,a ~ Yph,e,st 

Now for equilibrium electronic distribution, using (7.39), (7.40), and (7.44), we have 

^E p / 1C0 Yph,e,sp 

Vdco = Y pKeiSt fph ■ 

Note that the sum of the stimulated and spontaneous emission rates is 


( 7 . 46 ) 


Yph,e,st 


Vdco 


T Yph,e,sp — Yph,e,sp (fp h + 1)- 


( 7 . 47 ) 


Writing (7.46) for stimulated emission, we have 

d E p h,co ^ „ 0 

Yph,e,st y d^ — Yph,e,sp Jph- 


( 7 . 48 ) 


We now examine two limits. From (7.44), for Tico/k&T <£; 1 and T — 300 K 
(radio-frequencies and microwave regimes), we have f° h oo, and (7.48) gives 


Yph,e,sp Yph,e,st 


d E 


ph,a > 


k B T 


for co « = 3.928 x 10 13 rad/s 

h 

stimulated emission dominates, 


Vdco 


( 7 . 49 ) 
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i.e., in thermal cavity, the stimulated emission rate is much larger than the sponta- 
neous emission rate. 

Similarly, ioxhco/ k&T 1 and T — 300 K (near-infrared, visible, etc.), we have 
fp h -> 0, and from (7.48) 


d£ / knT 

Yph,e,sp » Yph,e,st for co » — — = 3.928 x 10 13 rad/s 

V d co n 

spontaneous emission dominates, (7.50) 


i.e., the spontaneous emission rate is much larger than the thermally stimulated 
emission (and absorption) of thermal radiation. 

As the temperature increases, so does this frequency. Therefore, at high temper- 
atures the thermally excited energy density increases, whereas at low temperatures 
(including room temperature) it is not that significant when considering transition 
energy ( hco ) in the near-infrared, visible, and ultraviolet regimes. 

When the stimulated and spontaneous emission rates are equal, it is called the 
saturation condition (saturation photon energy density), and using (7.42) we have 


dTs ph co Yph,e,sp hcti 

— - — = — — saturation energy density 

Vd co y pKe?s , 7t 2 u 3 ph 


(7.51) 


This corresponds to /° /; = 1 in (7.2). From (7.5), using the intensity I p h tQ} Aco = 
u p hdE p h^/V (assuming unidirectional radiation, i.e., not divided by 47 t), for co = 
3xl0 1:> rad/s (red light), and A co = 6xl0 1{) rad/s (conventional, narrow-band light 
sources [291]), for the thermal emission light source under saturation (maximum) 
energy density we have 


/ hco* Aco c o 

Iph,codco = = 1.924 X 10 5 W/m 2 

* u P h 

maximum narrow-band, directed thermal emission of red light (/° /; = 1). 

(7.52) 

This would require a very high temperature. Laser light sources (nonequilibrium 
populations) can have intensities larger than this maximum thermal emission value 
(even with narrow A co), especially the pulsed lasers. 


7.4.4 Spectral Absorption Coefficient and Cross-Section Area 

We define the spectral absorption coefficient cf ph co through volumetric photon 
absorption rate, i.e., 


S ph-e — & ph,(oti ph 


f 

J co 


d E 


ph,co 


V 


spectral absorption coefficient. 


(7.53) 
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We include the stimulated emission in the net absorption, so o ph ^ is related to the 
Einstein coefficients through (7.43) as 


G ph,(D — 


hti>(Yph,a n e,A Y ph,e,st^e,B^} 


U 


ph 


f dco 

J CO 


TlWYpKaHeA 1 - £ 7 ^ 7 ) 


Uph f a da) 


(7.54) 


where f dco is over a small bandwidth, centered around co. The bandwidth (shape) 
function g(co) was introduced in Table 3.5, subject to a normalization condition. 
Under equilibrium (7.39), we have 


1 ge,A n e,B i — /?&> 

1 = 1 — exp(— -). 

ge,B n e,A 


(7.55) 


Then 


TimY P h, a n e , A [ 1 - exp(-^f)] 


® ph,(o — 


U ph fco ^ C ° 

Hence we can define the photon absorption cross-section area as 

Aph,a(p)) = &ph,a)We,A [1 ^Xp(- ~)] 

KqI 


(7.56) 


hu>Yph,a 


absorption cross-section area. 


Uph f a dm 

The spontaneous emission power (per unit volume) is 

s e -ph = hcoy p h, e ,sp n e,B spontaneous emission. 


(7.57) 


(7.58) 


Then under thermal equilibrium, making the preceding substitutions, we have 
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— ncoYph, a n e ,A ^ ^ ^xp(- tp ) 


• 2„3 
' ph 


Tt^u'iu k^T 


® ph,a)M ph dco hcxf TlCO 

l-exp(^) exp( — } 


ph 


hco 3 1 

r 

oh 

d E 
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spontaneous emission rate in terms of absorption coefficient. 


(7.59) 
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Writing (7.56) in terms of y p h, e ,sp from (7.40) and (7.42), we have 


& ph,(o — 


Ticoy p h, a n e ,A[ 1 - exp(v^f?)] 


uph ydai 


p(&)][l - exp(^)] 


P h ge. 


ge,B 


k B T 


k B T 
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ph 


f dco 
J co 


H tl p pkle , bY ph,e,sp 1 


^ L f»> 


pli 


(7.60) 


Comparing with (7.56), i.e., cr p h, a> = n e ^A p h, e /f ph , we have for the photon emission 
cross-section area in terms of y P h, e ,s P 


2 2 • 

. / \ 71 U phT ph,e,sp 

A nh 6 ( to ) = C 77 — emission cross-section area. 

1 ' v ' co 2 dco 

J Q) 


(7.61) 


Note that (7.57) and (7.61) relate the absorption and emission cross-section areas to 
the Einstein rate coefficients. 

In most applications, the spontaneous emission dominates over the stimulated 
emission. 


7.5 Particle Treatment: Photon BTE with Absorption, Emission, and 

Scattering 

The BTE (Table 3.1) written for photon as a particle having momentum p p h = 
hcos/u p h , along direction s , and for ph-e scattering, absorption/emission sg p h- e , and 
any other generation/removal presented by Sf\ p h,i, is 

5“ $ f,ph~e T $ f,ph,i‘ (7.62) 

Here we have assumed that the external force F ph is zero. 

In Sections 7.8 and 7.9, we will discuss various photon-electron interactions, 
including those assisted by phonons, in solids (ranging from electrical insulators, to 
semiconductors, metals and gases). Also in Section 7.12 we will discuss photon- 
electron interactions in gases, including those assisted by fluid particle kinetic 
energy. 

Here we continue with the two-level electronic transition, as shown in Fig- 
ure 7.5, to derive the relations for various terms in (7.62). The source term Sf tP h- e 
representing the absorption and emission of photons of angular frequency co can be 
written as [408] 

$ f,ph-e(p^) — M ph ^ kle ,a(^a)^/?/7 ,a(^) f ph((ti) 

A,B 

+ n e,B( M B)A p h, e (to)[ 1 + fph(&>)]} absorption and emission, 


df ph V7 f ph 

T u p /jS • V f ph — 


dt 


dt 


(7.63) 
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Figure 7.5. A two-level, electron transition photon-electron interaction presentation of the 
source term in the photon BTE (the absorption and emission are represented by effective 
cross-sectional areas A phM and A ph , e ). The ground state is designated as A and the excited 
state as B. 


where co A is the frequency of the lower-energy state A and cob is the frequency of the 
higher-energy state B , and n e , A and n e ^ are the number of absorption and emission 
(spontaneous and stimulated) systems per unit volume. As in Section 7.4, the inter- 
action cross-section areas A p h, a and A p h, e represent the photon absorption (stim- 
ulated absorption minus stimulated emission) and emission effectiveness for these 
electronic transitions. These are generally determined from the FGR (3.27), as will 
be discussed in Sections 7.8 and 7.9, or empirically. 

During the transition from co B to co A , a photon is emitted, and in the reverse a 
photon is absorbed. 

Now in the scattering term of (7.62), consider a photon of angular frequency 
co traveling in the direction s as shown in Figure 7.6. This photon is scattered by 
a boson or a fermion particle i. The initial photon state is given by co and s, and 
its final state is given by C 02 and § 2 - The particle i has an initial state given by pjj 
and final state given by The photon-scattering cross-section area is A p h, s - The 
general scattering integral (3.8) is written as [408] 


dfphA s ) 


dt 




ph 



, , dpdA ph ' S (Pij, co,s ->• p ik ,co 2 ,S2) 

ij, k ( 27tTi ) J J 

xfi.j(Pi.j ) [1 ± fi,k{Pi,k)]{fph,co(s)[ 1 + fph,o»(s 2 )\ 


f ph, (02 (^ 2 ) [1 “1“ f ph jo(^)\ X 


out-scattering 

U± fij(Pij)\f:APi,k) 
[1 ± fiAPi, k )]fij(Pij) 


in-scattering 


+ boson, — fermion. 


(7.64) 


The preceding photon absorption/emission and scattering expressions are subse- 
quently further developed and discussed. 
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Final Photon State 


Initial Photon State 



Initial Particle i State j 

Figure 7.6. General rendering of binary interaction and photon scattering by a material par- 
ticle i (boson or fermion). The scattering is designated by scattering cross-section area A p h, s 
and scattering direction change s ■ s 2 - 


7.5.1 Combining Absorption and Emission 

The absorption and emission cross-section areas in (7.63) are related for the two- 
level system through (7.60), (7.61) as (7.55) [408] 


A ph,a (^) 


ge,A(cO A ) 


Aph,e(p^) 


relation between emission and absorption cross-section areas, 


(7.65) 


where g e j is the degeneracy for the electronic states A and B with their two corre- 
sponding frequencies shown in Figure 7.5. 

Using this, (7.63) becomes 


S f,ph-e 


ttph ^ ^ ^g,A(^A)-^/?/z,fl(^)[l 


A,B 
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ge, A ( M A)ne,B(M B ) 


f ph, fflGh] 


— UphGph,a>[f ph(T) fph ( s )]. 


(7.66) 


where, similar to (7.60), the radiation (photon) spectral absorption coefficient a p h M 
is defined as 


& ph,co 


^ ^ ft e ,a(^ a) A ph a [1 
A,B 


ge, A (tt>A)n e ,B(a>B) 

ge,B((0 B )n e ,A(cO A ) 


]• 


spectral absorption coefficient. 


(7.67) 


The inverse of cr p h,a) is referred to as the photon mean free path k p h. 
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The distribution function (including thermal nonequilibrium) f p h(co , T) is 


f P h(co, T) = 


1 

ge,B(v>B)n e ,A(MA) ^ 
ge,A(0) A )n e ,B(cDB) 


(7.68) 


Under the special case of local thermal equilibrium (all particles in the differen- 
tialchap7:fig:GasLaserLevel collision area are at temperature T ) for the distribution 
of absorbing and emitting systems, the population ratio is given by 


geA^A)n e , B (cOB) = , E b -E a = -TlCO e , g 

ge,B(a) B )n e ,A( w A ) k B T k B T 


(7.69) 


Ee,s - E e ,A = h(co B - CO A ) — ha> e g . 
Using this in (7.66), we have 


(7.70) 


Sf,ph-e(o)) = u ph cr ph ,a>[fp h (T ) - f p h(s)] local thermal equilibrium. (7.71) 
Finally, the absorption coefficient (7.67), using (7.69), becomes 
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(7.72) 


where as in (7.44) we have 


fph( T') = 


1 


exp( 


k^T 


)-i 


(7.73) 


In (7.72) the summation is over all two-level systems with energy gap hco. Then the 
spectral absorption coefficient given by (7.72) depends on the number density of the 
available electronic transitions and the absorption/emission cross-section areas. 

Then f p h(s) needs to be different than the equilibrium distribution at T, i.e., 
fph(T), in order to have a net emission-absorption. 


7.5.2 Photon-Free Electron Elastic Scattering Rate and Cross-Section Area 

Photon elastic scattering by free-conduction electrons is called Compton (or Thom- 
son) scattering. This allows for a rather simple treatment of scattering rate and this 
angular distribution (scattering angle Of). We sum over the initial and final elec- 
tron spin states (by doubling the scattering cross section). Then (7.64) written for a 
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fermion becomes 

s') 

Ft 


J dp e j dA ph ' S (p e ,(0,S -* p e 2,COB,S 2 ) 


\ ^ pfi 

~f-p2nTif JPe 
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-fph^o 2)[1 + /,*.„(*)] x ~ (7.74) 

[1 - fe(Pe,2)]fe(p e ) 


where p e 2 represents the final momentum of the electron participating in the colli- 
sion. Assuming equilibrium distribution and using /° from Table 1.2, we have 


[1 - fePe)\fe(Pe,2) _ h((Q - CO B ) 

[1 - fe(Pe,2)]fe(Pe) ^ k B T 


(7-75) 


where we have used the conservation of energy between the colliding photon and 
electron, i.e., 


Ee^Pe, 2 ) E e (p e ) — E ph(&)B) E ph(a>) 

— h(coB~co). (7.76) 

For the elastic scattering we have h{(p — cop) — 0 and the right-hand side of (7.75) is 
nearly unity. 

The differential scattering cross-section area for nonpolarized radiation is 
approximated as the Thomson cross-section area, i.e., 

2 2 

dA phtS = (- — — ^ 2 1 + c ° s °2 d ^ cQs 

4jTm e € 0 u ph 7 

dQ = sin^2d^2d02 = d cos 62 ^ 2 , (7.77) 

where dQ is the differential solid angle of the scattering angle 62 and 

0 2 = cos - 1 (s • s 2 ), (7.78) 


and 02 is the azimuthal angle. 


t Derivation is given as an end-of-chapter problem. 

The classical free-electron motion (displacement) (Table 2.5) under an oscillating EM field gives [a 
simplified form of (3.45)] 


m e 


Tx 
dt 2 


— e c e e , 0 sin cot , 


or 


e c e e q • 

x = sindttf. 

m e a> 

The oscillating electric dipole (3.40) is 


where p gt0 = e^e et0 /m e oP‘. 


p e = -e c xs x = Pe i0 sin(wr)s x , 
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Now substituting this in (7.74), we have for the scattering rate (and its angular 
distribution) 

r 1 

- 7 Tu ph n ex (- — 2 “) 2 / (1 + cos 2 62 ) 

4jtm e € 0 u ph J - 1 

x[f P h,w( s ) ~ fph,co B (s2)]d(cos9 2 ), lC ° 2 « 1 , Pe «: 1 

m e ll p/j WleMph 

1 + cos 2 $2 phase function for free-electron scattering. (7.79) 

The angular distribution (inside the integral) of the scattering is represented by the 
scattering phase function 0 ( 02 , 0). 

As given in (5.64), we have 


dfph,co(y&) , £) 

Jt 


0(02,0) = 


Ue ' c = TTT\3 / f*(P^ d Pe- ( 7 * 80 ) 

(27T/z) J Pe 

Here c is the number of free (conduction) electrons per unit volume and the factor 
2 is for the two possible spin states. 

In the Compton effect, the photon wavelength (X-rays and y-rays regimes) 
increases because of absorption by the free electrons (kinetic energy of electron 
increases). Note that both energy and momentum are conserved in this collision. By 
performing the integration over 02, the average scattering cross-section area (7.77) 
is 


ojt ^ e 

(Aph,s) — ~ i C' = T 2 ’ &ph,s — We,c{Aph,s) 

3 \izm e e 0 u L ph0 

Compton (or Thomson) scattering by free electron, (7.81) 

where rc is the classical (Compton) electron radius (Table 1.4), n CjC is the number 
density of scatterers, and o p \^ s is the scattering coefficient ( A p h, s ) — 6.649xl0~ 29 
m 2 = 6.649X10 -25 cm 2 . A unit for scattering of photons is barn (b), which is 10 -24 
cm 2 = 10 -8 A 2 = 10 2 fm 2 . This is nearly the cross-section area of uranium nucleus. 
So Compton cross-section area is close to nuclear cross-section area. This shows 
that, for this free electron, the scattering cross-section area is independent of the 
frequency of the incident EM wave. 

The general treatment of photon (classical EM wave) scattering is described 
in [236], and this includes the Mie scattering that covers the entire range of the 
size parameter (defined by = nd/k, where d is the particle diameter). These are 
also discussed in [230]. The treatment includes the definition of the phase function, 
which gives the angular distribution of the scattered wave, similar to that in (7.77). 
For a very small size parameter, 1, we have the Rayleigh scattering (which 
is for atoms, molecules, and bound electrons) that shows A p h, s is proportional to 
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X" 4 (or co 4 ) of incident EM wave. This gives the red sunset, since the longer light 
wavelengths are scattered less, and the blue sky, since the short wavelengths are 
scattered most. 


7.6 Photon Intensity: Equation of Radiative Transfer 

The equation of radiative transfer (ERT) refers to the BTE for photons written in 
terms of the radiation intensity I ph . This intensity is the general, nonequilibrium 
intensity (including laser radiation) given by (7.5). The absorption, emission, and 
scattering can now be made more general. Here we derive this equation and also 
show the results for the case of absorption-emission dominated (no scattering and 
source/sink) transport under strong absorption (called the optically thick limit). 


7.6.1 General Form of ERT 


Using the spectral absorption coefficient in (7.66), the BTE (7.62) can be written as 


dfph 

dt 


T u phS • V / ph — 


dfph 

dt 


T U ph O ph ^[f ph (cO, T) f ph(j>)\ T S f,ph,i • 

s 


(7.82) 


Multiplying (7.82) by Tico 3 / An 3 u 2 ph for photon density of states, i.e., I pthco = 
u p h f p hh co Dph^lAn using the definition of intensity (7.5), and applying (7.71) we 


' Starting from the classical treatment of bound [in an atomic potential (2.54)] electron motion (Table 
2.5) in a time-periodic EM field, we have [extension of (3.45)] 


m, 


d 2 x 

dP 


— m e (o„ e x = —e c e e , 0 sin cot, 


where co rue is natural frequency of the bound electron (similar to harmonic interatomic bonding), 
we have for the solution 


x = 


e r e 


c^e,o 


m e (io- - o% ) 


sin cot. 


The dipole moment vector (3.40) of this electron is 


Pe = -e c xs x = 


Then the Rayleigh scattering cross-section area, found similarly to (7.77) is 


dApj 1s 

dtt 


co 


(co 2 - CO 2 e ) 2 


sinct), 


or 


8 71 


(A ph s ) = -re-—* 9 -T 0 , Vph.s = ci s A p h, s Rayleigh scattering by bound electron. 

3 (co 2 -(o 2 ne ) 2 

For co <£ co, he (e.g., visible incident radiation versus the ultraviolet vibration), we have from (7.81) 


Gph,s — n s 


8jz 

— r r — ^ — = n s . 

3 c cot, 3 - 4 


.2f° 


87t Tq (Inuphf 


co 


n,e 


X 4 
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have 


$ I ph,a)(p)i s') r-, r / \ dlph coip)) &) 

— + s • VIphAco, S) = — 

U nfi ut LI nfi U t 


T & ph,(i)\j- ph,(o (^> T) I ph,co(p) •> s)\ T Sph,i • (7.83) 


Note that here we have used f p h instead of f p h [as used in transport relations such 
as (3.22)]. This is the spectral (and directional) ERT. 

Under local thermal equilibrium, (7.83) becomes 


^ I ph,a)(p)> &) 
tt ph d^ 


T s • V/p / 2 fo) (fx), 5) 


ph,a)(S^i &) 
tt ph $ t 


+ VphAh^ia), T) - Iph,a>((D, 5 )] + s phJ local thermal equilibrium, (7.84) 

where we have used the blackbody intensity (7.6) for the photon emission. 

The elastic scattering term dl p h/dt\ s is in turn represented as in- and out- 
scattering, as in Section 3.1.3, or in the case of Compton scattering it is given by 
(7.79). This presentation involves a scattering cross-section area, the number den- 
sity of scatterers, and the phase function [230]. 

It is customary [230] to use a scattering coefficient cr p h, s ,a > t° represent dl p h/dt\ s , 
and then an extinction coefficient as the sum of the absorption and scattering coeffi- 
cients, cr p h,ex,a) = &ph,(o + &ph,s,(D- This form of the ERT is presented in Section 7.7.3. 
The radiative net heat flux vector q ph is given by 

poo p poo pi 

q, = q P h = I I s I ph ,<yd£ 2 d&) — I I s I p h ,&>d/zd&), (7.85) 

J0 J 4n Jo 7-1 

where /z = cosO. Note that symmetric l ph ^ leads to q ph — 0, i.e., we need asymmet- 
ric I p h,(o (attenuation or increase) for radiative heat flow. 

The divergence of the total radiative heat flux, which is used in the energy equa- 
tion (Table 1.1), is found from 

p 00 p p 00 

^ ‘ q r — ' q ph — I I ^ Slph,co d£2d(x) — 471 I 0 p h,ojf ph,n,aj(p) ’ T)d&) 

Jo J An Jo 

p 00 pi poo pi 

2,7 r I &ph,io I 7p/j 5<y (6t), 5')d/zdct) T 2tt I I *£/?/?,/ d/zd&). 

Jo 7-i 7o 7-i 

(7.87) 

When V • q ph > 0, then the net radiation heat transfer leaving a differental con- 
trol volume (Table 1.1) is larger than that arriving, i.e., thermal emission and other 
sources dominate over absorption. Then V • q p h is balanced with the rest of the heat 

t Absorption of EM radiation is a common heating method, and the volumetric rate of heating is 
expressed as 

s ph,a — s e,o — — & phQr, o e ph j 

for a columnar radiation with q r = q r ,o(x = 0). 


( 7 . 86 ) 
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transfer mechanism, heat storage, and energy conversion, according to the energy 
equation given in Table 1.1. The solution to the ERT is discussed in [428], among 
others. These include close-form, exact, and approximate solutions, and numerical 
solutions. In the P-N methods, moments of ERT and the expansion of I pb in terms 
of spherical harmonics are used. In the discrete ordinate method, angular integra- 
tion over a fraction of the total solid angle (47 t) is made, thus dividing this into finite 
angular regimes. For example, one forward region and one backward regions are 
used (we will employ this in Section 7.7.3). The numerical techniques applied to 
BTE (Section 3.1.8) are also used for the ERT. 


7.6.2 Optically Thick Limit, Mean Free Path, and Radiant Conductivity 


When the optical thickness defined by a* h — o pb L for a medium of thickness L and 
absorption coefficient a pb is larger than 1, the ERT, for an emitting medium with a 
strong absorption is approximated as follows. Since for optically thick media, the 
local emission and absorption dominate (absorption dominates over scattering), 
then in (7.84), under s pbp = 0, for steady-state and local thermal equilibrium con- 
ditions, and for a plane-parallel geometry radiation with I pb , w changing only along 
the x direction (with s making an angle 0 with the x direction), we have 


d/ ph,co 

d(x/cos0) 


Gph,a)(h,a> ~ Iph,a>) plane-parallel radiation. 


(7.88) 


Note that we have used sl ph ^ • s x — I pb ^ cos 0. Taking the integral over all possi- 
ble frequencies and also assuming that the spatial variations of I phjCO and I p h,b,co are 
identical, we have, using (7.9) 


d / 


ph 


— & ph ( fy I ph ) i 


d(x/cos 0) 

r 

nib = n I Ib,(o dco = E b = a SB T 4 , 
Jo 


• oo 


(7.89) 


where x/cos 0 is the photon path as it travels between surfaces located at x and 
x + Ax. 

The radiation heat flux q ph x (Table 7.1) is found by the integration of I ph over 
a unit sphere, i.e., 


qph,x 



Iph cos 6 sinOdOdcp, 


(7.90) 


where we have used s = s x cos 6. Note that this integral is over a complete sphere 
(since we are interested in the net radiation flux). Also note that I p h, b is independent 
of 0 and 0 (diffuse radiation). 

The equation of radiative transfer (7.90) can be rearranged as 



d I b cos 0 
cr ph dx 


+ h- 


(7.91) 
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Table 7.1. Spectral ERT ( photon transport equation for absorbing/emitting/scattering media), 
under local thermal nonequilibrium. 


I ph — 

$ I 'ph,a)(p) i 


u p \,h co D ph f ph 


u ph d t 


\n 

+ * VIph,co(cO,s) 

d 1 ph,a)(S^i 


u ph d t 


T ^ ph,o\J ph,n,coi,^J •> T ) I ph,co(,&) i $)] T Sph-i 


poo p poo pi 

Q ph — 27 x I I s I ph ,&;d£7d&) — / j S I ph,a)dp(\co 

JO J4n Jo J- 1 

pOO p pOO 

^ ' Q ph — I I ^ S I ph,cod£2d(0 — 4-JX I Gph,a)l ph,n,(o(p ) ? T^dco 

Jo J 4n Jo 

pOO pi pOO pi 

27 T I ®ph,co I J ph,co(tti ■> s)dp.d(D ~\~ 'Zlt I I S phjdp,d(D 

Jo J-i Jo J-l 

spectral, directional photon intensity (7.5), W/(m 2 -sr-rad/s) 

blackbody (equilibrium) spectral photon intensity for, 

W/(m 2 -sr-rad/s), used instead of I p h, n ,co 

nonequilibrium, but only temperature-dependent spectral 

emission intensity, W/(m 2 -sr-rad/s) 

net radiative heat flux vector, W/(m 2 ) 

unit vector 

speed of light, m/s 

photon generation rate other than the absorption/emission 

in ph-e interactions, W/(m 3 -sr-rad/s) 

spectral absorption coefficient, 1/m 

sin#d0d</>, solid angle, sr 

cos 0, 0 is polar angle 


q r = 


V q r = 


* ph, co 
Ib,co 

7 ph,n, 

Qr 

S 

M ph 
S ph,i 

G ph, co 

dQ 


CO 


Upon integration, we have for q p h„ 

,l7Z rTT ^ dlphCOsO 
'0 JO 


Qph 


p Itz prc 

.* = / / ( 
Jo Jo 


O r , a dx 


+ I b ) cos# sin0d0d</>. 


(7.92) 


Now, noting that I p h,b is independent of 0 and </>, we have 

Qph,x — 


d I b 


p An p n p An p 

/ / cos 2 0 sin#d#d(/> T- I b / / cos#sin#d#d</> 

cfphdx Jo Jo Jo Jo 


d I b 4 

x -7 r + Ib x 0 

o p h dx 3 


47T dl b 
3o p h dx ' 


(7.93) 
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Now, using nit — Eb — o SB T 4 , we have 


Qph,x 


4 d E h 
3a p h dx 


4a SB dr 4 
3 o p h dx 


16 o SB T 3 d T 
3 Oph dx 


It can be rewritten as 


(7 ph — kph^T, 



16 o SB T 3 
3 o ph 


for o* h » 1 


photon thermal conductivity. 


(7.94) 


(7.95) 


Here k p h is called the radiant (photon) conductivity and this optically thick limit 
o* h = OphL ^ 1 is also called the radiation diffusion limit. 

Note that in replacing dl ph /dx with dl b /dx in the ERT, we are eliminating all 
the distant radiation heat transfer effects by approximating the local intensity, i.e., 
rewriting (7.6.2) 


cos 0 dlh 

! rh = h ~a~ 

Oph dx 


(7.96) 


Also note that E ph is the integral of I ph over a unit hemisphere. 

Similar to phonon mean free path (4.109), defining the photon mean free path 
X ph — 1 / Oph , (7.95) becomes 


kph — 


16 o 47T 2 ktT 3 

T 3 x ph = — -^V- 

3 45 * »ph , o 


kph — 


4tt 2 k^T 3 


45 h 3 u 3 

^ n u ph , o 


kftU ph^okph 


4 n 2 k 3 T 3 1 

A c a kj$u ph^okph — n n ph kB u P h,ok p h , k p h — \/o p h 

45 h “ph , o 3 


photon mean free path, (7.97) 


where n ph is given by (1.12) (end of chapter problem), and a is a constants Note 
that, similar to (4.109), this presents photon conductivity for optically thick media 
as a product of the principal carrier heat capacity, speed, and mean free path of 
the carrier. Also note that, with k t = niC Vti Uiki/ 3, here the photon heat capacity is 
WphCv,ph — 1 6(Tsb T~ I U p h ,q. 


' Note that, similar to (4.87), this presents photon conductivity k p h for optically thick media as a 
product of specific heat capacity, speed, and the mean free path of the carrier. 

-t- Comparing (7.95) with (4.109) for phonons, we arrive at the photon counterpart, i.e., 

16 / , , 1 
kp — (phonon ) T X p — pCv, p u P ,Ak p , 

where, as mentioned in Section 7.2, we have (using c v p per phonon) 

ct sb (phonon) = — ^ 3 — . 
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Planar EM Wave: e e = s y e e Q e i (° }t - KX ) 


Photon Energy: E 



Photon 
Wave Packet 



Figure 7.7. Wave-particle duality of photons, illustrated as a planar wave train propagating 
along the * direction. 


7.7 Wave Treatment: Field Enhancement and Photon Localization 

Radiative energy is carried by photons, which are in principle both quasi-particles 
and waves, according to the theory of wave-particle duality. This is depicted as a 
planar wave train, where a wave is segmented into parts (photons) and presented as 
a wave packet, in Figure 7.7. Each photon has an energy hco and a well-defined phase 
relation to other photons. The ERT, developed in the last section, can describe the 
particle behavior, and the EM wave theory (Section 3.3.2) can capture the wave fea- 
tures. For some absorption, emission, and scattering phenomena, the propagation of 
radiative energy in a homogeneous/heterogeneous media, the particle or wave dis- 
tinction is not critical, and both ERT and EM treatments can be used. However, 
some important phenomena are attributed only to the coherent wave nature, and 
can only be interpreted by the propagating wave theory. These include interference, 
diffraction, and tunneling. In this section the photon localization and field enhance- 
ment, which are due to wave interference effects, will be discussed as examples. 

Photon localization is a size effect in photon transport in nanostructures (het- 
erogeneous media). Figures 7.8(a) to (d) show the different regimes of photon 
(monochromatic irradiation, e.g., laser) scattering in nanopowders [379]. When the 
photon mean free path k p h is much larger than the incident wavelength A/, photons 
may experience a single-scattering event and the transport is diffusive [493]. As A /? / 7 
decreases, photons begin to undergo multiple-scattering events. When ~k p \ x is com- 
parable with, or smaller than, the incident wavelength, recurrent scattering occurs, 
i.e., photons may return to the original location after being scattered many times. In 
this case, photons do not propagate through the medium and are confined in a small 
spatial region, forming a cavity. This phenomenon, termed photon localization, is 
the counterpart of the electron localization suggested in [5]. The EM field of the 
localized photon, as shown in Figure 7.8(d), can be orders of magnitude larger than 
the incident field [399]. This is demonstrated is subsequent sections. 


7.7.1 Photon Localization in One-Dimensional Multilayer 

The simplest model of random heterogeneous medium is the one-dimensional mul- 
tilayer geometry made of parallel solid layers with random thickness, as shown in 
Figure 7.9. Regions / = 1 and N + 1 are semi-infinite vacuum (air) layers. This mul- 
tilayer medium has N / 2 ( N is an even number here) solid layers and N / 2—1 vac- 
uum layers. The coordinates x\, X 2 , . . . , xn are chosen such that the thickness of each 
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(a) Single Scattering 
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(c) Recurrent Scattering (d) Field Localization 

Figure 7.8. (a) Single, (b) multiple, and (c) recurrent scattered photon trajectories in a 
medium of random scatterers, and (d) a rendering of the electric field intensity distribution 
for case (c) showing photon localization [379]. 


layer is random, but obeys a trapezoidal (uniform) distribution (i.e., all thicknesses 
in a range have equal probability). This multilayer medium has a finite dimension 
in the direction of the EM wave propagation x, and an infinite length in the plane 
normal to x. We assume a dielectric solid and use the optical properties Figure 3.4, 
i.e., the complex refractive index m Si0) [= n s jC0 — iic StQ)t (3.30) and Table 3.5], which 
depends on the frequency (or wavelength). All the quantities and parameters are 
scaled with respect to the incident angular frequency cm. Vacuum has a refractive 
index m f(m / — nj — 1, /c/ = 0). 

For no current flowing and with uniform charge distribution, the EM wave 
equation is simplified and we have the one-dimensional, time-periodic Fielmholtz 
equation (3.35) and (3.36), as 


d 2 e e (x) 
dx 2 


+ iclmfe e 0 ) = 0 , 


e e = s y e e (x)e ,cot 


s y e t 


(x)e l 


K 0 crriit 


(7.98) 


where k q is the vacuum wave number and ra f is the local complex index of refraction 
at the incident frequency. The wave form is (3.36). Flere we have used an arbitrary 
y-direction polarization. For the medium shown in Figure 7.9(a), the field is divided 
into two components, the forward (transmitted) component e+ t and the backward 
(reflected) component e~ t . the solution to (7.98) at a particular location v in the Zth 
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(b) EM Across Fluid-Solid Interface 

Figure 7.9. (a) Model random heterogenous medium, consisting of parallel solid (dielectric) 
and air (vacuum) layers with random thicknesses. The porosity (void fraction, e) is prescribed, 
(b) Incident transmitted and reflected e e (tangential components of e e and h e are conserved 
among incident, transmitted, and reflected e e and h e ). 


layer is given by 

e e (x) = «+*■■*>(*-*> + «-,«-*(*-**>, l = 1, 2, . . . , N + 1, (7.99) 

where x^+i takes the value of x^, as there are only N interfaces, and k/ = micoi/c 0 
is the wave vector, where c Q is the speed of light in vacuum. The boundary condi- 
tions require that the tangential electric and magnetic field intensities be continuous 
across each interface as shown in Figure 7.9(b) [289]. The relationship between the 
amplitudes of the /th and (/+l)th interfaces are given in the matrix form [513]* 



= Tyr I+l p, +1 

</+ 1 

, 1 = 1,2,..., N, 

(7.100) 



_ e e,l+l _ 




' The tangential components e e (and h e ) is continuous (/ stands for fluid and s for solid), 

s t ' e e,f — s t ' e e,si 

reflection and incident angles are equal, 

6i = 0 r 

and transmitted wave follows 

sin 6 t rif 
sin#,- n s 


t The T-matrix method uses the linearity of the Maxwell equations and is applied to planar and 
axisymmetric (revolution) geometries. The incident and scattered electric fields are expanded in 
Taylor series, and the coefficient designated as Tij signifies the transition between them. 
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where 



1 1 

mi —mi 


/ = 1, 2, . . . , TV + 1, 


(7.101) 


and T i 1 is the inverse of J/, and 

e ~iKl(xi~Xl- 1) 


P/ = 
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, / = 2, 3, ...,7V + 1. 
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For a wave incident from medium 1, we have e e W+1 = 0. Therefore, 
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(7.102) 

(7.103) 

(7.104) 

(7.105) 

(7.106) 


The use of (7.105) and (7.106) in (7.99) yields the field everywhere. For this time- 
periodic EM field, the magnetic field is given by the Faraday law for a time-periodic 
field (Table 3.5) and becomes 


h e (x) = V x e e (x), (7.107) 

i co i /j,Qfi e 

where fi e is the relative magnetic permeability. 

The EM energy (3.39) transmissivity is defined as 


Iph{N + l) 

7 ph,i 


|2 

e,N+1 = \e~*(N + 1)| 2 transmissivity. 

\e e ,i r 


(7.108) 


This transmissivity is computed for a model multilayer with 50 layers in 
which the layer thicknesses d s follows a uniform distribution between (d s ) ± d s — 
1000 ± 800 nm, and with the porosity e = 0.35, n s = 1.8 and k s — 0 (n s and k s are 
for doped yttria compacts off resonance [385], A, = 1000 nm). To generate such a 
multilayer, we have an infinite number of possibilities, each of which is a realiza- 
tion. The nonabsorbing material is used to remove the possibility of causing expo- 
nential decay by absorption. To investigate the transmissivity as a function of the 
sample thickness, we add one layer to the sample at one time and obtain a series 
of transmissivities. The dots shown in Figure 7.10 represent these transmissivities 
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Figure 7.10. Variation of the transmissivity as a function of the medium thickness. The dots 
are the transmissivities obtained by adding layers to the medium, one at a time, and the 
dashed line is an exponential decay fit [399]. 
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for one typical realization, where there are 1, 2, . . . , 50 layers. These dots are fitted 
well by an exponential decay line, indicating that localization exists. From (7.88) for 
collimated beam (1-D) and using k P h = l/cr p h, and with no emission, we have the 
transmission (7.108) and the ratio of intensities. Then, the localization length of this 
realization can be obtained from the slope of the fitted line 


dL 

^ ph d(lnr r ) 


(7.109) 


There are infinite possible realizations for this model multilayer, and localization 
behavior is observed in all realizations that were tried. This supports the statement 
that random systems in one dimension always exhibit localization [322]. The local- 
ization length of this model multilayer is obtained by averaging the localization 
lengths of numerous realizations. For Figure 7.10 results, X p / t is 3.2 pm, which is 
3.2 times (d s ). 


7.7.2 Coherence and Electric Field Enhancement 

The localization is due to the constructive interference among the multiply scat- 
tered waves, even though the transmissivity profile in Figure 7.10 does not show any 
explicit signature of interference. The local field amplitude, rather than the transmis- 
sivity, has been examined and strong field enhancement was observed [385], which 
provides an exact signature of strong, constructive wave interference. 

(A) One- Dimensional Multilayer Geometry 

The local electric field is determined in a model multilayer geometry with 50 layers 
and subject to the same irradiation as in the previous section. There are also infinite 
possible realizations for this model multilayer, and the field results for one of them 
is shown in Figure 7.11(a), where the dimensionless electric field is defined as \e*\ — 
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n s = 1.8 
K s = 0 

<d> = 1000 nm 
A d s = 800 nm 
L = 80 mm 
£' = 0.35 
7= 1 000 nm 


x, mm 
(a) 



L, mm 
(b) 


Figure 7.11. (a) Local field distribution in a random multilayer, with field enhancement 
shown, (b) Variations of the transmissivity as functions of the medium thickness in the same 
multi-layer [399]. 


From Figure 7.11(a), it is evident that there is field enhancement, i.e., there 
are peaks in the field inside the medium that can be a few orders of magnitude 
larger than the incident field. Thus the energy density of the electric field can be 
two or even more orders of magnitude larger than the incident value. In periodic 
multilayer geometry, the electric field is also spatially periodic, resulting in no 
isolated peaks inside the medium (even if the field in this case can also be higher 
than the incident field). The physical basis of the field enhancement is EM wave 
interference. In the random multilayer system, the waves will multiply transmit 
and reflect at all interfaces, and interfere with each other. At some sites for some 
realizations, the interference is so ideally constructive that it results in an extremely 
large field. Thus the large field enhancement is directly attributed to randomness 
and cannot be observed in homogeneous or spatially periodic media. Note the 
coherence requirement that the medium size be smaller than the coherence length 
must be satisfied in order to observe the field enhancement. The coherence length 
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is A 2 /A A. for a central wavelength A and a spectrum width A A [182]. Here we 
assume a monochromatic wave, thus satisfying the coherence condition (AA is 
0 and the coherence length is infinite). The coherence length of many lasers is 
several kilometers, satisfying the coherence condition. Note how the transmissivity 
evolves layer by layer in such a realization, leading to field enhancement, as shown 
in Figure 7.11(b). Different from Figure 7.10, in which the transmissivity reveals 
an exponential decay behavior, the variation of transmissivity with respect to the 
sample thickness, as shown in Figure 7.11(b), has a large fluctuation. The local- 
ization occurs and diffusion breaks down, because after local field enhancement, 
the transmissivity increases, instead of decreases, with an increase in the sample 
thickness. Note that the transmissivity for large L is much larger than that shown in 
Figure 7.10, as more photons have to travel through and interfere with each other 
to establish a large local field. Although realizations allowing field enhancement 
generally lead to a larger transmissivity, the field is trapped in a wavelength size 
region, forming a random resonator. 


(B) Two-Dimensional Geometry 

A two-dimensional random porous medium is shown in Figure 7.12(a). The solids 
are an array of infinitely long (in the y direction) dielectric cylinders with random 
radii and locations. We again examine the EM wave propagation subject to inci- 
dence of a planar EM wave upon this structure, traveling in the x direction. A 
code that is based on the finite-element method, high-frequency structure simula- 
tor (HFSS), is used to numerically solve the field distributions. A finite computation 
domain is chosen, resulting in six surfaces or boundaries. The two x-z boundaries 
are taken as periodic to simulate the infinite length in the y direction. The two x- 
y boundaries are also taken as periodic. The y-z planes are set to be the incident 
boundary at x = 0 and the radiation boundary at x — L. 

A computation domain of 5x1x5 /zm 3 is chosen. Again, the local electric 
field in this region is determined for a normal incident EM wave of wavelength 
A = 1000 nm for a random medium composed of 20 long cylinders with a random 
diameter (d s ) ± A d s — 1000 d= 400 nm, and with n s = 1.8 and k s — 0 in air (vacuum). 
The results are shown in Figure 7.12(b), in which contours of the constant dimen- 
sionless electric field are used. Similar to the one-dimensional case, there are sites 
of field enhancement within the random porous medium that can be a few orders 
higher in magnitude compared with the incident field. 

7.7.3 Comparison with Particle Treatment (ERT) 

(A) Formulation and Two-Flux Approximation 

The radiation transport within the same composite described in previous sections 
can also be treated by using the ERT. In this treatment, the scattering properties of 
a single particle are derived first, using small and large particle-size approximations. 
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x = 0 x-L 


(a) 



(b) 


Figure 7.12. (a) The two-dimensional geometry composed of infinitely long cylinders, (b) The 
two-dimensional distribution of the dimensionless field magnitude \e e \* for a realization. The 
circles are the sections of the cylinders. The porosity is 0.85 [399]. 


The effective scattering properties are then determined for a cluster of particles, 
based on the porosity and particle size distribution. The ERT is solved by use of 
some approximations, such as the two-flux approximation [230]. 

For a one-dimensional multilayer system, a layer serves as a single scatterer. 
For the normal incidence of a planar radiation upon a planar particle, as shown in 
Figure 7.13, the scattering is by reflection. Using the transfer matrix method we find 
that, the incident, transmitted, and reflected fields are related through 


■e,i 


■e,r 


= T- l T 2 T 2 P2 l Ti 


&e,t 

0 


(7.110) 
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Figure 7.13. One-dimensional transmission and 
reflection in a single, effective (heterogeneous) 
layer. 


Thus e ej and e eJ are derived in terms of e e j, and the transmissivity (7.108) is a 
function of the layer thickness d s for a given m / and m s , i.e., 

r M)=f42 = T hL - ( 7 -lU) 

\^e,i\ * ph,i 

The extinction (sum of absorption and scattering, Section 7.6.1) coefficient of the 
single particle is defined using (7.109) with o p \ x — l/X P h, as 

-hit r {d s ) ,nw\ 

<Jp h,ex(d s ) = . ( 7 . 112 ) 

a s 


We now turn to the particle (ERT) treatment. For a random multilayer geometry 
with porosity e, where the layer thickness d s follows a uniform distribution in the 
range of (d s ) d= A d s , the effective extinction spectral coefficient becomes 


i&ph,ex) — 


ftS-Ad! ~ lnX r(d s )dd s 


f(d s )+Ad s ^ ^ 


( 1 - 6 ). 


{d s )-Ad. 


( 7 . 113 ) 


Then the effective spectral absorption coefficient is given in term of k s as (Table 3.5) 


_ 4 7ZK S f . 

{&ph,a,w) — . (1 ^)- 

A/ 


The effective scattering coefficient is found from 


( 7 . 114 ) 


(&ph,s) — {&ph,ex) (Pph,ci)' 


( 7 . 115 ) 


Because the scattering occurs only in the backward direction, the scattering phase 
function, 0(0) defined in (7.79) and represented by the general scattering term in 
Table 7.1. It is given with various models in [230], and it is a delta function, i.e., 


$(0) = 8(6 -tt), 



O(0)dcos0 


= 2 . 


( 7 . 116 ) 


7.7 Wave Treatment: Field Enhancement and Photon Localization 


561 


Then ERT (7.83), replacing the scattering term with the expression containing the 
phase function <T, and under no emission, becomes 

COS Q dI P l Fl 9 l = -({(T ph s ) + {o pKa ))I ph (x, 9) 


dx 


+ 


{&ph,s) 


[ f I ph {x, 0,-) 0(0/ - 0)d cos 6i 
Jo 


+ J Iph (x , 9i )4> (0i - 0)d cos 9i ] . 


(7.117) 


For normal irradiation on a one-dimensional geometry, the radiative intensity has 
only two components, namely, forward and backward. Thus the two-flux approxima- 
tion [230] can be used to solve (7.117). By taking 0 = 0 and defining I p h (x , 0) = I + h , 
and I p h(x, Tt ) = I~ h , (7.117) gives for the forward intensity 


K, 

dx 


= —{{<Jph,s) + {<Tph,a))lth + (<V.*>[( 1 - B)I+ + BIZ J, (7.118) 


ph 


ph 


ph 


where using (7.116), we have 


1 

B — - 0(0/) d cos = 1. 

2 J - 1 


(7.119) 


Equation (7.118) can then be simplified to 


d/ + 


^ — ({Gph,s) T ph,a))I^h + {&ph,s) I ph • 


(7.120) 


Similarly, by taking 0 = 7r, (7.117) gives for the backward intensity 


d/ 


— (i&ph,s) T (Gph^))! ph T (&ph,s) I ph • 


dx 


The boundary conditions for (7.120) and (7.121) are 


(7.121) 


^(°) = 1 ’ = °* 


(7.122) 


(B) Photon Diffusion in Nonabsorbing, Random Media 

Here we show that the particle-based ERT is not capable of predicting photon local- 
ization. Again, a nonabsorbing medium ( a p h, a — 0) is used to remove the possibility 
of causing exponential decay by absorption. Equations (7.120) and (7.121) are sim- 
plified to 

(&ph,s) 7 ph T (&ph,s 
( G ph,s)Iph + ( a ph,s)Iph- 


dx 

d / th 


dx 


(7.123) 


562 


Photon Energy Storage , Transport, and Transformation Kinetics 


The solutions subject to the boundary conditions given by (7.122) are 

Ph( x ) = 


.+ / \ 1 {&ph,s)(L x) 

phKX) ~ 1 + (a ph ,,)L 


I B h( x ) = 


{&ph,s)(L X ) 


phs "' 1 + (a ph ,s)L 

Then the transmissivity is found from 


r r(L) = p h (L ) = 


(7.124) 


1 T {Pph,s) L 


(7.125) 


In random porous media, ( cr p h,s)L is generally much larger than 1 (optically 
thick), and r r (L) has an inverse dependence, i.e., r r (L) = 1/[(<t p h, s )L\, which is char- 
acteristic of the classical diffusion [480] with a mean free path X p \ x — l/{a p h, s )- Thus 
photon localization cannot be predicted by the ERT, because the random medium 
is represented as an effective medium in order to define the effective scattering and 
absorption properties, where EM wave interference (coherence) effects are not now 
filtered (i.e, removed). 


7.8 Continuous and Band Photon Absorption 

7.8.1 Photon Absorption Coefficient for Solids 

Photon absorption by matter is described by interaction of EM waves with elec- 
tric or magnetic entities (e.g., free electron or electric dipoles) as discussed in Sec- 
tion 7.3. The spectral photon absorption coefficient cr ph ^ of a solid is experimen- 
tally found through the simplified form of the ERT (Table 7.1) under unidirectional 
(along x) radiation, steady state, no s p hj, and the dominance of absorption, i.e., 

d Iph,(o j Iph,(o / \ 

i = ® ph,(Q* ph,o)i ~ 7 TvT = Gph,ajX) 

cue Iph,co(x = 0) 

ERT (Beer-Lambert law) for columnar, absorption dominated radiation, (7.126) 

where o p u^ is assumed constant. Note that (7.126) is also obtained for a columnar 
radiation (cos# = 1), under no emission, from (7.88). The theoretical prediction of 
cFph,a) is through (7.54), where the interaction (transition) probability rate (FGR) 
(5.96) gives r p h M , and using the absorption time constat r p h, a 

hcoVpfi a n e hcon e t 

a p h,Q) — -f -. — = absorption time constant, (7.127) 

M ph J d&) X ph,aW ph& ph 

where e p h is given by (7.2). 

Using the spectral optical property kx (spectral index of extinction, Table 3.5), 
cr p h,a) is also given as 

2 COKx ^TVKx 

u p h 


&ph,io — 


X 


relation with index of extinction. 


(7.128) 


7.8 Continuous and Band Photon Absorption 


563 



Figure 7.14. Generalized photon absorption spectrum of crystalline semiconductor (typical 
groups 13—15 elements in Table A.2) [127]. The far-infrared to ultraviolet photon energy 
regimes are also shown. 


In turn, is related to cr e , \± e , and e e through the relation given in Table 3.5, 
using the classical treatment. In doped ions of otherwise transparent solids, and in 
dilute gases and solutions, the absorption coefficient is given in terms of the absorp- 
tion cross-section area A P h, a P er absorber, and the absorber concentration n a , as 

cr p h eo = A phM n a absorption cross-section area relation, (7.129) 

and (7.126) is used to measure A phM . In general, A phM depends on the temperature 
and pressure (e.g., residual stress in solids). The photon absorption cross-section 
area is much smaller than the molecular collision cross-section area (Table 6.4). 

In addition, the photon spectral absorptance a p h t( o is defined as 

a p h,a> — 1 — exp (—cr p h,a)L) spectral absorptance, (7.130) 

where L is the path length of photons. For small a p h^L (optically thin limit), we 
have a p h,(o — & P h,ajL, i.e., absorptance is equal to the optical thickness. 

Figure 7.14 shows the hypothetical absorption coefficient of a semiconductor- 
like crystal, caused by various absorption mechanisms. A rendering of these various 
photon absorption mechanisms is shown in Figure 7.15. These electronic (including 
semiconductors), phonon-mediated (exiton), phonon (optical), and other photon 
absorptions are subsequently described. 

1 a p h,to = 1 — e~°P h - c ° L ~ 1 — 1 + cr p / hco L + • • • = < 7 p h t(0 L optically thin limit. 
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Photon Absorption in Solids 


ph-(e,h ) (Semiconductors) ph-e-p ph-e Others 

(Electronic Transition Absorption) (Reststrahlen Absorption) Free carrier 

(Also Assisted by Phonons) (Field-Dipole-Vibration (Photoelectric, Including 

in Ionic Crystals) Electron Ejection, 



Figure 7.15. Various mechanisms of photon absorption in solids. Examples of photon absorp- 
tion in metal, semiconductor, and dielectric (electric insulator) are given in Figure 7.1(b). 


In Figure 7.14, starting at high frequencies (ultraviolet regime), the absorption 
of a photon is due to electronic transitions (intraband transition for electrons and 
holes), resulting in photoconductivity. For high photon energy (greater than 10 eV, 
as also marked in Figure 1.4) the fall in the absorption coefficient is rather small, 
but in the visible-near-infrared regime the fall is rather rapid and is called the semi- 
conductor low-energy broadening of the fundamental absorption edge (energy gap 
A E eig ). In this regime, for ionic crystals, exciton absorption becomes significant. 

As the far infrared is approached, the intraband conduction or valence elec- 
tronic transition occurs (free-carrier absorption, especially significant for doped 
semiconductors). This extends to far-infrared and microwave regimes, and the mag- 
nitude of crph,a> depends on the mobile electron orbital density (increasing intrinsic 
carrier density). In metals this is the dominant absorption. 

At the end of the near-infrared regime and beginning of the far-infrared regime 
(photon energy of 0.02 to 0.05 eV, of the order of k^T , for moderate T), the photon- 
phonon interactions dominate and very high absorption coefficients are found (high- 
est for ionic crystals) along with high reflection. 

Impurities also result in the absorption of low-energy photons, and this is 
detectable only at low temperatures (otherwise the impurities ionize); at yet lower 
photon energies, absorption that is due to electron spin reversal occurs because of 
paramagnetic imparities. Some of the low energy absorptions may require impari- 
ties of a magnetic field. 
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The classical optical relation or the FGR is used to arrive at the absorption 
coefficient, as previously outlined. 

The free-electron spectral absorption coefficient for metals is given as (Chap- 
ter 3 problem; note that I phjCO is proportional to \e e \ 2 , so cr p / hCO = 2 /8 p h- e , where 8 is 
the skin depth) [118, 145] 

2n ec e^{(r e ))co 1/2 . . 

a ph M = = ( ■= — ) ' metals (electron free carrier), (7.131) 

U p h € 0 € e m e Up h 


where ({r e )} is the average momentum electron relaxation time of (5.133) and 
(5.147) determined from the electrical conductivity. 

For absorption, by dielectrics, the complex component of the dielectric function 
is used for k m — e e , c /2 n M . We discussed the dielectric function in Section 3.3.5 and 
will do again in Section 7.15.1. For semiconductors, the absorption coefficient is 
defined for the interband (between valence and conduction electrons) transitions 
[118], similar to (7.127), as 


® ph,o) 


TlCDYph-e 
7 ph,co 


direct interband transition, 


(7.132) 


where y p h- e is the rate of interband transitions per unit volume and per unit time, and 
I p h,(o is the incident electromagnetic flux. Then we use the FGR (3.27) along with the 
interaction matrix element (5.94). The perturbation Hamiltonian is related to the 
local dipole (end of chapter problem), and leads to the matrix element (transition 
between valence and conduction electrons) 


\M V , C \ 2 = ( 


Wl ee U p fi 


) 2 \a e \ 2 \{f v \e c x\if c )\ 2 = ( 


Wle,eM ph 


) 2 \a e \ 2 \fi, 


(7.133) 


where a e is the vector potential (Table 3.5) and e e x — p e is the local dipole of elec- 
tronic transition, the expression for cr p h tQ) is [118] 


&ph,co — 


e u p hn a w 


\{fv\e c x\f c )\ 2 D ph . e [f°^E e<v ) - /°(E e , c )] 


direct interband transition, (7.134) 


where n M is the spectral index of refraction, D p h- e is the joint DOS, and \(v\p e \c)\ 
couples the states with the same k in the valence and conduction bands. 

An analytical relation for the resonant photon absorption-emission for the tran- 
sition rate of the conduction band to the heavy-hole band and the conduction band 
to the light-hole band (Figure 5.8) is given in [26]. A similar relation is derived for 
the indirect band, in which phonon energy is absorbed or emitted to match the dif- 
ferent k of the valence and conduction bands. There are two coupling coefficients, 
namely, ph-e-p coupling involving phonon absorption ( a ph - e . p a ), and ph-e-p cou- 
pling involving phonon emission (a ph - e - p e ). 

Table 7.2 lists absorption of photons by atoms, ions, or molecules capable of 
electronic transition through the transition dipole moment fi e . The relations to the 
absorption cross-section area and the Einstein coefficients are also used. Table 7.2 
also summarizes the spectral absorption coefficient o p h for photon absorption that 
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Table 7.2. Some relations for spectral photon absorption and scattering coefficients in 
isolated atoms, ions, or molecules, and in solids (semiconductors and metals). 


Mechanism 


Absorption or Scattering Coefficient 


Electronic transition 
(absorption) in atom, ion, 
or molecule 


Photoelectric (hydrogen) 
(Appendix E) 


Oph.co — ne,AA.ph,a(a>) — n e ,A 


2 2 
” u P h 


co 


J f da ) 

e,g J co 


Yph,e,sp 


n e ,A is the number density of ground-state atoms (or ions or 
molecules), co e>g is the transition angular frequency, 

Y p h,e,sp = 1/t ph,e,sp = l/r r = co] g \ fi e \ 2 /3>n e 0 hu 3 ph , fi e is the transition 
dipole moment, f da) is the bandwidth 

512 n 2 r 2 e 2 c B e ,i . 4 e“ 4 >' corl >' 


G ph-e — KftAph-e, Apfj- e — 


Y = (p— I )" 172 

E e , 1 


3 4 Jt€ 0 hc y Tico 1 — e 2n y 


Molecular vibrational 
absorption 


Compton (free-electron) 
scattering 


Rayleigh (bound-electron) 
scattering 


;?h is number density of H atoms, E e> i is ground-state energy 

aph! ° = co^) 

quantities defined under (7.138) 

871 e 2 

(J P h,s = n e , c —rr = n e<c x (6.649 x 10" 29 m 2 ), r 2 c = c —z — 

3 47rm„6nMt 


e^o "ph,o 


n eyC is the number density of free electrons 


8n 


co 


&ph,s,co — a e b 


3 

n e b is the number density of bound electrons 


Semiconductor interband 
electronic transitions [118] 


indirect-band absorption: with phonon absorption 

(hco — A E e%g -yhcop) 2 

Oph.u = a P H-e- P ,a eMrt0>p/kBT) _ 1 - 

where a p h- e - p , a is the phonon absorption coupling constant 
indirect-band absorption: with phonon emission 

(hco — A E etg — hcop) 2 
aph '“‘ = aph ~ e ~ p ' e j _ exp(—Tuo p /k B T) ' 


where a p h- e - p , e is the phonon emission coupling constant 
direct-band abosorption: 


r’ph.co 

€ i m e,e U ph n< 


,co 


\(^v\e c x\^c)\ 2 T> ph - e [ff(E e ^) - ff(E e , c )], 


Free carrier absorption, 
low photon energy [118, 

52] 


Dielectric absorption 


where n w is the index of refraction, D P b- e is the joint density of states, 
and |(V'ukc*IV'c)l = \{v\p e \c)\ couples the states with the same k in 
the valence and conduction bands 


for hoj > 3 eV, GaAs, o p i U0J = 1.9x10 


_3 ( Juo - AE e , g ) 1/2 
hco 


, (SI units) 


absorption in metals: a p h,(o = (2 a e ti 0 iieco) 1/2 = ( ^ ne ' ce c^ Te ^ 0) y / 2 

€ 0 € e m e u pb 

co 2 

absorption in semiconductors: a p i hC0 = 


pi 


( 4TT) l/2 U ph C0 2 ({T e ))' 


co p i (unscreened plasma frequency) = ( 


( yie.c^c 


47TKy 


Cq Ule,e 


)l/2 





Vph.o, - X , K\ - ^ 
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is due to electrons and for conduction (free) electrons (free-carrier absorption) 
in metals and semiconductors; also listed are cf p i hCO for semiconductor interband 
(direct- and indirect- band) absorption transitions. 

From Table 7.2, the frequency dependence for free carrier absorption in metals 
is co i/2 , whereas for semiconductors it is co ~ 2 , i.e., much stronger frequency depen- 
dence. The frequency dependence of the direct band spectral absorption is ( hco — 
A E 6 ' g ) l/2 / co, after proper substitutions. The phonon absorption-emission assisting 
in indirect-band absorption gives a (hco — A E etg ±hco p ) 2 dependence, which again is 
much stronger frequency dependent than that for the direct bands. 

The inverse of is referred to as the photon mean free path X p h,o) = l/&ph,co, 
(7.97). The photon mean free path in metals is very short and is called the skin 
depth (the metals are also highly reflective). The derivation of cr p h tQ) is a Chapter 3 
problem. 

Absorption (attenuation) of EM waves by dielectrics was discussed in Section 
3.3.5. Figure 7.1(b) gives example of o p h t(0 for a metal (Al), a semiconductor (GaAs), 
a dielectric (SiCE), and an organic solid (acrylic). These are predictable with the 
relations previously discussed. 


7.8.2 Photon Absorption Coefficient for Gases 

The interaction of a photon (EM field) and fluid particle (or atom and molecule 
in general) is considered as the interaction of an electric field e e (magnetic field 
interaction is considered for magnetic materials) with an electric transition dipole 
moment fi e , i.e., 

He = {ff\e c x\ifi), (7.135) 

where t /7 and i jr f are the initial- and final- state wave functions of the electron. 

The perturbation Hamiltonian is 

H' = — \fi e \^e,o cos(cot), e e — e^ 0 cos (cot)s a , (7.136) 

where s a is the polarization vector. 

The discrete, internal, translational, vibrational, rotational, and electronic 
energy states of the fluid particle (including the gas phase) were shown in Figure 
6.1. Therefore we expect resonant absorption at the discrete energies, and because 
these internal energies coexist, there are band broadenings when, for example, a 
vibrational transition is accompanied by one or more rotational transitions. 

The spectral absorptance ay 7 , w is defined for a gas having a length L along a 
collimated beam of frequency co and is given by (7.130), where cr p h t0) is the absorption 
coefficient. Figure 7.16(a) shows the near-infrared spectra of absorptance of CO 2 , 
H 2 O, and CH 4 , for the given temperature, total pressure p, and partial pressure p* 
(for CH 4 ). Using the ideal gas relation (6.21), p,- = n^k^T, and as will be shown 
G p h,a) is proportional to n fj which are excited. There are a few absorption bands for 
each molecule, and strength (absorption) of these bands (and their widths) depend 
on the temperature, total pressure, and partial pressure of these species. For a given 
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Figure 7.16. (a) Near-infrared variations of the spectral absorptance for CO 2 , H 2 O, and CH 4 
gases, with respect to photon energy, for the listed temperature and total and partial pressures 
[428]. Each absorption band has a bandwidth that depends on the pressure and temperature, 
(b) Variations of the measured photon absorption cross-section area of CO 2 (at T = 298 K 
and p = 1 atm total pressure) as functions of wavelength. The partial pressure of C0 2 is low 
(N 2 is the background gas). Note the strong absorption around 4.2-4.3 pm which is shown in 
more detail in (b)(iii) [113, 456]. The combined vibrational-rotational transitions are shown. 
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temperature, the product of the partial pressure and the beam path length is used 
to specify the gas conditions. Details on the band models and their calculation are 
given in [331]. 

The vibrational energy transitions are larger than the rotational energy tran- 
sitions (examples will be given in Section 7.13), and also these transitions occur 
simultaneously. This is the reason for the band-type behavior of the gas photon 
absorption and emission. The combined rigid-rotor and harmonic-oscillator models 
gives an energy transition (higher-order Hamiltonians are also used when accuracy 
requires), which combines (6.14) and (6.16, Section 6.1.5), i.e., 


Note that allowed transition Al k = ±1 combined with Aj = 0, ±1, . . . , creates dis- 
tinct branches in each band. For polyatomic gases, the sum is made over the vibra- 


bands in common combustion/environmental gases are listed in Table 7.3 (H2O, 
CO2, CO, NO, SO2, and CH4) [124]. Note that the H2O absorption transitions can 
include more than one modal excitations. For example, H2O (0,1,1) combines the 
bending and symmetric-stretching vibrational modes (Table 6.1). 

The vibrational degrees of freedom expresses the modes of vibration, and for 
example, for CO2, which is a linear molecule, there is a symmetric mode, a bending 
mode, and an asymmetric (two oxygen atoms oscillate against the carbon atom). 
The vibrational quantum numbers, l\, I 2 , and I 3 in parentheses in Table 7.3 are 
for the symmetric, bending, and asymmetric modes. The ab initio calculated val- 
ues of the vibrational and rotational constants for CO2 are given in Section 6.1.5, 
and as the temperature increases higher j -levels are occupied. 

Figure 7.16(b) shows variations of the measured spectral photon absorption 
cross-section area (per molecule) of CO2 as functions of the photon wavelength 
for T = 298 K and a total pressure of 1 atm (dilute CO2 concentration in N2). CO2 
has absorption peaks at 2.0, 2.7, 4.3, 4.8, 9.4, 10.4, and 15 /xm, and Figure 7.16(b)(i) 
shows the strongest bands at 4.3 and 15 /xm (with another but less significant band at 
2.7/xm). Note that this vibrational cross-section area is larger than the nuclear cross- 
section area mentioned in Section 7.5.2, and yet much smaller than the binary fluid- 
particle collision cross-section area (Section 6.5). Note the band broadening that is 
due to rotational energy transitions. There is also band broadening that is due to gas 
particle collisions and due to the Doppler effect (relative velocity of the absorbed 
photon and the fluid particle thermal translational motion). The Doppler broaden- 
ing is a signature of the gas temperature. The greenhouse (thermal) emission and 
absorption with peak around 10 /xm effect) is most pronounced with the broad- 
band, long wavelength (15 /xm) broad band of CO2. The significant H2O bands are 
outside the greenhouse range. 

The natural (fundamental) frequency co n — 00 f can be estimated with the inter- 
atomic spring (force) constant using (2.55). However, in polyatomic gases various 
vibrational motions occur (Section 6.1.5). 



(7.137) 


k 


tional modes (the number of modes are listed in Table 6.1) Some of the significant 
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Table 7.3. Measured major (infrared regime ) gas absorption bands for some 
combustion/environmental gases [124]. The CO 2 bending vibrational modes 
are degenerate (two modes). l\ is for symmetric-stretching, f for bending, and 1$ 
for asymmetric-stretching vibration mode, and each excitation ( transition ) is 
represented as (A/i, A/ 2 , A/ 3 ), where A/,- = ±1, ±2, etc. The selection rules 
allowing only certain optical transitions are given in [121 ]. 



Band center, /rm (meV) 

Vibrational degrees 
of freedom 

A/i, A/ 2 , A /3 

h 2 o 

71 (17.5) 

3 

( 0 , 0 , 0 ), A j only 


6.3 (197) 


( 0 , 1 , 0 ) 


2.7 (459) 


( 0 , 2 , 0 ) 


1.87 (692) 


( 0 , 1 , 1 ) 


1.38 (898) 


( 1 , 0 , 1 ) 

co 2 

15 (82.3) 

4 

( 0 , 1 , 0 ) 


10.4 (119) 


(- 1 , 0 , 1 ) 


9.4 (131) 


( 0 - 2 , 1 ) 


4.3 (288) 


( 0 , 0 , 1 ) 


2.7 (459) 


( 1 , 0 , 1 ) 


2.0 (646) 


( 2 , 0 , 1 ) 

CO 

4.7 (264) 

1 

( 1 ) 


2.35 (528) 


( 2 ) 

NO 

5.34 (232) 

1 

( 1 ) 

S0 2 

19.27 (64.3) 

3 

( 0 , 1 , 0 ) 


8.68 (143) 


( 1 , 0 , 0 ) 


7.35 (167) 


( 0 , 0 , 1 ) 


4.34 (286) 


( 2 , 0 , 0 ) 


4.0 (310) 


( 1 , 0 , 1 ) 

ch 4 

7.66 (162) 

9 

( 1 , 0 , 0 , 1 ) 


3.31 (375) 


( 0 , 0 , 1 , 0 ) 


2.37 (523) 


( 1 , 0 , 0 , 1 ) 


1.71 (725) 


( 1 , 1 , 0 , 1 ) 


For quantum calculation, for atmospheric gases, the spectral absorption coeffi- 
cient of the transition electric dipole resonance is used [358], This is based on the 
FGR (3.27) and (7.54), and is given by 


® ph, (o 


^rif^Cl) Efj/ksT 
3h u ph Zf 


e B f.f/ k * T )\{lls f \p e \xls i )\ 2 g((0, (Oi-f), 


(7.138) 


where np v is the number density of the particular vibrational state of the gas 
molecule, Efj and Efj are the lower and upper energies for the transition, Zy is 
the partition function, fi e — {f/f\p e \^i) is the transition dipole moment, and includes 
| f/i) and | f/f), which are the states and wave functions of the upper and lower states 
(7.135, and g(co , &>,-/) is the line-shape function (Table 3.5) to allow for line broad- 
ening that is due to molecular collision, etc. Note that the matrix element \fi e \ is 
that defined by (3.29) and similarly in (5.94). Equation (7.138) is also listed in Table 
7.2. In Section 7.12.6 we discuss the ab initio computation of \p e \ for a molecular 
complex. 
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Figure 7.17. Various mechanisms of photon emission in solids [127]. These in turn determine 
the electric permittivity (dielectric function) of the material. 


Figure 7.1(b) gives example of cr P h,Q> for O 3 (ozone) at 300 K at 1 atm. It also 
gives cr p h,a) for H 2 O at the same thermodynamic conditions. 


7.9 Continuous and Band Photon Emission 
7.9.1 Emission Mechanisms 

Although in some processes the photon emission is the reverse of a photon absorp- 
tion process, in many cases it is not. The most commonly encountered photon emis- 
sion mechanisms, which are electronic, but may be phonon assisted, are shown in 
Figure 7.17. 

Photons can be emitted by vibrating dipoles of a multiatom crystal. This is 
limited in frequency to the highest optical phonons, although multiple phonon 
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contributions are possible (but the probability decreases with the number involved 
in the interaction). 

In the phonon-assisted interband and intraband electron transitions, the elec- 
trons in the upper conduction band come to thermal equilibrium with a lattice (i.e., 
thermalize) rather quickly (Sections 5.19 and 5.22.2). The emitted photon for this 
mechanism has a range of energy (broad spectral range). In this process, if the pho- 
ton energy exceeds the gap energy A E e ^ g , it maybe reabsorbed, causing further elec- 
tronic transitions. The intraband emissions would require special excitation contri- 
butions (electron avalanches). 

The interband recombination of electrons and holes with photon emission is 
the reverse of strong photon absorption, but relative to other processes is less likely 
(except for high-purity crystals). The interband transitions can occur in direct and 
indirect gap transitions. The emission band width should be of the order of k^T , 
because of thermalization of electrons and holes. 

The impurity-related emissions, including acceptors and donors, can be due 
to annihilation by the exciton band to impurities. Again these are phonon emis- 
sion or absorption assisted. Transitions between band edges and acceptor or donor 
impurities are common, and can be phonon assisted. The electrons captured at 
donor impurity levels can recombine with holes captured at acceptor levels and emit 
photons. 

The optical transition from excited states to ground states of impurities can 
be influenced by the lattice (strong coupling) or slightly perturbed (well-shielded). 
The well-shielded impurities result in transitions and photon emission spectra with 
sharp lines (related to equivalent undisturbed atomic lines). The energy levels of 
triply ionized rare-earth ion impurities are deduced from fluorescence experimental 
results. Solid-state lasers use such ion-embedded crystals (such as neodymium ion 
Nd 3+ in yttria-aluminum-garnet, YAG). 

In Section 7.10, the surface emission of Si will be examined, with particular 
attention to the lattice-vibration regime. In Section 7.15.1 we consider the near-field 
emission of Si. The lattice vibration in turn influences the frequency dependence 
of the dielectric function e e (Section 3.3.5) and the signature of phonon-resonance- 
induced peaks in e e are evident in the near-field emission. 


7.9.2 Absorption and Emission Reciprocity (Kirchhoff Law) 

We now consider the cross-section area for the photon absorption and emission 
processes arising for the generalized two electronic energy levels. We continue to 
assume no phonon emission or absorption. The upper and lower states are shown 
in Figure 7.18(a). The resonant electronic transition has phonon or electronic sub- 
levels (sidebands). The two levels are characterized by the energies E e j and E e j 
and the degeneracies g e j and g e j . The emission and absorption cross-section areas 
can be determined as a summation of the individual cross-section areas (A p h, e )ij and 
(A p h,a) ji •> between the levels. Assume the multiplets A and B are each under their 
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Figure 7.18. (a) Electronic transitions in a two multiplets (A and B ) with phonon or electronic 
sublevels (/ and /). The absorbed photon energy is hco, and the electronic transition is AE e , AB . 
(b) Same showing the absorption and emission cross-section areas for Yb 3+ in a silicate-blend 
glass [143], showing red shifting of the emission. 


own thermal equilibrium; we have from (7.55), (7.57), and (7.61) 

4 r exp [-(E eJ - AE etAB )/k B T] UA , 

Aph,e\S*)) — / v 8e,j { y }\Aph,e)ji8e,i 


ij 


(7.139) 


4 r QX P(- E e,i/k B T) 

Aph,a\M) — / y 8e,i [ v \\^ph,a )ij 8e,j > (7.140) 

Ea 

IJ 

where A E e?AB is the energy gap between the two lowest levels of the upper and 
lower multiplets. Here Z A and Zb are the partition functions of the lower and upper 
multiplets, which are given by 

Zfi = E Se.j exp [~(E eJ - AE e , AB )/k B T } (7.141) 

j 

Za = E Se,i exp (~E e<i /k B T), (7.142) 

i 

and the energy difference is 

E e j — E e j — hco. (7.143) 

We now divide (7.139) by (7.140), and using (A p h, e )ji — (A eta )ij, we have 

Aph ' e ^\ = A exp [-(E eJ - A E eAB - E eA /k B T] 

Aph,a\W) Z B 

Z A 

— — exp [— (hco — AE e-AB )/k^,T] Kirchhoff law. (7.144) 
Z B 

So, the emission is red-shifted compared to absorption. For a simple two-level 
system (without multiplets), we have Z A = Z B , and hco = A E eAB . Then (7.144) 
reduces to the simple relation A p h, e (<*>) = A p h, a (w). Figure 7.18(b) shows the mea- 
sured absorption cross-section area A p h M (X) and the emission cross-section area 
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determined from the reciprocity relation [143]. Note that in general emission can 
be red or blue shifted depending on the population of the excited state (for inverse 
population, it is blue shifted). 

Once A p h, e is known, for example from absorption, for the general case of emis- 
sion we have 


Se~ph,co — &ph,ccMph 


J 

J CO 


d E 


ph,(o 




f 

,eM ph I 

J co 


d E 


ph,co 


(7.145) 


7.10 Spectral Surface Emissivity 


A general treatment (near and far field) of thermally excited surface EM emis- 
sion is rendered in Figure 7.19(a), and given in [221]. Here we loosely build on 
the conventional far-field definition of the surface emissivity (this is rather a vol- 
umetric description and falls short; the surface treatment outlined in Section 7.15.1 
leads to the proper definition of emissivity). The spectral (and directional) emissiv- 
ity e P h,co(0 , 0, T) is defined using the blackbody spectral emissive power (quantum- 
particle treatment) Eb, w (7.8), i.e., 


€ph, co(0,(/), T) 


dE ph ^(0,(p, T) 

d E b M) 


(7.146) 


where E p j pco is the spectral emissive power. Assuming that f ph — f ° h , from (7.1) we 
have 


€ ph,co,T if 5 0 ) 


D p h,co(T) 

D b M) 


for fp h from photon gas, 


(7.147) 


where the blackbody photon DOS is defined by (7.3). 

We briefly discuss semiconductors, insulators, and metals. 

Figures 7.19(b) and (c) show the variations of measured normal (6 = 0), spec- 
tral emissivity of crystalline Si. Figure 7.19(b) is for T — 323 K and the low-energy 
results are from [465]. The blackbody DOS is also shown, as well as the DOS 
D p h(co) = € p h,coDb(co). The visible regime is dominated by direct and indirect inter- 
band transitions. 

Figure 7.19(c) shows the variations of normal (6 = 0) spectral emissivity 
€ P h,co(o), T) for Si as functions of energy for four different temperatures [411]. This 
is the low-energy regime, where the lattice vibration dominates (dipole emission). 
The emissivity first increases with an increase in temperature and then decreases. 
The peak around A = 9 /x m is associated with the Si-O bond from oxygen impurity. 

Comparing Figure 7.19(b) with the spectral absorption characteristic of semi- 
conductors (Figures 7.14 and 7.15), we see that the high absorption and emission 
regimes are very similar, as the dominant mechanisms for absorption and emission 
in the respective regimes are the same. 

The near-field and far-field emissions of Si have been predicted in [150] and will 
be discussed in relation to size effects in Section 7.15.1. The near-infrared regime 
behavior is dominated by nonpolar, optical-phonon-induced transition dipoles, and 
by intraband transitions for electrons and holes. Also shown in Figure 7.19(b) is the 
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(T e , e e , and p e (or and /q) 



(c) 

Figure 7.19. (a) EM treatment of surface emissivity. (b) Spectral, normal emissivity 
£ P h,o>(c 0 ,T) of Si. DOS D ph {E ph ) and D b (E ph ), and € phtto (co,T) for low- and high-energy 
regimes [465]. Also shown are the predicted normal spectral emissivity [150]. (c) The lattice- 
vibration (near-infrared) dipole radiation (emission) regime and its temperature dependence 
[411]. The phonon DOS for Si is shown in Figure 4.11, and the peak in the optical-phonon 
modes is also shown there. 
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normal spectral emissivity of Si predicted in [150]. The general agreement around 
the bandgap and the high-energy phonon regimes is rather good, validating the 
dielectric function model used (Section 7.15.1). As the temperature increases, the 
higher-energy phonons are excited; however, the Si phonon DOS shown in Figure 
4.11 nearly cuts off at E p h — 0.064 eV (optical phonon). Then the increase in tem- 
perature results in smaller occupancy of the low energy states, and therefore their 
reduced efficiencies. 

The interband electronic transition regime of Figure 7.19(b) begins near the 
A E e ^ bandgap of 1.13 eV for Si (Table 5.1). The spectral reflectivity and emissivity 
of SiC in the near-infrared regime has been predicted in [153]. 

The role of optical phonons is through dependence of the electric permittivity 
on frequency (polar, optical phonons, Section 4.6), and in turn the dependence of 
the surface (tangent to surface) EM waves (or its wave vector k\\) on the electric per- 
mittivity. For SiC, the following photon dispersion and dielectric function relations 
are used [153] 

a? € 

k\\ — — ~ c —- photon dispersion relation, (7.148) 

u P h «« + 1 


c„(m) — 


at 


oscillator model for dielectric function. (7.149) 


For SiC, they use hco p xo = 0.127 eV (10.32 /xm), hco p _ to = 0.0983 eV (12.61 /x m), 
hrf 1 (damping constant) = 0.000590 eV, and e e?00 = 6.7. Then, between 10.32 and 
12.61 /xm, this dispersion relation has a complex entity and behavior [153], and in 
turn determines the high near-field emission (coherent and near-resonant emission), 
and far-field emissivity (high emissivity). 

Using the classical EM treatment for the normal, spectral emissivity [428], we 
have 


4 n 


€ph,co,n — 


(n x + l ) 2 + K] 


(7.150) 


Also, for metals at long wavelengths (infrared), the two components of the complex 
index of refraction n\ and /q. (Table 3.5) are equal (Chapter 3 problem) and given 
by 


nx =*k = [ 


A./x 0 c 0 

4np e (T) 


] 1/2 metals at long wavelengths. 


(7.151) 


Using this, we note that € p h t(0 , n decreases with an increase in X, and also increases 
with T (as p e increases with T for metals, Figure 5.16). The € P h,a), n (X, p e ) is called 
the Hagen-Rubens relation. 

For a surface, the sum of the spectral reflectivity, absorptivity, and transmissivity 
is equal to unity [232]. Here our treatments of photon transport are volumetric and 
this reference to surface property is for the sake of completeness and is used in the 
treatment of energy-conversion devices. Also, as a surface property, the spectral 
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Figure 7.20. Radiative and nonradiative decay processes in a two-level system. The radiative 
decay is generally dominated by spontaneous photon emission, T ph e ^ sp . 

emissivity strongly depends on the surface topology (e.g., roughness), and surface 
composition (e.g., oxidation adsorption). 

7.11 Radiative and Nonradiative Decays and Quantum Efficiency 

Using the classical description of a bound, oscillating electron, a damping rate y e can 
be added for any energy loss. In general, this energy decay in electronic transitions 
includes both radiative (electromagnetic radiation) and nonradiative contributions 
( 7 . 37 ). The radiative decay is the total (spontaneous and stimulated emission) and 
is in general dominated by the spontaneous emission [ 429 ]. The nonradiative decay 
includes inelastic collision of atoms with each other, or with the molecular and lat- 
tice vibration (phonon emission or absorption in solids). 

The multiphonon relaxation process (purely nonradiative) is more clearly 
observed in rare-earth-element doped crystals (Section 5 . 20 ). When an electron of 
the ion is excited from the ground state to the excited state, it will not remain in the 
excited state long and returns to the ground state, with energy released equal to the 
energy gap AE eAB between the two states. As shown in Figure 7 . 20 , this energy can 
be released through a radiative decay process by emitting a photon with an energy of 
AE e AB , or through a purely nonradiative decay process by emitting several phonons 
(vibrational quanta of the host crystal), and the number of phonons emitted is given 
by N p = A E e AB /Ticop, for energy per phonon hco p . 

To calculate the total decay rate, the interaction of the isolated rare-earth ion 
with its crystalline host is interpreted as being due to the modulation of the crys- 
talline electric field by the lattice vibrations. Based on the FGR ( 3 . 27 ) and weak 
coupling, the total decay rate, which is defined as the fraction of excited electrons 

' The one-dimensional classical equation of motion for conduction electron (Table 2.5) becomes [i.e., 


where co n , e = ( T e /m e ) l R is the natural or resonance angular frequency, y e = l/z e , and F e is the 
force constant, similar to interatomic force constant (2.54). 


(3.45)] 
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decaying per second, is modeled as [42, 369] 

Ye-ph-p{T) = — = Ye-pkiT = 0)(1 + f°) N > 

T e-ph-p 

N p -phonon, purely nonradiative decay model (effective phonon-mode model), 

(7.152) 


where r e - P h- P is the lifetime of excited electrons, N p is the number of phonons emit- 
ted to fill the energy gap between the two states, and /° is the phonon equilibrium 
distribution (occupation) function (Table 1.2), i.e., 



1 

exp(hco p / I cbT) — 1 ' 


(7.153) 


Relation (7.152) shows strong dependence of y e - P h- P (T) on the number of phonons 
involved. Finally the temperature-dependent decay rate is given by 


Ye-ph-p(T) = Ye-ph ( T = 0)[1 - exp(-Tico p /k B T)\ N ” 
A/^-phonon, purely nonradiative decay model. 


(7.154) 


Here y e - P h(T — 0) is the radiative decay rate, because y e - P h- P (T) = y e - P h- P (T — 0) 
at T — 0 when /° = 0 and the phonon modes are all initially in their ground state. 
As the temperature is raised, the phonon modes become thermally populated and 
the multiphonon relaxation rate increases. Thus the radiative decay rate is constant, 
whereas the nonradiative decay rate increases with temperature. The radiative life- 
time is 

Ye-ph = = Ye-ph {T = 0). (7.155) 

Te- P h 

Now, using Matthiessen rule (4.111), we have 

1 

ye~ P h~ P — ye~ P h T ye- P -> fe- P ( T ) — y nr — — fg-p/z-^T) ye- P h 

t e~ P 

Matthiessen rule (series), (7.156) 


or 


11 1 

te-p T e - p h~ p ~£ e - p h 


(7.157) 


where z e - ph is called the radiative lifetime {x~} h — r~^ e st + r~^ e , stimulated emis- 
sion is neglected other than in optical cavities) and x e - p (= y~ l ) is the nonradia- 
tive lifetime (Section 7.4). In general z nr = z e . p < z e . ph , i.e., nonradiative decays 
are faster processes, compared to photon producing decays, but for photonics this 
is reversed and phonon emission is avoided. In Section 7.12.6, we discuss ab ini- 
tio calculations of the nonradiative decay time, using the Huang-Rhys theory of 
coupling. 
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Table 7.4. Examples of radiative decay (emission) times 
z ph, e , sp = Yf-lh of some laser and phosphorous materials 


[ 429 , 506 ]. 


Material 
and Transition 


Na 


3s — > 

3 p 

3s —> 

4 P 

He-Ne 


3 S2 — ; 

► 4/24 

25 2 -3 

► 2/24 

2 S2 —■ 

► 3/24 

Nd 3 +: YAG 


4 F3/2 — > 4 13 /2 


Ruby 

2 E -> 4 A 2 

Mn 2+ : y-Zn 3 (P0 4 )2 
Ce 3+ : Ca 2 MgSi 2 0 7 
Mn 2+ : MgF 2 
Ce 3+ : CaS 
Eu 2+ ,A1 3+ : CaS 
Ti 4+ : Y 2 0 2 S 


A, nm 


Ve-ph ■> S 


589 

15. 9x 10“ 9 

330 

3.5 xlO -7 

633 

7.0xl0“ 7 

1153 

2.3 xlO" 7 

3392 

1.04x10-® 

1064 

1.22xl0 -3 

694 

4.3 xlO -3 

635 

100 xlO" 3 

600 

100 xlO" 3 

585 

> 1 

507 

7.2 xlO 1 2 

650 

3.6xl0 3 

565 

1.8xl0 4 * 


An oscillating atom, like an oscillating classical dipole, emits EM energy at its 
discrete oscillation frequency, and this energy decays in time (emission). The classi- 
cal electron oscillator (Section 3.3.5) has the radiative decay time of (3.42) 

.3 


r e-ph, o — r ph,e,sp, o — Yph,e,sp, o 


-1 


67t€ Q m e u h 3e 0 m e u n i 1 9 A 7 

= „ „ p = ° \ ph X 2 = 4.504 x 10 4 A. 2 


e 2 c <0 2 


2ne 2 c 


classical oscillating electron radiative decay time, (7.158) 

for spontaneous emission in vacuum. This gives r p h, e ,sp,o = 1.1 xlO -8 s for A = 0.5 
gm (visible regime), and the larger wavelengths have noticeably larger decay times. 
The radiation broadening refers to the emission spectra line that has this decay 
signature and the linewidth is defined as AA = A 2 Y p h,e,sp/^u p h. For this example, 
AA = 1.2xl0" 4 A. 

Some ions have radiative decay times close to those of preceding classical elec- 
tron oscillator. Table 7.4 gives examples of the radiative decay times for some laser 
phosphorous (Glossary) materials . These are dominated by spontaneous emission 


1 The average radiation power is [289] (Chapter 3 problem) 

4 2 

Pt M P'.o 

12rte 0 u 3 h o ' 


for an oscillating dipole moment. 
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(unless the excited-state population reaches saturation, i.e., becomes the same as 
the ground state). For some of these solids, the decay time is orders of magnitude 
larger than r p h, e ,sp, o- For the alkali metal Na, the radiation lifetime is close to that 
predicted by (7.158), but for rare-earth metals doped glasses it is not as small as that 
predicted by (3.43) The decay time r e - p h for Nd 3+ : LaCl 3 of Figure 5.38, for various 
fluorescent transitions, are reported in [7], and are between 20 to 170 /xs. 

Phosphorous materials have decay times significantly longer than that of the 
laser materials. The excited electrons in these materials form a singlet that is sur- 
rounded by levels that are not allowed by quantum mechanic exclusions. Although 
the electrons eventually decay to the ground levels, the time it takes for them to 
reach the ground state is long, thus the luminescence is prolonged (used in displays). 

The temperature dependence of (7.152) has been confirmed by experiments. 
For example, in a Y 2 O 3 crystal doped with Yb 3+ , the lifetime of the excited elec- 
trons ( 2 F 5/2 to 2 F 7 / 2 ) is measured as a function of temperature [384]. The results are 
shown in Figure 7.21(a). The results are predicted for the multiphonon decay rate 
using (7.154) with hco p = 0.1952 eV and N p = 6 (predicted by the metrics introduced 
in [238]). This suggests that the decay is a six phonon relaxation process, with the 
energy of 0.1952 eV per phonon, which corresponds to the highest available phonon 
mode of the 0-0 pair. Note that for very large temperatures (reaching the melting 
temperature of the host crystal), r e - P h- P tends to zero [from (7.154)]. The prediction 
of (7.154) is also shown in Figure 7.21(b) for Ti 3+ : AI 2 O 3 , and is is good agreement 
is found with experiments. 

Other multiphonon relaxation-time models have been suggested [386], and are 
more accurate representations of experimental results at low temperatures. Because 
the population of the excited state deviates from that given for the thermal equilib- 
rium, it needs to be determined using the rate equation. Using (7.37), at steady state, 
the excitation events from the ground state must be balanced by the decay events 
from the excited state, i.e., 


n et A(coi)Ap ht a(co)f p h((o) - n etB (co2)A phtd (Q))[l + f p h((o)\ = 0, (7.159) 


where A p h t d is the decay cross section and is related to A p ^ e through 


A ph,e 

he-ph — ~ 

-A ph,d 


Ye-ph Ye-ph 


Ye-ph~p(T ) Ye-ph T Ye-p 


— Te ph p quantum efficiency, (7.160) 

^ e-ph 


where r) e - P h is the quantum efficiency [374]. The quantum efficiency is the equivalent 
of the Carnot efficiency (which uses temperatures). Then we have 


^ e,B A p h, a (co)f p h(o)) A p h a ((i))f p h(a)) 

■,A A ph ' d (w)[l + fph(co)] W“)[l + f ph (oj)\ 


n 


(7.161) 


Using Sf tP h given by (7.66), we have the heating rate as 


S f,ph — tl p hCT ph,co\f p/j(F) fph(sy\i &ph,co — A p h a n a . 


(7.162) 
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Figure 7.21. Lifetime (decay rate) measured for excited electron in (a) Yb 3+ doped yttria 
[384], and (b) Ti 3+ -doped alumina (sapphire) [369]. For (a) the prediction based on 0-0 cut- 
off frequency is also shown [238]. Here g s is a coefficient that depends on the structure of the 
crystals. 


Here n a is the number density of absorption sites, and the nonequilibrium distribu- 
tion function is 



1 

ge,A( M l)n e ,B(M 2 ) 


1 


ge t B{p>l) A p h t a(co)f p h(co) 

SeA<0 l) y^l[l + f ph (co)\ 


1 ie-ph f ph (^) 

1 f ph{to) IJe-ph f phil^) 


(7.163) 


where we have used (7.65). 
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When the spontaneous emission dominates over the stimulated emission [i.e., 
occupation is f p h(co) 1], then f£ h is simplified to 

fph( T ) = Ve-phfph(s)- (7.164) 

Note that f ph (T) is nonequilibrium distribution, and here it is proportional to the 
local distribution function f P h(s). 

In Section 7.12.6 we will discuss ab initio calculations of y e - P h and y e - p , for a 
simple ionic complex. 


7.12 Anti-Stokes Fluorescence: Photon-Electron-Phonon Couplings 


7.12.1 Anti-Stokes Laser Cooling (Phonon Absorption) of Ion-Doped Solids 


Phonon assisted electronic transition by photon absorption, i.e., phonon-assisted, 
dipole-moment transition, is the cooperative process (Glossary) governing laser 
cooling of solids. The concept of laser cooling (optical refrigeration) by the anti- 
Stokes luminescence in solids was introduced in [372], where the thermal vibrational 
energy can be removed by the anti-Stokes fluorescence in which a material is excited 
with photons having an energy below the mean fluorescence energy. Initially, it was 
believed that optical cooling by the anti-Stokes fluorescence contradicted the second 
law of thermodynamics [476, 477], suggesting that the cycle of excitation and fluores- 
cence is reversible, and hence an energy yield greater than one would be equivalent 
to the complete transformation of heat to work. This was cleared up when entropy 
was assigned to radiation [264]. The entropy of a radiation field is proportional to 
its frequency bandwidth and also to the solid angle through which it propagates. 
Because the incident laser light has a small bandwidth and propagates in a well- 
defined direction, it has almost zero entropy. On the other hand, the fluorescence is 
broadband and is emitted in all directions, so if the power of the emission is equal to 
or greater than the incident beam, the emission has a comparatively large entropy. 

Figures 7.22(a) to (e) show the energy diagram, as well as the steps identifying 
the mechanisms, in laser cooling of an ion-doped dielectric (otherwise transparent to 
the laser irradiation) solid. There the host crystal lattice is idealized as transparent to 
the pumping laser. Typical host crystals include Y 3 Al 50 i 2 (YAG), LiYF 4 , LiSrAlF6, 
Ca 5 (P0 4 )3F, LaMgAlnOi 9 , Gd 3 Sc 2 Ga 3 Oi 2 , La 2 Be 2 0 5 , A1 2 0 3 , BeAl 2 0 3 , and MgF 2 
[369]. Some of its atoms are replaced with optically active, doped ions (e.g., Yb 3+ ), 
and thus become slightly absorbing. In quantum-mechanics the ion is represented 
by an effective transition dipole moment (or dipole operator), defined as a quantum 
mechanical spatial integral of the classical dipole moment e c x (7.135), i.e., 


[i e 



(7.165) 


where q (here equal to e c ) is the electric charge, x is the position vector, and t/ 9 
and \jff are the initial- and final-state wave functions of the two level system. The 
electromagnetic field, which has a polarization vector s p/ha , may interact with the 
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E Ion Energy 



Configuration Coordinate Diagram 



(a) Electron-phonon Coupling 




(under Bom-Oppenheimer Approximation) 



(c) Lattice Relaxation and Displacement 
(under Energy Minimization) 



(d) Emission (under Born-Oppenheimer Approximation), 
Ending in Ground State (Boltzmann Statistics) 






(e) Lattice Relaxation and Restoring 
(under Energy Minimization) 


Figure 7.22. (a) The energy diagram, (b)-(e) five steps in the photon-electron-phonon cou- 
plings in the energy transfer cycle for the laser cooling of ion-doped dielectric solids. Pho- 
ton absorption is assisted by phonon absorption, thus emitted photon (radiative decay) has 
a higher energy than the absorbed photon. Both excited and ground state ions couple with 
phonon through the displacement (shown with normal coordinate). 
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ion if the coupling factor s p / 1M ■ p e is nonzero (i.e., they are not orthogonal). The 
principal mechanisms of the photon-electron-phonon interactions resulting in the 
cooling effect in the solid, are shown in Figures 7.22(a)-(e). In step (a), the electron 
in the ground state is coupled to a phonon and forms a combined state. 

In (b), when the medium is irradiated by laser light with a frequency co p h,i 
that is below the resonance frequency co e , g for the energy gap (F 5/2 to F 7/2 tran- 
sition of the 4/-4/ orbital transition, 10,250 cm -1 for Yb 3+ ion in Y 2 O 3 , similar 
to results given in Figure 5.38), the electron has some probability of being excited 
by absorbing a photon from the pumping field and the coupled phonon, such that 
hco p h,i -\-hco p — Ticbph e , where cb p h, e — mean emission angular frequency. According 
to the Born-Oppenheimer approximation, this electronic transition is instantaneous 
and the ion core does not move. In (c), after the electron is in the excited state, the 
charge distribution around the ion has been alternated, and the lattice will relax to 
new equilibrium positions. In (d), the electron then undergoes a radiative decay and 
returns to the ground state, emitting a photon with frequency (o p h, e - It is followed 
in (d) by another lattice-relaxation process that restores the lattice to its original 
positions. 

If the average emitted photon frequency d) p h, e is larger than co p hj, the medium 
loses thermal energy and is cooled. A local temperature decrease was detected 
by a photothermal deflection technique, and the cooling efficiencies achieved in 
ytterbium-doped glass (up to 2 %) were more than 10 4 times those observed in 
Doppler cooling of gases (Section 7.13.2). Since then, various ytterbium-doped 
glasses and crystals have been cooled [123, 133, 140, 164, 183, 295, 342, 382]. For 
the /-orbital transitions (rare-earth ions), an approximate relation for p e is devel- 
oped based on the transition charge distribution overlap [238]. 


7.12.2 Laser Cooling Efficiency 

Figure 7.23(a) shows the energy transfer among photon-electron-phonon for Yb 3+ 
ion a dielectric crystal (Y 2 O 3 ). As shown in Figure 7.23(b), because of the ion-lattice 
coupling, the resonant, zero-phonon line in the absorption spectrum is broadened by 
the phonon sidebands, in which the electronic excitation may be assisted by absorb- 
ing one or more lattice phonons. The average emission wavelength X p i ue is inde- 
pendent of the excitation wavelength X p hj [110, 476]. This is in accordance with the 
Vavilov empirical rule [476], which states that the shape of the emission spectrum 
of a transition is essentially independent of the wavelength at which it is excited. 
Although this is not true for all materials, in the case of ytterbium in crystals, the 
time scale of thermal interactions (~ 10 -12 s to 10~ 9 s) is orders of magnitude shorter 
compared with the time scale for optical transitions (of the order of 10 -3 s) [134]. 
This implies that no matter what photon wavelength X ph j is used to excite the ytter- 
bium transition, the population distribution in the upper manifold reaches thermal 
equilibrium before relaxing to the ground-state manifold, so, the emission spectra is 
independent of the pumping wavelength. The absorption spectrum (dimensionless 
E* h e ) of Yb 3+ : ZBLANP is shown in Figure 7.23(b) [275]. Apart from the strongest 
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Figure 7.23. (a) Energy spectra of all three energy carriers in irradiated Yb 3 + :Y 2 03 . Yb 3+ has 
only two main electronic levels: 4 F 7/2 and 4 F 5/2 . The Russel-Saunders term symbols are used 
for electronic states, (b) Dimensionless absorption spectrum of Yb 3+ : ZBLANP at T = 10 K. 
The transitions ( 2 F 5 /2 )4 — ► ( 2 F7 /2 )o,i, 2 j 3, from the first excited manifold to four ground level 
manifolds are extrapolated (Voigt profile) and are also shown, (c) Dimensionless emission 
spectrum for the same [275]. 


resonance transition (^ 5 / 2)4 -^ 2 (F 7 / 2 )o, there exist 3 phonon sideband transitions 
designated as (1,2,3)- When the mean absorbed phonon energy is larger than the 
average emitted phonon (the 3 vibronic transitions), cooling occurs. The conditions 
for cooling and heating are 

Ticophj — hcbph e — hcop < 0 cooling (anti-Stokes process) 

hojphj —hcbph,e — hcop > 0 heating (Stokes process), (7.166) 

where (o ph j is the incoming photon frequency, cb p i i e is the average emission photon 
frequency, and co p is the single phonon frequency. 

The emission spectrum (dimensionless E* ph a ) of Yb 3+ : ZBLANP in Fig- 
ure 7.23(c) shows that there are also three sub-levels in the excited state manifold. 
Note that the shift of emission to the long wavelengths in Figure 7.23(c) is that also 
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predicted by the reciprocity discussed in Section 7.9.2, and also shown in Figure 
7.21(b). In Figure 7.18(b), the mean emission wavelength k p h, e > shown as the verti- 
cal line, is defined as 



(7.167) 


The absorption at wavelengths longer than k p h, e is defined as the cooling tail. This is 
a phonon-assisted absorption process, as was shown in Figure 7.22. Note that o p / hCO 
and E P h,co are related through the absorption and emission cross-section area, given 
by reciprocity relation (7.144). Then the laser cooling efficiency is defined as the 
ratio between the net cooling power and the absorbed laser power, i.e., 

d)ph,e tOphJ d)p/ i e (cD e g Np(i)p ) kp/^j kp[ ie 

hp-ph — — 77 — F 

t^ph,i tD eg 1\ p(L)p A'ph,e 

laser cooling efficiency, (7.168) 


where N p is the number of phonons involved in one transition. It is evident that rj p - p h 
increases as N p co p increases, indicating that higher-energy phonons are desirable, to 
couple to the anti-Stokes electron excitation. 

The cooling efficiency rj p - p h increases as the pumping wavelength k p hj 
increases. However, the excitation probability y p h- e (which determines the absorp- 
tion coefficient ( J p h,\,i , and also the extinction index kxj) becomes too small if the 
pumping wavelength is too long. Thus the cooling efficiency rj p - p h of different mate- 
rials (or structures) are compared at the same excitation probability. We consider 
the excitation probability in the cooling tail, where the energy h (co e ^ — co p hj) is pro- 
vided by annihilation of the lattice phonons. This multiphonon-assisted anti-Stokes 
excitation process is one of the multiphonon phenomena, which also include multi- 
phonon Stokes excitation, multiphonon relaxation, and multiphonon energy trans- 
fer. For the multiphonon anti-Stokes excitation, the process involving the smallest 
number of phonons is the most probable. Thus, as a first approximation, only the 
cut-off phonons have been assumed to couple effectively to the anti-Stokes excita- 
tion of the electron, although phonons of various energies are available in the lattice 
[14]. However, this approach generally does not give a detailed fit to experimen- 
tal spectra. To resolve the experimental spectra, different phonon modes should 
be used according to different pumping wavelengths, so that the energy require- 
ment hcophj +h(Op —Tico e g is satisfied without assuming any arbitrary broadening. 
To do this, the phonon DOS obtained by lattice dynamics calculations should be 
included. A thorough model (for weak couplings) has been developed for this pur- 
pose [140, 141] by considering one phonon absorption, and is confirmed in modeling 
the laser cooling in bulk materials. Here, the solution procedure is briefly introduced 
in the next section. Later, we discuss strong couplings and the derivations leading to 
ab initio computations. 
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7.12.3 Photon-Electron-Phonon Transition Rate Using Weak 

Coupling Approximation 

Because a much longer pumping wavelength than the resonance is used in laser 
cooling, the probability of a purely electronic transition (the first order process) 
between electronic sublevels becomes very small. While the phonon-assisted tran- 
sition, a second-order process, begins to contribute significantly to absorption. As a 
result, the absorption turns out to be a combination of the first-order and second- 
order transitions. Because the first-order process does not involve phonons, only the 
second-order process is analyzed here for the purpose of understanding the role of 
phonons in laser cooling. 

In the second-order process, the ion in its ground state absorbs an incident pho- 
ton and a phonon, and moves up to the excited state. The probability per unit time 
of such a process can be evaluated using the perturbation theory. The Hamiltonian 
for the physical system considered is given by [140] 

H = H, + Up + H ph + H ph . e + U e . p . (7.169) 

The first term is (neglecting the 1/2 energy term) 

H e = hco e g a^a, (7.170) 

i.e., the Hamiltonian of the ion electronic levels, where hco efg is the energy differ- 
ence between the optically active energy levels of the dopant ion (considered as a 
two-level ion) and cfi . (a) is the creation (annihilation) operator of an electronic 
excitation. Again, we have neglected the 1/2 term appearing in the Hamiltonian by 
using the ladder operator (Section 2.6.5 footnote) 

The second term is (Section 4.5) 

H p = J2 hw p bi b, (7.171) 

P 

i.e., the phonon field Hamiltonian, where co p is the phonon frequency and M ( b ) is the 
creation (annihilation) operator of a phonon in mode p. Again, we have neglected 
the 1/2 term. 

The third term is (Section 7.3.1) 

H ph =ha) phJ c ] c, (7.172) 

i.e., the electromagnetic laser field Hamiltonian, where co p hj is the pumping fre- 
quency and c t (c) is the creation (annihilation) operator of a photon. 

The fourth term is that developed in Section 7.3.2, i.e., (7.36), which we write as 

H ph-e = ~Sph,i ■ lle C° Ph \/ ) 1/2 ( ct + C )( flt + Q ) 

= C ph-e (c 1 + c)^ + a), C ph - e = -Sphj ■ /t TUv ) 1/2 ’ ( 7 - 173 ) 


t Following the footnote of Section 2.6.4, we use (a, a^) for electron, ( b , b') for phonon , and (c, d) 
for photon. 
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i.e., the photon-electron interaction Hamiltonian, where s ph j is the polarization 
vector of the photon, fi e is the transition dipole moment of the electronic transi- 
tion, 6 0 is the vacuum permittivity, and V s is the interacting volume. Note that from 
( 3 . 36 ) the term [hco p hj /(2e 0 V s )] i/2 is the vacuum electric field per photon. 


(A) Acoustic Phonons 


The fifth term is the electron-phonon interaction Hamiltonian that can be described 
as distortion of the ligand ions affecting the crystal field. Such a distortion is a func- 
tion of the local strain; therefore we can expand the crystal field potential in powers 
of such a strain. The Local strain is defined by the strain term Cj j as 


_ 1 ddi ddj ■ _ i o tv 

€ ij ~ o (t; 1 " t — ) 0 » J — 1 > 2 , 3 ), 


2 dxj 


dxi 


( 7 . 174 ) 


which is also given in Table 3.11. For simplicity we shall assume that 


M , 

6 ^ U=0i 

OX 


( 7 . 175 ) 


thus not taking into any account the anisotropy of the elastic waves. We take as 
origin for the coordinate axes to point of the lattice in which the nucleus of the ion 
is located. 

The displacement d is given by (4.47), and its derivative is expressed as [369] 

dd , hco, 

dx 


=0 = {TA) v \b-by 


2 pu 


( 7 . 176 ) 


p 


Then the crystal field Hamiltonian, H c in terms of strain is 

H ( — H 0 T (Pe-p, 


( 7 . 177 ) 


where H 0 is the static crystal field Hamiltonian term and higher-order terms are 
neglected. The the interaction Hamiltonian becomes 


Hg-n — tye-p. 


hco 


= <Pe-p, a(^— y) 1/2 (^-^ f ) 


2 pu 2 


hoo , 


= C e - p , A (b -by C e -n = <p 


2 pu 2 


( 7 . 178 ) 


p 


i.e., the electron-phonon interaction Hamiltonian, where (p e - P , a is the acoustic inter- 
action potential that is analogous to (5.177), co p is the phonon frequency, u p is the 
average speed of sound, and p is the mass density. 

This process appears in the second-order term of the perturbation expansion, 
and the transition (photon-induced, phonon-assisted absorption) rate y p h - e - P , which 
(is the dominant rate controlling mechanism; thus we have a weak phonon coupling) 
is given by the FGR (3.27) [140], i.e, 

2tt 

Yph-e-p — Ye,i-f = \Mfj \ — Ef), 


f 


f 


( 7 . 179 ) 
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where E, and E f are, respectively, the initial and final energies of the electron sys- 
tem. The interaction matrix element Mfj admits a perturbative expansion given by 

[140] 


Mfi — (f\Hi n t\i) + 


( / 1 Hint \m)(m\ Hint | i ) 


m 


Ee,i ~ E e< 


m 


+ ^ 1 L i ■ H, ' n ' I m ) i H, ' nf i ^ ( n i H »» i * ) + 


m,n 


(£<M - E e<m ){E e<i - E e ,„) 


(7.180) 


with H int — H e - p h + The summations on m and n include all the intermediate 
phonon and photon states. 

We calculate the transition probability y p h, a between initial |/) = | f ph + 
1, f p + 1) and final \f) = \ \j/f, f ph , f p ) states of the system, where the first ket ele- 
ment V9 refers to the ion (electronic) state, the second one, f p h , to the photon num- 
ber in the interacting volume V s , and the third one, f p , to the phonon distribution 
function. These types of processes appear only in the second-order perturbation 
expansion of the Mfj interaction matrix, which gives [23, 369] 


M fi,2nd = ^ 


m 


= E 


( / I Hint I m ) ( m I H, n / 1 j ) 

Ee,i E em 

fph. fp I Hg -ph I fm i fph T 1? f p) 
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Ei ( E m hco p ) 

X (fm i fph T 1? f p I H<?-p | , f p h T 1 > fp T 1) 

_j_ ( / > fph > fp I He-/; I fm > fph i fp T 1) 

T/ hajpii) 

X {fmi fphi fp T 1 1 He-/;/; I fi i fph T 1? fp T 1)] 

f •> .fphi f p\C ph-eipf T ^)(c^ T ^) I fm i fph T 1? .//?) 


-E 


Et (E m ho) p ) 

^'(ifrni fph T fp \de-pC e -pQ^ ufb Z?^)|l/f/, fph T 1? fp T 1) 
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Ei ( E m hcop) 
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Ei (E m hcOp ) 
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The energy symbol with no subscript indicates the total energy (whereas sub- 
scripts e indicate electron system only). The approximation is based on not allow- 
ing transition to states lower than the lowest excited manifold, so we have phonon 
absorption followed by photon absorption [Figure 7.22(a)]. Because the phonon 
energy hco p is much smaller than the energy gap, it cannot by itself induce an elec- 
tronic transition. In the perturbation theory the intermediate wave function i J/ rn is 
then approximated as unperturbed, i.e., \j/ m = \ J/j, and E m = E { . Hence, using the 
definition of matrix element (5.94), (7.181) becomes 


47 fj ? 2nd 


E C' rl/2 

^ ph-ejph ^ e-pjp 

P 

E p fl/2 

^ ph-ejph e-pjp 


Ei - ( Ei — hcop) 
Ej - (Ei — h(o p ) 



(7.182) 


where we have used — 1, {\j/f\a\\j/i) = 0, and (i/r f\a^ = 1. These are 

due to the use of the number operator, applying the lowering operator to the ground 
state, and the definition of the raising ladder operator (Section 2.6.4), respectively. 
Substituting (7.182) into (7.179), we have [140] 


E 2 t t , C ph~ e C e ~p 

ye,i ~ f = ~h ^ 


/ 


hco, 


) f ph f p^Y)(ftO)ph f i -\-h(Op h(O ei g). 


(7.183) 


To perform the summation on the phonon modes in (7.183), we must intro- 
duce the phonon DOS D P (E P ). In terms of this distribution function, transition rate 

(7.183), becomes an integral given as 


(p 2 

2 r Y e-p 
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E, 


(7.184) 


where E p is the phonon energy given by E p = Tico eg — hco ph i and (p e - p ^ was defined 
in (7.178). It implies that the excitation spectra can be well associated with the 
phonon spectra, as observed in [335]. Here we have used the equilibrium distri- 
bution functions for phonons. Then (7.184) is rewritten as 

2jT (S ph j ■ fl e ) 2 Ve-p,A D p( E p)fp( E p) 


Yph-e-p — 
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2e 0 
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where e ph i is the incident photon energy density (per unit solid volume) also used 
in (7.2). 


(B) Optical Phonons 

When specific normal modes of vibration dominate the electron-phonon interac- 
tion, it is useful to express the electron-phonon interaction Hamiltonian in terms 
of normal coordinates, which is presented as (5.163) and (5.164). Because the opti- 
cal deformation potential that is analogous to (5.187), the crystal field Hamiltonian 
term (7.177) can be replaced with [238] 

H c = H 0 + <p' e - p0 Q q . (7.186) 

Again, the higher-order terms have been neglected. Then the interaction Hamilto- 
nian term (7.178) becomes 



*Pe-p, o Qq 

- ' ( h 

p, ° 2 mACWp 


) 1/2 (b q 



= Ce-p,o(b q H-fcJ), 




h 

2 m AC co p 



(7.187) 


where cp' e _ p 0 is the electron-phonon coupling similar to deformation potential 
(5.187), co p is the phonon frequency, uiac is the mass of the reduced oscillating atom, 
and b q (b\ ) is the creation (annihilation) operator in normal coordinates. Note that 
(h/2mAC<*>p) l/2 represents the atomic displacement (2.59). Then going through FGR 
3.27) similar to acoustic phonons by using the new interaction matrix, we rewrite 
(7.185) as 
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7i h 


Yph-e-p — 


Tph-e-p 2/72 AC^o 


.. \2 ,j2 D p (E p )fo(E p ) r f ph 

\ S ph,i ‘ Pe) <P e -p , O 77^ bcOph i 


F 3 


V, 


(7.188) 


Note that now D P (E P ) is the phonon DOS for normal (local) modes that may be 
different from D P (E P ) for the bulk host material. Also, note that D p maybe rep- 
resented by the Debye-Gaussian model (4.29) [e.g., Figure 4.8(c)]. The theoretical 
treatment of <p f e _ 0 is given in [238], and Figures 7.24(a) to (c) show aspects of the 
material metrics of laser cooling of solids [238]. Figure 7.24(a) shows the phonon 
assisted electronic excitation for Yb 3+ . Figures 7.24(b) and (c) show that although 
strong phonon coupling is desirable in excitation, it is not desired in the decay (since 
it reduces the quantum efficiency). 

An analytical, harmonic approximation relation for <p f e _ Q is given in [240]. This 
gives cp' e _ 0 = riAcAx^ in /2r„„, where Tiac is the ion-ligand force constant, Ajc m i n is 
given by (2.59) and r nn is the distance between the ion and its nearest cation. 
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Ground State Electron Level of Yb 3+ 


Ground State Excited State 

<Xj> <x f > 



Yb 3+ Ion Electron Cloud Domain 


T i — < ph-e-p 
ph-e-p ' ' 


Lattice Relaxation 
(Under Energy 
Minimization) 


(a) Photon-Induced, Phonon- Assisted, Electronic Transition in Weak Electron-Phonon Coupling Regime 



(b) Radiative Transition (Resonance) (c) Multiphonon Nonradiative Transition in 

Strong Electron-Phonon Coupling Regime 


Figure 7.24. Material metrics of the photon-electron-phonon interactions in laser cooling 
of Yb +3 -doped solids, (a) Model for the optical-phonon coupling with a bound electron fol- 
lowed by photon absorption, (b) Purely radiative emission process. The phonon side band 
transitions are also shown, (c) Purely nonradiative emission process. The quantum efficiency 
rie-ph is also defined by the ratio of radiative transition rate to total transition rate. The various 
variables will be discussed in the texts of the related sections [238]. 


7.12.4 Time Scales for Laser Cooling of Solids (Weak Couplings) 

In the weak coupling analysis the kinetics of laser cooling cycle has been presented 
with various characteristic times, namely, z ph - e , z e . p and z ph - e . p . 

A variety of parameters can be used to describe the photon-electron interac- 
tion, e.g., the Einstein y p h, e ,sp given in (7.37), y phM given by (7.184), the radiative life- 
time ( z r — z p h - e ), the oscillator strength, or the absorption cross-section area. These 
parameters are all governed by the transition dipole moment, which is a more fun- 
damental quantity. For example, the Einstein A coefficient y p h,e,sp in (7.37) (equiv- 
alent to the radiative decay rate y r ) and the radiative lifetime z r — z p h, e ,s P = t P h-e 
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(applied to anti-Stokes emission dominated by spontaneous emission, as demon- 
strated in Section 7.4.3) are related to the transition dipole moment by (3.43) [194] 


Yph,e,sp — Yph-e — n ( P'ph-e ) (7.189) 

J7T € 0 hu pfo 

1 37 T€ 0 hu 3 , 1 

Tph,e,sp = *ph-e = = 7 7T, (7.190) 

Yph,e,sp ^e,g Kl^ph-e) 


where e 0 is the free-space electric permittivity and ( giph-e ) is the spatial average 
of the photon polarization and transition dipole moment vectors and is defined as 

( P'ph-e ) — ph,i ' l^ph-e) ) — (F ph-e ^ ) • 

The multiphonon decay process is given by [392] [also given by (7.154) 



exp (ha) p , c /k B T) Nn 
exp(hco px /k B T) - 1 J 





(7.191) 


The photon-induced phonon-assisted transition time T p h- e - p is given by the inverse 
of (7.188) assuming that the photon density of state f p h integrates to one for 
an incoming laser (monochromatic and single-photon interaction). The predicted 
tph-e-p can be directly compared with other transition times by defining the 
photon-induced, photon-assisted transition dipole moment pt p h-e- P i-C., 


37 r 2 h 2 u 3 ph Tica phJ (p' e i p Q D p (E p ) f° (E p ) 


a 


Yph-e- p — 


Tph-e-p 3lT C qTiU^p^ 2/72 ^ T? 


E 3 
^ p 


(fTph-e ) 


CO 


e,g 


3j T€ 0 hu 3 ph 


(l^ph-e-p) • 


(7.192) 


In Figure 7.25, variations of the predicted photon-induced, phonon-assisted transi- 
tion lifetime with respect to temperature, is compared with the experimental results 
of [164], for Yb 3+ : ZrF, and good agreement is found. Also shown is the temperature 
dependence of x e - P — Y c 7 l p - 

The sample temperature depends on the balance between the thermal load 
(radiative heat transfer from surroundings) and the laser cooling rate. The simplified 
analysis of the laser cooling of a sample used in [164] is given here. The sample is a 7 
mm long, 170 /xm diameter optical fibre, subject to laser irradiation from one end, as 
shown in Figure 7.26. The only external load is the thermal radiation from the sur- 
roundings. Because the external radiative resistance is much larger than the internal 
conductive resistance, the sample can be assumed to be at uniform temperature T, 
and the macroscopic, steady-state, integral-volume energy equation (Table 1.1) is 



S ph-e-p ^ 


(7.193) 


where the thermal radiation load Q p i us is given by 

Qph.s = (pD 2 + 7TDL)e ph (JsB(T? - ?£), 


(7.194) 
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Figure 7.25. Variations of time constants as functions of temperature. The radiative relax- 
ation time is the shortest followed by the phonon-assisted photon absorption at low temper- 
atures. Multiphonon relaxation exhibits strong temperature dependence and is dominant at 
high temperatures [238]. Comparison with experimental results [164] is also shown. 


where e p h is the total surface emissivity. The energy conversion S p h- e - P is given by 


Sph-e-p — Qph,a Qph,e 

= haj p fijy p h-e- P I nddV s ha) p h, e y p h- e I ftddVs 
Jv s Jv s 

a to)ph,e Ye-ph . I 

; )ftto) p h,iY P h-e- P I 
to)ph,i Yph-e-p J V s 

to)ph,e \ . f j.r a ft(*)ph,iYph- e -p 

— IT he-ph )^ph,a^d^ ph I ^ ph,i^** s e\ p h,a — t 

to) ph ,i J V s ^ ph ft to) ph , i ft ph , i 

= (1 he- ph)& phjft phhto) phjft phjVs 

to) ph,i 

a to^ph , e \ ^ 

he-ph )totph,i ph,i » 

to) ph,i 


(7.195) 


where nd is the dopant concentration, a p hj is the absorption coefficient (which is the 
product of A p h t a and ftd), and n P hj is the number of photons per unit volume. 

The spectral absorptance a ph i of intensity flux I ph i is related to the absorptance 
(for optically thin solids, see footnote of Section 7.8) as, 

tot ph,i — 1 ^xp( cfphjL), for g p h [E <<C 1, tot p hj — o p hpL, (7.196) 


and Q phta = AI phti a phti Q ph j , where Q phJ is the incident laser power. 
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7^ Surroundings 



Figure 7.26. Heat transfer mechanism of laser cooling of a solid rod (fiber). The solid sample 
exchanges radiation heat with the surroundings through vacuum. The sample temperature is 
determined by the balance between the net external radiation (thermal load) and the cooling 
rate. 


Thus (7.193) becomes 


q r tD 2 + JtDL)e ph a SB (T s 4 - t£) = (1 - 


°>ph,e x 

he-ph )Otph,i \2ph,i 

(*)ph,i 


/ 7ph,i 
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rip-ph)Uph,iQph,i ■ (7.197) 


from which the sample temperature T s is determined. 

Using the quantum quantities developed in Section 7.12.1, (7.195) becomes 
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(7.198) 


for the optical-phonon absorption, where r p h- e , r e- P , and r p h- e - P are the radiative, 
nonradiative, and phonon-assisted transition time constants respectively, and r p h Jr 
is the photon transit time that is defined by r P / Ur = L/u p h , where L is the sample 
length (along the beam). This indicates that, unlike energy transport, the energy 
conversion process is a product of the time constants of the processes. The cooling 
rate is directly limited by the the phonon-assisted absorption process, which has a 
transition rate two orders of magnitude smaller than that of the purely radiative 
transition. The reabsorption of emitted photons is neglected because it is estimated 
to be only 0.005% of the total emission rate [400]. Further details are reported in 
[400] and [238]. The ab initio computation of the three carrier interaction rates in 
the strong coupling regime is introduced in the next section. 
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Figure 7.27. Dimensionless cooling rate as a function of atomic number, for discrete values 
of temperature for Yb 3+ : C-F where C stands for cation. Some elements are added for refer- 
ence. Also, a fourth-order polynomial fit is shown to guide the eye. Note that semiconductors 
and rare-earth materials have been omitted [238]. 


7.12.5 Optimal Host Material 

Figure 7.27 shows distribution of the maximum cooling rate as a function of the 
atomic number. The trend is fitted to a 4th-order polynomial to guide the eye. The 
results show that there are two peaks, between atomic numbers 20 and 30 and 75 and 
85. This trend supports the recent successes of blending of light and heavy cations 
as host materials for laser cooling of solids. However, as the temperature decreases 
and the available high energy phonons diminish rapidly (Bose-Einstein distribution 
/°), the cooling rate is quickly suppressed. 

The above analysis provides a guide to the selection of ion-host materials for 
optimal performance. Here we compare various host materials, based on perfor- 
mance by atomic pairs, and we choose F as one of the atoms. Figure 7.28(a) shows 
variation of dimensionless cooling rate with respect to temperature, for some C-F 
pairs with Yb 3+ ion. The crystal structure assumed is FCC, which has C-F pairs as 
the ion immediate ligands. Here C is Tl, Zr, Hf, Nb Fe, Mg and Al. These structures 
may not be realized, for example, AIF 3 is an stable, existing compound. However, if 
a blend of different C-F pairs are made, the contributions of these pair ligands exist 
at the ion site. Figure 13(a) shows that Al, which has a relatively low phonon peak 
energy, exhibits high cooling rate over a wide range of temperatures, however, one 
can expect that the energy removed per transition is low (low capacity). On the con- 
trary, one can expect the energy removed per transition is high (high capacity) for Zr 
(due to relatively high phonon peak energy), yet the performance decreases rapidly 
as the temperature decreases. The inset in Figure 7.28(a) shows that at tempera- 
tures near 150 K, it is possible to reach even lower temperature with Tl compared 
to Zr. 
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Figure 7.28. (a) Dimensionless cooling rate as a function of temperature, for Yb 3+ : Tl-F, Zr-F, 
Hf-F, Nb-F Fe-F, Mg-F, and Al-F. The results are for ideal conditions, i.e., quantum efficiency 
of one and identical FCC structures, (b) The maximum, normalized cooling rate for various 
cation-fluoride pairs, as function of phonon energy for Yb 3+ : C-F. Note that semiconductors 
and rare-earth materials have been omitted. The dashed line is only intended to guide the eye 
[238]. 


The maximum cooling rate for some cation-fluoride pairs are given in Figure 
7.28(b). The results show that the first column alkali-metals from the periodic table 
are not good candidates for laser cooling at T = 300 K. However, due to the rel- 
atively lower phonon energy, these elements are expected to be more suitable at 
lower temperatures with the exception of Cs and Rb. The results are expected from 
(7.198), which shows that there are several competing processes in laser cooling of 
solids. These are, (a) higher phonon peak energy results in more energy removed 
per transition, (b) lower phonon peak energy results in higher phonon distribution 
values (c) low cut-off frequency results in higher phonon density of states, and (d) 
higher cut-off frequency results in higher a nonradiative decay. 
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Figure 7.29. Dimensionless cooling rate as a function of phonon energy for diatomic host 
Yb 3+ : CF 4 or blend host, BF 4 . The cooling rates have been calculated using ideal conditions, 
i.e., quantum efficiency of one and FCC structure, and are linearly superimposed. Although 
the magnitude of the cooling rate is moderated, the absorption probability increases as the 
phonon spectrum broadens. The cooling rates for diatomic hosts are shown in dashed lines 
and exhibit less broadening [238]. 


Using the above discussions, it is possible to quantitatively predict the cooling 
performance of a blended material. Figure 7.29 shows the cooling performance of 
an example blend of host materials. In practice, the composition discussed here may 
not be realized, however, the blend here provides an example providing a valuable 
general guide. The figure shows that blending materials that have different phonon 
peak energies increases the half width of the transition. This, in turn increases the 
transition probability. One can expect that as the half width broadens, it increases 
the probability of various phonon modes available in the lattice coupling with the 
electron in oscillation. This blending strategy is expected to increase the absorption 
rate as much as factor of 2. 

Results of Figures 7.28(a) and 7.29 suggest using elements Al, Mn, Na and Mg 
in the host blend. Nevertheless, for optimized cooling performance, a wide range of 
elements should be present in the blend for increased absorption probability (with 
the exception of Rb and Cs). 


7.12.6 Photon-Electron and Electron-Phonon Transition Rates Using Strong 

Couplings (Ab Initio Computation) 

It was found in the previous section that the absorption rate y p h, a is limited by the 
photon-electron coupling and electron-phonon coupling. It becomes feasible to cal- 
culate these coupling parameters by using ab initio methods, which may allow for an 
understanding to link these coupling parameters to the atomic structure, especially 
in the quantitative level. 
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Ti[(H 2 0) 6 ] 3+ 



Figure 7.30. The optimized geometry of the ground state of Ti[(H 2 0)6] 3+ (hydrated titanium) 
complex. 


(A) Photon-Electron Coupling ( Transition Dipole Moment ) 

Here we use the Ti[(H 2 0)6] 3+ complex as the model system. The calculation is per- 
formed using Gaussian 03 Package [149] introduced in Chapter 2, with the B3LYP 
method and the 6-311+G* basis set. The Ti 3+ ion has a single unpaired electron, 
which gives a spin multiplicity of 2 for the complex. To avoid convergence problems 
of the self-consistent function (SCF), a quadratic convergent (QC) procedure has 
been applied. No symmetry restriction was prescribed at the start of the calculation, 
and the optimized geometry converges to the Dm all-vertical symmetry, as shown 
in Figure 7.30. This symmetry is lower than the 0/ ? point group and higher than 

o 

C The calculated Ti-O bond length is 2.07 A, which agrees well with the experi- 

o 

mental value 2.03 A [467] and previously reported ground-state calculations on this 
complex [228, 455]. 

The energy levels for the complex at the ground state equilibrium geometry 
can be calculated using the time-dependent DFT (TDDFT), which is believed to 
be the most accurate method for excited states. For a free-standing Ti 3+ ion, it has 
five degenerate d levels, with the orbitals shown in Figure 7.31. As the ion is put 
into an octahedral crystal field (Section 5.20) of the six surrounding oxygen atoms, 
the levels are split into two groups, three levels for the ground state and two levels 
for the excited state. The Jahn-Teller effect further splits the ground state into two 
multiplets, with an energy gap of 6046 cm -1 . The Jahn-Teller theorem states that 
any complex occupying an energy level with an electronic degeneracy is unstable 
against a distortion that removes that degeneracy in first order. The vibronic cou- 
pling of ions in solids can cause a local distortion of the lattice in which the atoms 
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Figure 7.31. The fine degenerate 3d orbitals of a single Ti 3+ ion. 


move in the direction of normal-mode displacement to lift the electronic degener- 
acy. A new equilibrium position is achieved in which the local symmetry is lower 
than the point-group symmetry of the crystal. Here for the Ti[(H20)6] 3+ complex 
the symmetry is lowered from O/, to The evolution of the energy levels is shown 
in Figure 7.32. 

The ground- and excited-state wave functions are calculated with Gaussian 
(Section 2.2.2, as shown in Figures 7.33 (a) and (b). The ab initio calculations showed 
that the energies of the orbitals below the HOMO (highest occupied molecular 
orbital) are approximately the same for the ground and the excited electronic states, 
so that the differences of the state energies can be discussed with these singly occu- 
pied molecular orbital (SOMO) energies. Based on the theory of LCAO [166], the 
ground state is mainly composed of the 3d z 2 orbital, and the excited state is domi- 
nated by the 3d x i_ y i orbital. 

A photon can be absorbed by an ion if the coupling factor s ph j • \i e is nonzero 
(i.e., they are not orthogonal), where s ph j is the polarization vector of the EM field, 
and fi e is the effective transition dipole moment of the ion. The transition dipole 
moment is defined as a quantum mechanical spatial integral of the classical dipole 
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Figure 7.32. Calculated energy levels of the Ti[(H 2 0) 6 ] 3+ complex at the ground-state equi- 

° _ 

librium geometry. The Ti-O bond length is r e = 2.07 A. The energy multiplets that are due to 
the crystal field and the Jahn-Teller effect are shown. 



( a ) Aground (b) ^excited 



Figure 7.33. Calculated wave functions for (a) ground- and (b) excited-state Ti[(H 2 0)6] 3+ 
[402], and (c) predicted and measured absorption bands. The Lorentzian band-broadening 
function is defined in Table 3.5. 
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moment e c x, i.e., 

fte,21 — ^ ^ I ( I I ) I > (7.199) 

1 

where e c is the electron charge, x is the position vector, m\ is the sublevels of the 
ground state , and m 2 is the sublevels of excited state Note that [i e 21 must 
be independent of m 2 , otherwise, the different m 2 levels would have different tran- 
sition dipole moments and radiative lifetimes (which are not possible in an isotropic 
environment). The transition dipole moment between a sublevel m\ of the ground 
state and a sublevel m 2 of the excited state is then calculated by 

ft e, sub — I iff i, mi Wc% I I > (7.200) 

which gives 0.005259 D (Table A.3) (1.859 xl0~ 32 C-m). This value is rather small, 
indicating that the ground state and excited state have very similar symmetry prop- 
erties. 

Because of a strong electron-phonon coupling in Ti 3+ systems, the ground state 
has many vibrational sublevels. If we assume there are N sublevels and each has a 
similar transition dipole moment, then the total transition dipole moment becomes 

fte,21 — N ft e ,sub, (7.201) 

where N will be determined by fitting to experimental value. The lifetime of Ti 3+ : 
AI 2 O 3 was measured by spectroscopy experiments to be 3 /zs [370]. By substitut- 
ing (7.201) into (7.190), we have N = 4000, indicating that the vibronic effect of Ti 
doped systems is significant. 


(B) Strong Electron-Vibration Coupling ( Electron-Phonon Wave Function ) 

When the coupling between the electrons of the optically active ion and the lattice 
vibration is strong (involving many phonons), transitions become broadband with 
strong temperature dependence. The atoms in a solid are never completely at rest. 
The thermal vibrations of the atoms modulate the local crystal field at the site of an 
optically active ion. This modulation can have several effects on the optical prop- 
erties of the doped ion. For example, it can modulate the position of the electronic 
energy levels, leading to a broadening and shifting in peak position of the spectral 
transition. Also it can cause transitions to occur between electronic energy levels 
accompanied by the absorption or emission of vibrational energy, but with or with- 
out the emission or absorption of photons. 

The coupling of an electron to a specific vibrational mode is essentially the 
change of the electronic property in response to the lattice displacement along 
that vibrational mode. The normal vibrational modes of the Ti[(H 20 ) 6 ] 3+ complex 
can be conveniently calculated with Gaussian, after the geometry is optimized. The 
total degrees of freedom for the complex, (neglecting the H atoms we have seven 
atoms), is found from Table 6.2 to be 21, 3 translational, 3 rotational, and 15 vibra- 
tional. Among all calculated vibrational modes, we consider only those that are also 


7.12 Anti-Stokes Fluorescence: Photon-Electron-Phonon Couplings 


603 




Figure 7.34. The five highest-energy vibrational normal modes along with the frequencies, 
for Ti[(H 20 ) 6 ] 3+ complex. 


observed for the octahedral TiC>6 core. The modes that are due to the hydrogen 
atoms only do not contribute significantly to the electron-phonon coupling, because 
these modes are screened by the more inner oxygen atoms. The five highest vibra- 
tional energy normal modes and frequencies are shown in Figure 7.34. 

A configuration coordinate diagram is often used to describe transitions 
between electronic transitions coupled to vibrations. It depicts the variation in the 
electronic energy levels with respect to the displacement of the normal vibrational 
coordinate away from its equilibrium position. Here, because the vibration modes 
that are due to hydrogen atoms have very little effect on the energy level of the Ti 3+ 
ion, we are concerned only with the vibration of the octahedral TiC>6 core. For these 
modes the hydrogen atoms move rigidly with the oxygen atoms. 

The configuration coordinate diagram is obtained by calculating the energy lev- 
els with respect to the normal coordinate of a specific vibrational mode. Shown in 
Figure 7.35 is the configuration coordinate diagram corresponding to the Ai g nor- 
mal mode. Five levels resulting from the 3 d orbitals are shown. As discussed in 
Figure 7.32, we have the ground state 2 Ai g , the first excited state 2 E g , which is com- 
posed of two nearly degenerate levels, and the second excited state 2 Eg, which is also 
composed of two nearly degenerate levels. The transition between the 2 Ai g and 2 E' g 
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Figure 7.35. Configuration coordinate diagram (energy verses normal coordinate) corre- 
sponding to the Ai g normal mode, for Ti[(H20)6] 3+ complex [402]. 


levels is very important in lasers and luminescent applications and is therefore of 

concern here. As shown in the figure, the potential energy minimum for the excited 

state is shifted to the right to that of the ground state, as expected. This shift leads 
to the well-known Stokes shift in the emission wavelength. For the excited state, the 
electron is normally farther away from its nuclei than the ground state, repelling 
the surrounding oxygen atoms. As the result, the equilibrium Ti-O bond length for 
the excited state becomes longer than that of the ground state, which in turn leads 
to a smaller force constant and vibrational frequency - the curvature for the excited 
state is flatter than that for ground state. To take into account the modifications of 
both normal coordinates (5.164) and frequencies between the electronic states, we 
can express them in general as follows 

Qf — Q + A <2 shift in normal coordinate (7.202) 

oj' s — co s { 1 — E) shift in energy, (7.203) 

where A Q is the normal coordinate shift of the energy minimum and F is the frac- 
tion of the frequency shift. Only those normal modes that have modifications in 
either normal coordinates or frequencies between the electronic states concerned 
can contribute to the radiationless transition probability. The Huang-Rhys coupling 
factor S s for mode co s is 

S<; = m( ° s ^Q Huang-Rhys coupling factor, (7.204) 

2 h 

where M is the mass of the vibrating atom, the O atom here. 

In the Born-Oppenheimer approximation, the system wave function if is pre- 
sented as [369] 


^>(x, Q ) = 0/(x, Q)0i :V (Q) electron-phonon wave function. (7.205) 
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where 0 i v (Q) is the vibrational wave function at a nuclei normal coordinate Q , and 
0/ (x , 2) is the electronic wave function for a fixed position of the nuclei. This implies 
that the motion of the electron is very rapid compared with the nuclei motion. The 
Hamiltonian H for the entire system can be chosen as 

H = H*(£) + H e (x) + H e . p (Q), (7.206) 

where Hk(Q) is the kinetic energy operator of all nuclear motions, H e (x) is the elec- 
tronicenergy operator for electronic states, and H e - P (Q) is the electron-lattice inter- 
action potential. In the adiabatic approximation, cj) e {x , Q ) and #,>(2) are solutions 
of the following Schrodinger equations, i.e., similar to (2.75) 

[H e (r) + H^(2)]0/(*, 2) = (Pi(Q)cpi(x, 2) electronic energy (7.207) 


[H*(2) + <M2)Rv(Q) = H;, v (2)0/,v(2) phonon energy, (7.208) 


where <Pi(Q) is the adiabatic potential of the electronic state at the instantaneous 
position 2 and v signifies the overall vibrational state of the nuclei. Although 0y y 
is a good approximation for stationary states, the system oscillates to and from var- 
ious quantum states of nearly the same energy. This should be interpreted as the 
transition from one electronic state to another, accompanied by a transition in the 
quantum states of the nuclear motion. The perturbation Hamiltonian H' for the non- 
radiative transition process is given by [284, 369] 


h 'fi V ( X , q ) = y 9</) ' (x - 0 9 ^ - — v d2(pi(x : Q) e , , v . 

’ 2 3 Q s dQ s 2m ^ 8Q* 


(7.209) 


The nonradiative transition rate y e . p is given by the FGR (3.27): 

2 

Ye-p = 72 Pi V \{fv'\H'\iv)\ 2 S D ( E fy - E iv ), 


(7.210) 


u,y 


where p lv is the distribution function for the Boltzmann population of the ini- 
tial vibrational levels and a <5 d function is used for the density of final states to 
ensure conservation of energy. Using the electronic and vibrational wave functions 
in (7.210), we have 


2 jt x — > /h x — > 90/ 

y*-p = 


m 


y,y 


3 Q. 


3 &iv_ 

3 ~Qs 


)\ 2 8„(E fv ,-E iv ), (7.211) 


where Q s is for mode co s . 

Here the electronic part of the matrix element can be defined as 

R s (fi) = --( ( t>f\^-). (7.212) 

m dQ s 

The derivative represents how sensitive the electronic wave function is with respect 
to the displacement along a particular vibrational mode. This is shown in Fig- 
ure 7.36. 
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Figure 7.36. The modulations (a) and (b) of the excited state wavefunction with respect to 
the A lg vibrational mode, for Ti[(H 2 0)6] 3+ . 


Equation (7.211) has been evaluated in [284] by replacing the <5 d function with 
an integral, and the final result of the transition probability of the nonradiative decay 
is 


7tCO< 


Ye-P = -T—^\ R s(.fi)\ 2 ex p[— & coth ~~~~ ] [(coth + l)exp (~i<p'P+)J P + 

2co s h 2k^L z/cBi 

. , x . , hco , hco . .. 

x( s csch — ) + (coth ^ - 1) exp(— *0 P i )J P r(S csch ^j~f)l 


(7.213) 


where S is the effective Huang-Rhys coupling factor and includes all modes, J P + is 
the P + th order Bessel function, and P+ and Pf are defined as 

, 1 r p(o , hco _ 

R i = - [-«as - + V coth hrU (7.214) 

co 2 2 kq T 

1 r pcu , /26D _ 

= - [-o>ab +o)s + ^r coth — — ], (7.215) 

co 2 2 kb T 

where coab is the gap energy between the ground and the excited state. 

Using (7.213), the nonradiative decay rate is calculated as a function of temper- 
ature, and is shown in Figure 7.37(a). The total decay rate, Yph-e-p is the summation 
of the radiative and nonradiative rates as (7.156), i.e., 


Yph-e-p(T ) = Yph.e.sp + Ye-p(T), (7.216) 

and the lifetime is given by 

1 

Tph-e-p — 

Yph-e-p 


(7.217) 
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T, K 
(b) 

Figure 7.37. (a) Variations of total transition rate with respect to temperature, (b) Variations 
of lifetime (1/r d = l/r r + l/r„ r ) with respect to temperature. The experimental results are 
from Figure 7.37(b) [402]. 


The calculated lifetime in this way is shown in Figure 7.37(b). Similar to the results 
given in Figures 7.21(a) and (b), Figure 7.37(b), at low temperatures, the nonra- 
diative decay rate is negligibly small compared with the radiative decay rate, so that 
the lifetime remains almost a constant. As the temperature increases, more phonons 
are activated and involved in the decay process, and the nonradiative decay rate is 
increasing rapidly. At around 250 K, the nonradiative decay rate becomes compara- 
ble or even larger than the radiative decay rate, and the lifetime drops significantly 
with temperature. At high temperatures, the decay process is dominated by the non- 
radiative decay. The predicted lifetime is compared with that of the Tiisapphire laser 
material, which also has an octahedral crystal field around the Ti 3+ ion. The mea- 
sured Ti +3 : AI 2 O 3 lifetime [Figure 7.21(b)] at low temperatures is much shorter than 
that predicted for Ti[(H 20 ) 6 ] 3+ , because it was not measured at the zero-phonon 
line, and in real materials defects and impurities may modify the symmetry prop- 
erties around the Ti ion significantly. At high temperatures, the nonradiative decay 
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rates follow a similar trend. Exact agreement is not expected because the phonon 
modes for our cluster are different from those in the Ti 3+ : AI2O3 solids. 


7.13 Gas Lasers and Laser Cooling of Gases 
7.13.1 Molecular-Gas Lasers 

In molecular-gas laser systems [494], photons can be emitted from transitions in the 
vibrational-rotational spectrum of a molecule. The energy of the photon emission 
is directly related to the fluid particle energies associated with such a laser system. 

Unlike solids and liquids, the energy of gaseous fluid particles is completely con- 
tained within an individual molecule and not stored in phonons or intermolecular 
forces. As discussed in Chapter 6, the fluid particle energy is composed of five ener- 
gies: potential, electrical, translational, vibrational, and rotational energy; however, 
here we assume that the potential energy is negligible. 

Energy states are quantized and have populations as functions of temperature, 
as given by the M-B distribution. Near room temperature, vibrational and electrical 
energy states are not significantly populated. However, transitions to excited vibra- 
tional and electronic states can occur through special excitation processes. 


(A) Rotational and Vibrational Quantum States 

Transitions between these energy states are governed by selection rules [22, 103]. 
The most basic selection rule states that the rotational and vibrational quantum 
numbers (Section 6.1), j and /, can increase or decrease only by a value of one for 
any transition 

A j = ±1, A / = ±1. (7.218) 

The low-lowvel rotational energy transition (A j — —1) is called the P branch, while 
A j = +1 is called the R branch. 

Polyatomic molecules have multiple modes of vibration, and have multiple cor- 
responding vibrational quantum numbers. CO2 [121] is a triatomic molecule with 
three modes of vibration, (l\, I 2 , 13 ), Table 7.3. These vibrational quantum numbers 
correspond to modes of vibration referred to as the symmetric stretch, bending, and 
antisymmetric stretch modes, respectively. Selection rules for this molecule are 


1 A/2I 

= even, | A/3 1 = odd 

(7.219) 

IA/2I 

= odd, | A/3 1 = even. 

(7.220) 


Based on the distribution of rotational energy states present in a molecule, there 
are a number of transitions that can occur in a single vibrational transition. This 
gives many closely spaced absorption lines (in cr ph co ) that make up a rotational- 
vibrational spectrum, as shown in Ligure 7.38. Each absorption line (in cr p h,co) is 
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Bending Symmetric Asymmetric 

Stretching Stretching 



Figure 7.38. Variations of the measured spectral absorption coefficient with respect to energy 
(infrared regime) for N 2 and C0 2 . The rotational-vibrational spectra of N 2 and C0 2 show the 
first vibrational transition of N 2 and its relation to C0 2 absorption lines [66]. The C0 2 band 
designations are from Table 7.3. 


attributed to a specific rotational-vibrational energy transition from the ground 
state. The change in vibrational energy between / = 0 to / = 1 for N 2 occurs at 0.2890 
eV. This energy state is, like all energy states in the rotational-vibrational spec- 
trum, quantized and fixed. The spectrum arises because rotational-energy states are 
not linearly spaced, and as such a change of j = ±1 is generally not constant. 

Not all energy states of a molecule appear in the absorption spectra. According 
to the selection rules for a triatomic atom, a transition from l\ — 0 to l\ — 1 can- 
not occur without an accompanying transition in another vibration mode. From the 
ground state, the (1,0,0) energy level of the CO 2 molecule cannot be accessed and 
does not show up in the absorption spectra of Figure 7.38. This arises physically 
because a single collision cannot exert a force that will excite a symmetric stretch 
mode of vibration from the ground state. A complete set of energy states can be 
described quantum mechanically. 

The energy states of fluid particles can be predicted classically when combined 
with quantum restrictions from the Schrodinger equation. Quantum restrictions give 
acceptable rotational energy levels of a fluid particle as h 2 times multiples of the 
rotational quantum number j . The combination of these results gives the rotational 
energy states defined by (6.15), i.e., 

h 2 

E f,r = 7rrj(j + 1) = B f.rj(j + 1), ./' = 0, 1, 2 , 3 . . . rotational energy, (7.221) 
ZI f 

where If is the moment of inertia. Values for the rotational energy states of a gas 
molecule can be predicted from the interatomic spacing of atoms and their masses. 
From masses and interatomic separations, the moment of inertia is determined by 
assuming the molecule rotates as a rigid body about its center of mass. This is called 
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the rigid-rotor assumption (Section 6.1.5), which is not generally valid. The moment 
of inertia, //, is related to reduced mass mu and the separation distance, i.e., 

If — m^r 2 = m 1,712 r 2 moment of inertia. (7.222) 

m i + m 2 

Vibrational energy states of gas molecules are also determined quantum 
mechanically from the Schrodinger equation. The quantum restrictions yield the 
acceptable energy levels in terms of a vibrational quantum number /, i.e., from 
(6.13), we have for a simple harmonic oscillator 

E f fV = (/ + ^) hco / diatomic vibrational energy, / = 0, 1, 2, 3 . . . (7.223) 

For a polyatomic molecule such as CO 2 , we have 

h, h) — ho)f t i(/i + -) +ho)f2(h + +^f,3(h + (7.224) 

where coyj is smaller or larger than the natural frequency co n . The energy of the 
degenerate modes are added, and the selection rules, which allow only certain opti- 
cal transitions, are discussed in [121]. 

Values of the vibrational natural frequency of a gas molecule can be predicted 
from the potential energy function. To simplify the problem, we assume harmonic 
oscillation about the equilibrium separation, so that the potential is of the form cp/j = 
Vijrfj/2. We create this harmonic approximation of the potential from the Morse 
potential (Table 2.1). By taking the second derivative of the potential evaluated at 
the equilibrium separation, we determine the value of the bond force constant T. 
The Morse potential is 

(p — <p 0 {[ 1 — e~ a °^~ r ^] 2 — 1} Morse potential 

= p„[«r 2flo(r ~ r ' ) - 2e~ a ° (r - re) ], (7.225) 

where (p C) is the potential-well depth r e is the equilibrium separation, and a is the har- 
monicity parameter. The harmonicity term varies significantly, depending strongly 
on the type of bonding present between atoms. The second derivative of this func- 
tion evaluated at r — r e is the force constant (2.54) 

T \2 = 2 a 2 cp 0 force constant for Morse potential. (7.226) 

Note that for L-J pair potential, we have T L j = (7.560) 2 6lj/o'l J . 

The natural frequency of a diatomic bond can then be easily determined from 
the harmonic oscillation between two molecules about their center of mass. The 
natural frequency (2.54) becomes 

(Of = (— ) 1/2 = (r 12 !^-^) 1/2 , 
m 12 m\ni 2 

natural (fundamental vibrational) frequency for diatomic molecule. (7.227) 

Note that for homonuclear, diatomic bond, the reduced mass is replaced with m 
(e.g., 23.25 yg for N 2 ), i.e., (2.54). 
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Table 7.5. The rotational and force constants for several diatomic molecules 
calculated using Gaussian [149] with the basis set: 6-31 G(d) and scaling factor 


0.8929. 


Atomic pair 

Bf,r, 

mi, yg 

IT 2 , N/m 

a)f. Trad/s 

B-H 

18.3 

1.81 

575 

563 

Ca-Ca 

0.0571 

66.36 

14.1 

14.6 

c=o 

2.27 

22.32 

2732 

350 

Cu-Cu 

0.135 

104.50 

194 

43.1 

N=N 

2.47 

23.25 

4317 

431 

Ne-Ne 

0.683 

33.20 

679 

143 

N-H 

22.7 

1.78 

794 

667 

O-H 

24.4 

1.77 

849 

692 

Si-H 

10.2 

1.73 

310 

423 


Table 7.5 lists the parameters (p Q , r e and a in the Morse potential (7.225) and 
the rotational constant for several molecules. Note that Morse potential is not the 
most suitable for all these molecules. The general method for calculation of the 
force constant is described in Section 4.11.2 for arbitrary pair bonds, using the com- 
binative rules and Table 4.4 which lists values for for mononuclear paris. For poly- 
atomic gases the frequencies of vibration in (7.228) are found from the solution to 
the Schrodinger equation (e.g., using Gaussian [149], Section 6.1.5) 

Translational energies have an impact on the distribution of vibrational and 
rotational energy levels, as well as the probability of energy transfer between vibra- 
tional and rotational energy levels. When a molecule attains an excited vibrational 
or rotational state, with energy above the ground-state distribution, the primary 
nonradiative transfer mechanism is through collisional deactivation. 


(B) CO 2 Gas Laser 

In a laser system, the process of radiative emission competes with nonradiative 
transfer mechanisms (Section 7.11). To decrease the probability of deactivation, it is 
important to try to reduce the effect of collisional deactivation. Maintaining a high 
number of molecules in an excited state allows stimulated emission to occur. In the 
molecular laser system, the stimulated emission Yf. P h, e ,st that occurs is a transition 
between the vibrational energy states of the fluid particle (molecule). 

An example of a typical molecular laser is the molecular N 2 -CO 2 system. Fig- 
ure 7.39 shows the partial energy diagram representing this molecular laser system. 
A common CO 2 laser cycle consists of electrically exciting N 2 , transferring reso- 
nant energy to a CO 2 molecule, and laser emission. There is also He for population 
control. 

CO 2 is a linear, polyatomic gas [Figure 2.10(b)], and its 9 degrees of freedom 
(Table 6.2) are 3 translational, 2 rotational, and 4 vibrational. The vibrational modes 
of CO 2 are symmetric stretching, bending (degenerate, 2 modes), and asymmetric 
stretching. 
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Figure 7.39. The energy-level (5 levels for C0 2 ) diagram of a C0 2 laser showing A. = 10.4 /im 
(includes rotational side bands) laser transition and coincident energy levels between the N 2 
(/ = 1) and C0 2 (0,0,1) energy states [494]. Semicircle indicates fluorescence. The ab initio 
calculated values are given in Section 6.1.5. 


Nitrogen molecules are excited into their first vibrational state by collision with 
the accelerated electrons e~ . Figure 7.38 shows the N 2 vibration spectrum. Note 
that unless excited externally, at T — 300 K the thermal equilibrium population of 
N 2(1 = 1) is very low (Tp v = 3371 K, Table 6.2). Applying an electrical current ion- 
izes the gas and creates a flow of electron motion, which produces electron-fluid 
particle collisions. Electrical excitation increases the vibrational-rotational energy 
states of a fluid particle through electron impact and collisional energy transfer 
mechanisms. Electron impacts vibrationally excite nitrogen. Also, because transi- 
tions between vibrational energy levels in the same electronic state for a homonu- 
clear diatomic molecule are forbidden according to the parity selection rule, the 
population of nitrogen molecules in the first vibrational energy state is allowed to 
accumulate. 

Energy is then transferred through a resonant collision between nitrogen 
and carbon dioxide. An inelastic collision can transfer vibrational, rotational, and 
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translational energy between fluid particles, if the energy states are sufficiently close. 
The near coincidence of the / = 1 energy state of nitrogen molecule and the (0,0,1) 
state of carbon dioxide allows this transition to occur easily near room temperature 
(The difference in energy is less than k B T). The major absorption bands of CO 2 
are listed in Table 7.3, and the quantum numbers in parentheses are explained in 
Section 7.8.2. The binary collision (Section 6.5) reaction is 

E m =i) + £co 2 (o,o,o) £n 2 (z=o) + £ C o 2 (o,o,i) — 2.232 x 10 _3 (eV). (7.228) 

A transition of vibrational energy can occur radiatively. Radiative decay occurs 
most naturally into the next lowest energy state. Nonradiative decay may occur first, 
and is more likely to occur if the particle velocity is high, the collision rate is great, 
and the change in energy states is small. For carbon dioxide, a radiative decay from 
the (0,0,1) energy state to the (1,0,0) state will occur if conditions limit the effective- 
ness of nonradiative decay. 

From the harmonic-oscillator approximation of vibrational energy states, the 
energy of the / = 1 state of nitrogen is estimated [from (7.223)] as 0.2920 eV. For 
the (0,0,1) and (1,0,0) energy states indicated in Figure 7.39, using the C=0 bond 
vibrational frequency as the natural frequencies of carbon dioxide, gives for the first 
vibrational energy levels 0.1478 eV and 0.2831 eV. Note that the actual frequencies 
of (0,0,1) and (1,0,0) are different than these. Therefore, in general, the vibrational 
frequencies are measured. 

The observed energy of the photon emitted in the carbon dioxide molecule (Fig- 
ure 7.39) is 0.2915 — 0.1723 = 0.1192 eV. This corresponds to a photon wavelength 
of 10.41 /zm (Table 1.4) in the infrared regime. For the P-branch (A j = —1) rota- 
tional energy transition, we have Eg r = #/>[(/ — 1 )j — j(j + 1)] = —2 Bg r j, and 
for j = 20 as the most probable, we have (Section 6.1.5) 0.1192 — 40 x 4.850 x 
10 -5 = 0.1173 eV (or A = 10.6 /zm). So, if the rotational energy sideband is used, 
in this case, the vibration-rotation transition energy is lower than the vibration-only 
transition. There are many other transitions that have been observed in the range 
between 10.4 and 10.6 /zm in the CO 2 molecule, which are due to the rotational sub- 
level and isotope variations in the same vibrational transition. Note that the fraction 
of the excited (0,0,1) energy that is used for lasing is 0.1192/0.2915 = 0.4089. How- 
ever, the laser efficiency is lower than this due to the pumping, collision, and the 
nonradiative decay inefficiencies. 

A number of factors can be controlled in a molecular laser system. Of primary 
importance in applications are controlling the wavelength, power and efficiency, and 
stability of a laser system. The energy transition present in the rotational-vibrational 
spectrum of the lasing fluid particle is what gives the molecular laser its wavelength, 
and in this way the wavelength of a laser can be chosen. 

The output power and stability of a system are also dependent on the fluid par- 
ticle energies. Output powers and stability are limited by inefficiencies of energy 
transfer and inconsistent transition energies. Creating stable operating conditions 
generates a stable laser system, which is done by reducing the variation in the initial 
distribution of energy states present by cooling. The addition of low pressures can 
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reduce the collision rate, which in turn reduces the effect of collisional deactivation. 
Both low temperature and pressure can be obtained through gas cycling and con- 
trol. Inherent energy losses and ineffective energy transfers can be limited by closely 
matching energy states between fluid particles and using transition energies that are 
closer to the ground state, so less energy is dissipated as heat. 


(C) Three- Lev el Analysis of CO 2 Laser Kinetics 

The three-level CO2 laser model [336] enables a convenient analysis of the molec- 
ular gas-laser kinetics. Here, the CO2 — N2 gas mixture is initially in the ground 
states under standard gas conditions (T = 300 K, p = 1 atm). Figure 7.40 shows this 
simplified energy diagram, and here the vibrational energy levels are divided into 
three groups. The level 0 is for both ground states; the level 1, which is represented 
by (1,0,0) state of CO2, includes the bending and symmetric stretch modes; and the 
level 2 includes the first vibration state of N2 and the asymmetric mode state of CO2. 
Since a chemical reaction or dissociation is not considered in this analysis, the total 
numbers of CO2 and N2 molecules are conserved, and it is assumed that radiative 
decay exists only in transition between (0,0,1) and (1,0,0) states. These energy lev- 
els do not include rotational levels (7). For analysis of the radiative decay process, 
the rotational energy conversions are regarded as transition into 7 = 20, which is 
assumed to be the most dominant state. 


(/) Rate Equations 

The vibrational energies of CO2 and N2 are transferred through several processes, 
including collisional and radiative transfer processes. As marked in Figure 7.40, the 
three-level analysis includes the following eight energy transfer processes [336]. 

. T f-f, co 2 -n 2 ,-» , 

Q CO 2 (0, 0, 1) + N 2 (/ = 0) ^ CO 2 (0, 0, 0) + N 2 (/ = 1) + 2.232 x 10“ 3 eV 

T/-/,co 2 -N 2 ,<- 


, — 1 W(N 2 ) 

@N 2 (l = 0) + e - ^ N 2 (/ = l) + e 


. , t «-/.»(C0 2 ) 

0 CO 2 (0, 0, 0) + e~ ^ CO 2 (0, 0, 1) + e 


4 CX) 2 (0, 0. 1) 


^/-p/!,£-[C0 2 :(0,0,l)^(l,0,0)] 


C0 2 (1, 0, 0) +hco ph 


0 CO 2 (0, 0, 1) + M T/ ' / ' v[CO2 -^ 1) "< 1 '°' 0)I C0 2 (1, 0, 0) + M + 0.1192 eV 


0CO 2 (1,O, 0) + M 


r /-/.«'[CO 2 :(1.0,0)-*’(0,0,0)] 


CO 2 (0, 0, 0) + M + 0.1723 eV 


0 CO 2 (0, 0, 1) + N 2 (/ = 0) 


T/-/[C0 2 -N 2 :(0,0,1),/=0->(1,0,0),/=0] 


CO 2 (0, 0, 0) + N 2 (/ = 1) r ^-co 2 :(ow= 1 -a,o,o), i =o, C02(1 ^ ^ + Nz(z 


C0 2 (1,0,0) + N 2 (/ = 0) 

0 ). 


(7.229) 


From the eight energy-exchange processes listed in (7.229), process [7] (collisional 
energy transfer between C0 2 and N?) is the closest to energy resonance. Since the 
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Figure 7.40. The energy-level diagram for a CO 2 laser, showing k = 10.6 /im (including the 
rotational sideband of j = 20) laser emission and the eight processes. The time constants and 
the processes associated with each reaction are also shown [336]. 


difference in energy is only 2.232 x 10~ 3 eV, process |T] is expected to be much 
faster than other processes. Thus, process |T] can be independently considered, and 
the rate equation is 


d Hn 2 (/=0)^C0 2 (0,0,1) ftN 2 (/=l)ftC0 2 (0,0,0) 

^co 2 (o,o,i) = 


t /-/>co 2 -n 2> - 


r f-f,C o 2 -n 2 , 


(7.230) 


Note that the first subscript of the time constant includes energy carriers and the 
second one represents the modes or atomic species. Using the M— B equilibrium 
distribution function (F.17) at T = 300 K and the energies listed in Figure 7.40, the 
relation between the two time constants in (7.230) is 


t /-/.C02-N 2 ,<- = 


t /-/,co 2 -n 2i - 


(= T/ - / - c ° 2 - n 1 -^ ). (7.231) 
v 0.914 ’ v ; 


exp[(^cuN 2 (/=i) — ^<^co 2 (o,o,i))/^bF] 

Using (7.231), the solution to (7.230) becomes 

WCO 2 (0,0,l)(0 — W C0 2 (0,0,1)I/=0 

0.914nco 2 (o,o,o) + ^N 2 (/=o)exp[— («n 2 (/=o) + 0.914nco 2 (o,o,o))^^ C o 2 -N 2 ,^^] 

0.914/zco 2 (o,o,o) 4- «n 2 (/=o) 


(7.232) 


x 
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and assuming that most molecules are in ground states (nco 2 — /7 co 2 (o,o,o)^n 2 — 
h N 2 ( /= o), and xqo 2 + vn 2 = 1), the overall time constant between CO 2 and N 2 is 


r /-/,co 2 -N 2 = 


t /-/,co 2 -n 2 ,- 


t /-/,co 2 -n 2> - 


0.914x C o 2 (o,o,o) + *n 2 (/=o) 1 ~ 0.086x C o 2 (o,o,o) ’ 


(7.233) 


Now, consider the relaxation processes of excited CO 2 and N 2 after collision 
between CO 2 and N 2 . The energy of excited CO2(0, 0, 1) and N 2 (/ = 1) molecules 
are transferred through processes [2] — 8 , and these processes are presented by 
four relaxation processes: CO 2 — CO 2 , N 2 — CO 2 ,C02 — N 2 , and N 2 — N 2 . The 
overall time constant r f.ph-f of excited energy can be calculated by the following 
processes. 

First, for rco 2 co 2 , in pure CO 2 gas, the number densities of CO 2 are «co 2 ,(o,o,i) 
for CC>2(0, 0, 1) level, and ftco 2 (o,o,o) f° r CO2(0, 0, 0) level. Then for reaction con- 
stant k r co 2 -C0 2 ? the relaxation rate is 


T C0 2 -C0 2 = kr, C0 2 -C0 2 ^C0 2 (0,0,l) n C0 2 (0,0,0)- (7.234) 

Since process |T] is very rapid, the exponential term in (7.232) is negligible, and the 
number density of CC>2(0, 0, 1) in CO 2 -N 2 mixture (using the molecular fraction) is 


-1 


^CO 2 (0,0,l),mix — 


r /-/,C0 2 -N 2 ,<— X 0O 2 


-1 


r /-/,C 0 2 -N 2 ,^ X N 2 + r /-/,C0 2 -N 2 ,^ X C0 2 

Then, from (7.234) and (7.235) we have 


«CO 2 (0,0,l) 


-1 


-1 


X C0 2 — C0 2 ,mix X C0 2 -C0 2 — l 


r _1 

i /-/,C0 2 -N 2 ,^- a C0 2 


-1 


T /-/,C0 2 -N 2 ,-> x N 2 + t /-/,C0 2 -N 2 ,^ x C0 2 


Similarly, we have 


.-1 


T C0 2 -N 2 ,mix — T C0 2 -N 2 __1 


T f-f,C o 2 -n 2 , ^ x co 2 *n 2 


-1 


T /-/,C0 2 -N 2 ,-> In 2 + T /-/,C 0 2 -N 2 ,^ X C0 2 


-1 


-1 


-1 


^N 2 -C0 2 ,mix X N 2 -C0 2 — 1 


T f-f, C0 2 -N 2 , -> Xc °2 x n 2 


-1 


r /-/,C0 2 -N 2 ,-> XN 2 + t /./,C0 2 -N 2 ,^ X C0 2 


-1 


-1 


X N 2 -N 2 ,mix X N 2 -N 2 


T~ l r 2 

x /-/,co 2 -n 2 ,-+ a n 2 


-1 


(7.235) 


(7.236) 


(7.237) 


(7.238) 


(7.239) 


r /-/,C 0 2 -N 2 ,^ x N 2 + t /-/,C0 2 -N 2 ,<- x C0 2 

Using (7.236), (7.237), (7.238), and (7.239), and the Matthiesen rule (4.111), the 
overall relaxation time r f.ph.f is found. 


(ii) Time Constants: Theoretical Treatment 

To evaluate the overall relaxation time x f.ph.f, the time constant of each processe 
should be found theoretically or experimentally. These are classified into collisional 
(nonradiative) and radiative relaxation processes. 
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Several models are available for the collisional relaxation processes. Landau 
and Teller [265] suggested a classical collinear model of the collisional energy trans- 
fer with exponential repulsive interaction. Recently, the full quantum-mechanical 
treatments of the three-dimensional collision dynamics using ab initio potential 
energy fields are reformed [348]. The Schwartz, Slawsky, and Herzfeld (SSH) one- 
dimensional model [415] gives the relation for Pf./,v-t as 




1 

YM 


r f-f 

Pf-f'Vt ’ 


( 7 . 240 ) 


where Tf.f iV . t is the time constant of vibrational-translational energy transfer, Xf.f 
is the time constant of collision, and Pf.f, v -t is the probability that upon a collision 
the energy transfer occurs. Using (6.79), (6.80), and (6.81), the collision rate and 
time constant are found, and (7.240) gives the probability of energy transfer during 
collision. 

Pf-f,v-t,i->f(ui) is the probability that a system made up of a pair of colliding 
molecules with relative velocity w; and vibrational states Z /? i , • • • , //,« will change 

into vibrational states //j, If 2 , • • • , //,« through collision. The probability of energy 
transfer during collision P/.f, v -t is found by integration with respect to Uj. 

Using r as the distance between the centers of gravity of the colliding pair, and 
normal vibrational coordinates s\, S 2 , •••,£„, the interaction potential between the 
molecules is approximated by a product of the functions of these coordinates [415]: 


*P ~ tyof(p,r(, r }f<p,s\ (^l) ' * * f(p,s n ( s n)- 


( 7 . 241 ) 


Following the assumptions and method suggested in [510], R/./, /(«i) is 


P t f-f,v-t,i—>f(Wi') — 


4 <pl 

uiu fh‘ 




where 


/ oo 

ffi,r fcp,r f,r^ r = (V^/,r I f<p,r I f,r ) » 
-00 


and 


/ oo 

tyi,nf<p i s n (Sn)'fyf,n&Sn ~ ( tyi,n I f(p,s n I f,n ) > 
-00 


( 7 . 242 ) 


( 7 . 243 ) 


( 7 . 244 ) 


where and xj/fj are the wave functions of the time-independent Schrodinger 
equation for the motion of a free particle in the potential field (Pof<p, r (r), ffi,n is the 
initial eigenstate of vibrational state n, and t/' 7> is the eigenstate of vibrational state 
n after collision. 

In [210], a potential /^ r (r) = e~ a ° r is used for M UitUf , and we obtain 


(pf - pf)\ePl - e~Pl) (e p f - e~ p f) 
16n 2 (e p * + e~ p * — e p *f — e~ p *f) 2 


2 \2 


Pf-f,V-t,i^f{Ui) - M G ftl ■ ■ ■ M h,n.lf,n 


( 7 . 245 ) 


where p* = 2Ttmn,mUilaJi and mn,m is the reduced mass of the molecules. 


618 


Photon Energy Storage , Transport, and Transformation Kinetics 


When f (PjSn (s n ) = e~ a ° AnSn is expanded in an infinite series as f<p tSn (s n ) = 1 + 

(— a Q A„s n ) + (— a 0 A n s n /2\) 2 H , we integrate Mi in j fn using the properties of the 

eigenvalues and eigenfunctions in a one-dimensional harmonic oscillator, as 


M knAn = 1 ^ M kn , kn±l = ~^ A n [ 


h ( U,n + 2 ^ 2 ) j 1 /2 
^rni2,v n 


(7.246) 


where mu, Vn is the reduced mass of the oscillator vibrating at the frequency co n . 
Using the M— B velocity distribution at a temperature T, we have 

Pf-f.v-t = = 2 (U^) 2 [ p( n y '" Ui ) d «< (7.247) 

For a nonresonant energy exchange, (7.247) gives [415] 


where 


D n an „.2 . .2 r2nmn.„AE 2 p 3/2 e p 

Pf-f,v-< ~®39M lillfi ---M linlfn [ 1 1 _ e 2^/3’ 


- r 7t 2 (AE) 2 rn 12 ,m ,1 . 1 2 2n 

/3 = 3 b ^-77——] 2 ± ^—^ 7 , A£ = - mi 2 , m ( u i — My). 

(a 0 ,cr) h (2k B T) 2 k B T 2 


(7.248) 


Here a Q is slightly dependent on the initial relative molecular velocity and conse- 
quently on temperature, and a oxr in (7.248) is the value of a Q at Uj = u lxr , where 
Ui t c r is the value that maximizes the integrand of (7.247). Then, from (7.240) we can 
theoretically find the time constants of the collisional relaxation processes of energy 
transfer during collisions. 

Relaxation in the CO 2 laser system involves collisional processes, as well as 
a radiative process between (0,0,1) level and (1,0,0) level. The radiative process 
depends on vibrational transition dipole moment fi e in (3.43), and the spontaneous 
emission rate is 


Y f-ph,e,sp 


I 1 2 Sj 
■2 I Pe I 

3e 0 hpu ph gv'.f 


3hpUph gy’j' 



(7.249) 


Then, using (7.40) and (7.42) in Section 7.4, the stimulated transition rate is 


Y f-ph,e,st 



(7.250) 


where j is the rotational quantum number, gj is the degeneracy (gj —2 j + 1), and 
Sj is the rotational line strength factor with Sj = j + 1 (R branch, i.e.,/ = j + 1), 
and Sj = j (P branch, i.e., / — j — 1). Using the Fiichtbauer— Laudenburg rela- 
tion [276], the absorption coefficient is 


8tT 


& ph — 


(U^-) 1 / 2 i^i 2 s j ( I Ei - 1 EL ). 


3hj> InksT 


SvJ gv'J' 


(7.251) 


The vibrational transition dipole moment is found by the measurement of the 
absorption coefficient. From the measurement [336], cr p h = 0.251 cm -1 , and from 
(7.251), \fi e \ 2 — 3.48 x 10 -2 D for (0, 0, 1) -> (1, 0, 0); the spontaneous emission 


7.13 Gas Lasers and Laser Cooling of Gases 


619 


time constant is r f. p h,e, sp = Y/.ph e sp ~ 3.13 s. This value is much greater than the 
time constants of other processes, and therefore, spontaneous radiative relaxation 
has a negligible effect on the lasing rate. Stimulated radiative decay rate is propor- 
tional to irradiation flux I p hj- 

Using the simplified (absorption only) form of (7.126) of the ERT (7.83), and 
for unidirectional (along x) radiation, under steady state, and s p hj = 0, 


d/ p h,co 

dx 


® P h,col ph,coi I P h (v — 0) — I p h,i 


(7.252) 


The net rate at which molecules are stimulated to emit photons, which is the same 
as the decay rate per unit volume of stimulated radiative decay, is found by dividing 
(7.252) by photon energy hco eg , i.e., 


Y f-ph,e,st 

v 


l 


d / 


ph,eo 


G ph 1 ph. 


co 


T f-ph,e,sp T 


hco e ^gdx 


hoj 


(7.253) 


e,g 


(Hi) Time Constants: Experimental Data 


The time constants in a CO 2 laser system are also found experimentally [336]. From 
measurements [336], the time constant for [7] is 


P lr 1 


/-/,C O 2 -N 2 ,- 


= 1.444 x 10 7 s ! -atm 1 . 


(7.254) 


Using (7.233) at STP, r/./ 5 co 2 -N 2 = 0.072 /xs with xqo 2 = 0.47. To find the overall 
relaxation time constants, the four relaxation processes (tco 2 -co 2 , tn 2 .n 2 » r co 2 N 2 , 
and tn 2 -co 2 ) are needed. Starting with the CO 2 -CO 2 relaxation process [(0, 0, 1) —> 
(0, 0, 0) or (1, 0, 0)], which includes processes [3], [4], [5], and [6], the rate equations 
are 


+ 


«CO 2 (0,0,l) 


ryn^ryn # d^CQ 2 (0,0,0) _ ^CO 2 (l,0,0) 

d t r /,u[C0 2 :(l,0,0)->(0,0,0)] U-/(C0 2 ) 


(7.255) 


+ 


«CO 2 (0,0,l) 


+ [5] + [6]. d/l CO 2 (l,0,0) = ^CO 2 (0,0,l) 

d ^ r f-ph,e[C O 2 :(0,0, !)->(!, 0,0)] U>[CO 2 :(0,0,l)-» (1,0,0)] 


«CO 2 (l,0,0) 


+0+S : 


d«co 2 (o,o,i) 

At 


^/,«[C0 2 :(l,0,0)->-(0,0,0)] 

«CO 2 (0,0,l) 


(7.256) 


T /-/j/i,e[C0 2 :(0,0,l)^(l,0,0)] 

«CO 2 (0,0,l) «CO 2 (0,0,l) 


t /,«[C0 2 :(0,0,1H(1,0,0)] W( C0 2 ) 

For I p h , oj = 0 (absence of stimulated emission), we have 

T C0 2 -C0 2 = r f-ph,v(C0 2 -C0 2 ) ~ r e-f( CO 2 ) + T f, u[CO 2 :(0,0, 1)^(1, 0, 0)] ' 
and for I ph , w ± 0, 

r f-ph,v(C0 2 -C0 2 ) = r e-f( C0 2 ) + r /.«[CO 2 :(0,0,l)^(l,0,0)] + T f-ph,e,st 


(7.257) 


(7.258) 


(7.259) 
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Table 7.6. Time constants in CO 2 — N 2 gas laser at T = 300 K and p = 1 atm 
[336]. 


Time constant 

Magnitude, /^s 

Experiment/Prediction 

t /-/,co 2 -n 2 

0.072 

Prediction 

W(n 2 ) 

10 6 

Prediction 

T /-/(N2-C0 2 ,C02-N 2 ) 

14.6 (.tech = 0.47) 

Experiment 

X/-p/j,u(C0 2 ) 

29.9 

Prediction 

T fMC o 2 ) 

132.8 

Experiment 

r f-ph,st 

38.5 (I pKi = 52 W/cm 2 ) 

Experiment 

T f-ph-f 

13.9 (x C o 2 = 0.47) 

Prediction 


The N 2 -N 2 relaxation involves process [ 2 ] only. Thus, the rate equation for n^ 2 is 


drc N2 (/=o) 

d t 


dn^n- 


N 2 (/=l) _ ”N 2 (/=1) , 

— 5 and in 2 -n 2 — ^ e - 


d t 


T-/(N 2 ) 


/( N 2 ) 


(7.260) 


This reaction represents the excitation [y e .f, e ( n 2 )] and deexcitation process \y e -f,de{ n 2 )] 
by electron e~ , and these depend on the electronic temperature by the following 
relation [471]: 

^ / ' g(Nz) = exp(^^). (7.261) 

Ye-f,de( N 2 ) kBT e 


In this model, the electronic temperature almost matches the energy transfer neces- 
sary to excite N 2 , and thus, the relaxation process of N 2 ( r 7/(N 2 )) * s rat her very slow 
[328] (i.e., pT e .f(w 2 ) > 1 atm-s). At STP, r e _/( n 2 ) — Is (much larger than others), so it 
is ignored in calculating the overall time constant. 

The CO 2 -N 2 and N 2 -CO 2 processes are related to processes [ 7 ] and 


as 


^C0 2 -N 2 = r /-/[C0 2 -N 2 :(0,0,l),/=0->'(l,0,0) > /=0] (7.262) 

TM 2 -C0 2 = ^ '/-/[N 2 -C0 2 :(0,0,0),/=1— >-(1,0,0), /=0)] • (7.263) 


The experimental results give P^/./( n 2 -co 2 ,co 2 -n 2 ) = 14.6 /xs-atm for xco 2 = 0-47 
[336]. Using the above values and relations, the overall time constant is r f. P h.f — 
13.9 =b 0.7 /x s. The time constants in this three-level energy analysis are summarized 
in Table 7.6. 


(D) Laser Cooling of CO 2 

Gas-laser cooling using the Doppler effect discussed in Section 7.13.2 is limited to 
atomic gases. In contrast, gas-laser cooling by spontaneous anti-Stokes fluorescence 
(Section 7.12) can be applied to polyatomic gas molecules, which have a multi- 
energy level system, and have a larger efficiency. The concept of laser cooling by 
the anti-Stokes fluorescence has long been recognized [372], but the net cooling 
had not been observed until laser cooling of a low-pressure CO 2 — Xe system in 
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1981 [114]. Here, we use the three-level analysis of the previous section to analyze 
the anti-Stokes laser cooling of a CO 2 — Xe system. 

(/) CO 2 Laser Cooling Cycle 

The principal mechanism of the anti-Stokes cooling in CO 2 gas-laser systems are 
shown in Figures 7.41(a)-(c). The energy distribution of CO 2 and Xe molecules in 
the cooling tube follows the M— B distribution. In Figure 7.42(a), the CO 2 — Xe gas 
mixture is irradiated by a CO 2 laser with 10.6 /xm wavelength, and CO 2 molecules 
in level 1 are excited to level 2, the (0,0,1) asymmetric vibration mode, by absorbing 
photons. In Figure 7.42(b), CO 2 molecules in level 2 undergo radiative decay by 
spontaneous emission of 4.3 /xm wavelength, while the CO 2 — Xe gas system loses 
its internal energy through this emission. In Figure 7.41(c), energy exchanges by 
collisions between CO 2 and CO 2 or Xe replenish the population of fluid particles 
in level 1, which was reduced during excitation by photon absorption, as in (a). The 
molecules eventually reach thermal equilibrium by the collisional energy transport, 
and therefore, the ratio of the number of CO 2 molecules in each level is given by 
the M— B distribution. This cycle reduces the internal energy of the CO 2 and Xe gas 
mixture system by the difference between the absorbed energy in step (a) and the 
emitted energy in spontaneous emission (c), so the cooling energy is 

A E c = Ticl>2^o — Tico2^i — hco\^{). (7.264) 


(ii) Calculation of Anti-Stokes Cooling Rate 

The gas mixture is in a tube as shown in Figure 7.41, with the tube wall maintained 
at temperature T 0 . The laser beam is centrally located with radius Rp. We begin with 
some simplifying assumptions. The temperature distribution within the tube is one- 
dimensional (radial) and in steady state. CO 2 molecules in level 2 undergo nonra- 
diative decays by collisions and radiative decays by spontaneous emission. However, 
in the cooling effect we do not include 10.6 /xm radiative decay to level 1, because 
this emitted energy in 10.6 /xm spontaneous emission is equivalent to the absorbed 
energy in photon absorption, and thus it does not contribute to cooling or heating. 

CO 2 molecules in level 2 decay by spontaneous emission with a time con- 
stant r f- p h,e,s P , and from (7.264) the decreased internal energy per unit time in 
the CO 2 — Xe system is r j} h e sp hco\^o. During nonradiative relaxation by vibration- 
translation energy transfer (inelastic collisions), the internal energy of the gas mix- 
ture does not change, whereas the mode of internal energy changes from vibra- 
tional to translational. CO 2 molecules in level 2 decay by nonradiative relax- 
ation processes, and the internal energy of the CO 2 — Xe gas mixture increases by 
2 ->u where is th e time constant of the collisional relaxation process 

given by (7.240). 

The cooling rate (net rate of change in energy) by CO 2 molecules in level 2 is 

d E c h hcoi _> 0 + Tio) 2_»i h(i)2~>() + T1CO2-+1 

Xf-ph,e,sp Xf-f,v~t X f- p h esp Tf-ph-f 


d t 


(7.265) 
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(b) Spontaneous Emission, T fpk 1,0,0)— (0,0,1) 


(c) Thermal Equilibrium by 

Collisional Energy Transport 



Figure 7.41. The energy-level diagram for CO 2 laser cooling [114] (a)-(c): Cooling processes, 
(d) Cooling effect, and (e) gas temperature distribution. 
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Figure 7.42. Variation of centerline cooling with respect to (a) pressure p , (b) tube tempera- 
ture Tq, and (c) mole fraction of Xe jc Xe - In this analysis, Tf- ph e sp = 2.44 ms, R L = 0.50 cm, and 
R t = 6.35 cm [114]. Also, as a reference n Q = 3.88 x 10 19 1/m 3 , z f-f, v - t = 26.8 ms at T = 600 
K, and p = 0.564 torr [505]. For Kn^, <£; 1, the gas is in the viscous regime. 


where r f- p h-f is the overall relaxation time constant of CO 2 molecules in level 2, 
including the radiative r f- p h, e , sp and nonradiative The volumetric cooling 

rate, s ph - v - p h, varies with the radial direction r and is 


s p h-v-ph(r) = nco 2 ,(o,o,i)(r) —^- = nco 2 ,(o,o,i)( r ) (' 




+ 




r f~ph,e,sp r f~ph-f 


), (7.266) 


where nco 2 ,(o,o,i)(0 is the number density of CO 2 molecules in level 2 at r. 
Here we use the saturated values ( n Q ) in the laser-irradiated region (0 < r < Rl) 
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(i.e., «co 2 ,(o,o,i)(^) — n o) where n 0 is found from the thermal equilibrium density of 
CO 2 in level 1. 

The population rate equation for «co 2 ,(o,o,i)( r ) is 


dnco 2 (o,o,i)( r ) _ w co 2 (o,o,i) 

dr *f-ph-f 

and the species diffusion mass conservation equation (the Fick law) is 


(7.267) 


*wco 2 (o,o,i) = — F>/Vpco 2 (o,o,i) = —DfVnc o 2 (o,o,i) m co 2 
V • mco 2 (o,o,i) = -V • (DfVnc o 2 (o,o,i)^co 2 ) = ^co 2 ^co 2 (o,o,i), (7.268) 


where Df is the gaseous species (mass) diffusivity for CC>2(0, 0, 1) in three-level 
CO 2 and mco 2 is the mass of the CO 2 molecule. Using (7.267), (7.268) for cylindrical 
coordinate becomes 


Df d ^ dnco 2 (o,o,i)(/Q ) _ ^co 2 (0,0,1) _ ^ 
r dr dr r f-ph-f 

Considering the boundary conditions, we find the solution 


(7.269) 


«co 2 ( 0 , 0,1)0) = ,io K °\r\(D t ph / \i/2i for Rl - r - R ‘ ’ (7.270) 

Eli \T) fX f-ph-f) 7 J 

where K 0 is a modified Bessel function. Using the energy equation [V • q k (r) = 
Sph-v-phif), where q k is the conductive heat flux vector] in Table 1.1, we have 


,1 d dAT 

kf ^fdr r ~dr~ = hh-v-ph( r )* 


(7.271) 


where kf is a gas mixture thermal conductivity. Solving (7.271) using the Bessel 
function J Q , the local cooling [A T(r) = T(r) — T 0 ] is 


\'T'/ \ ^ {$ ph-v-ph(fXn)) Jo(^n^) 

R, 1 2 ~l k f Oiyi 2 [ J 1 (oCfi Rf ) ] 2 


(7.272) 


where (, s ph . v . ph (a n )) = f* T rs ph - v - ph (r)J 0 (a n r)dr and a n R, is the n-th root of J Q (r) = 
0. Figure 7.41(e) shows variation of A T(r). Dimensionless AT*(0) is 


AT*(0) = k f AT (°) = Y^Jo r * n *(r*)Ji(a*r*)dr' 


S ph-v-ph,oRf 


n — 1 


«) z [Ji«)] 2 


(7.273) 


where s ph - v - ph o — n 0 (dE c j,/dt), a* = a n R t , and r* = r/R t . The area averaged cool- 
ing is given by 


1 rRt 2 C Kt 

{AT) = — I AT(r) 2nrdr = — « / rAT(r)dr. 
A J r = 0 Rt J 0 


2 f Rt 


(7.274) 
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(iii) Optimization for Cooling 

In (7.266), cooling occurs when s p h- v - P h < 0 or dE c ,h/dt < 0, i.e., 

x J- P h-f < ^f r fL,e,sp (= 2.45r7_^ iW ). (7.275) 

From (7.265), (7.270), and (7.272), large collisional relaxation time constant 
r f-f, v - t , large diffusivity Z)y, and small thermal conductivity Ay are desirable for 
larger cooling. From Section 6.6, the collisional time constant (and diffusivity and 
thermal conductivity) depends on pressure /?, temperature T, and the mole frac- 
tion of Xe, xxe- Thus, AF(0) and {AT) are maximized through these gas mixture 
conditions. 

Species diffusivity is similar to kinematic viscosity such that /zy/pyDy (Schmidt 
number) is near unity; then from (6.85), (6.87), and (6.91), we have 


Pf 



1 

^ u f) x f 


2k B 3/2 T 3 ' 2 

3n 3 / 2 m^/ 2 dco 2 2 P 


(7.276) 


In (6.128), the density of the gas pj is proportional to pressure, while the mean 
free path of the gas A y is in inverse proportion to p. Thus, p does not influence the 
thermal conductivity. Also, from (7.240), the collisional time constant is the inverse 
of the product of transition probability and the collision rate, and from (6.79), the 
collision rate is proportional to the number density of CO 2 . Therefore, low gas pres- 
sure is needed to increase the collisional time constant. However, the small number 
density of CO 2 in low gas pressure also leads to decrease in the anti-Stokes cooling 
effect (due to the smaller spontaneous emission from the smaller number density 
for CO 2 in level 2). Considering these pressure effects, the variation of cooling with 
respect to pressure is shown in Figure 7.42(a). 

As the tube temperature T Q increases, from (7.276) Df increases. From (6.128), 
kf is a product of the density py, thermal speed (wy), and mean free path Ay. pf is 
proportional to F 0 , and Ay is in inverse proportion to T 0 from (6.87). Thus, kf is in 
proportion to (u y), which is proportional to To 2 from (6.127) and (6.128). Then, 


-1 _ 4tt 1/2 fl? 2 (fc B r o ) 1/2 »/ _ 4 t r V2 d 2 p 1/2 

f - f mV 2 ( k B m)V 2 ° ' K ’ 

However, from the M— B distribution, the CO 2 population in the higher level 
increases with F 0 , inducing the anti-Stokes cooling effect. The combined effects of 
T 0 are shown in Figure 7.42(b). 

Since A y of pure Xe gas is fairly low due to its heavy atomic mass, the larger mole 
fraction of Xe (vxeX the lower Ay of gas mixture, and the larger ty.y. The larger xxe 
also makes for smaller pc o 2 and larger Df. The small Ay, large ry_y jiw , and large Df 
(for large xx e ) contribute to increase the cooling. However, the increase in xx e also 
decreases the number density of CO 2 in level 2. Considering these effects, we find 
an optimal xx e as Figure 7.42(c) shows. 
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Figure 7.43. (a) Five-level vibrational energy transitions and their time constants in laser 
cooling of CO 2 gas. The photon wavelength is selected for the transitions with more effec- 
tive cooling, (b) Comparison of 9.6 and 10.6 pm wavelength laser cooling, showing variations 
of cooling with respect to cylinder temperature for both wavelengths. The macroscopic con- 
ditions are the same as [114], and the experimental result of [114] for A., = 10.6 pm is also 
shown. 


(iv) Enhanced Cooling using (02° 0) excitation 

In [423], the enhanced anti-Stokes cooling of CO 2 gas is predicted by the laser irra- 
diation with a 9.6 pm wavelength resonant with the (02°0) level improves. Here, 
the Herzberg notation [191], (v\v l 2 vi), is used for vibrational states, where iq, iq, 
and U 3 are the symmetric, bending, and asymmetric vibrational quantum numbers 
and / is the angular quantum number of the bending mode. Because the population 
of overtone vibration levels is low at low vibration temperatures, only levels under 
(00°1) are considered. Among these, (00°0), (10°0), and (02°0) are possible levels 
for radiative excitation to ( 00 ° 1 ), according to the vibration mode transition selec- 
tion rule [121]. Covering these three levels, in this analysis, we assume a five-level 
vibration energy system, as shown in Figure 7.43(a). 

Using the time constants in Table 7.7, the anti-Stokes cooling effect in the 
CO 2 — Xe gas system is calculated. In spite of the slightly larger photon energy 
absorption and lower absorption rate due to the smaller transition dipole, when 
compared to 10.6 pm [251], we found that 9.6 pm resonance with excitation of (02°0) 
enhances cooling because of the increase in pumped population. The 10.6 and 9.6 
pm dual-beam irradiation appears to raise the excited population, but the ( 00 ° 1 ) 
level population cannot exceed the saturated population with a 9.6 pm irradiation. 
Also, dual irradiation with the 15 pm laser changes the population of other energy 
levels that have smaller radiative relaxation rates (compared to nonradiative), and 
this deteriorates cooling. The cooling enhancement of the 9.6 pm wavelength in 
Figure 7.43(b) shows 3.93 K cooling at a cylinder temperature of 504 K, and 1.05 K 
with the cylinder at room temperature. All macroscopic conditions are the same as 
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Table 7.7. Time constants in laser cooling of COi-Xe gas. 


Mechanism 

Time Constant 

Magnitude 

Radiative 1 

T f-ph,e,sp , (00°l)->(00°0) 

2.383 ms 

Decay 

T f-ph,e,sp , (00°l)-»(02°0) 

2172 


T f-ph,e,sp, (00°1)-»(10°0) 

2378 


T f-ph,e,sp , (01 1 0)-»(00°0) 

326.3 

Nonradiative * 

0 

P^f-f,v-t,CO 2 -CO 2 ,(00 0 l ) 

3.06 ms-torr 

Decay 

P T f-f,v-t,CO 2 -CO 2 ,(10°0)^ 

0.454 


P r f-f,v-t,C 0 2 -C0 2 ,(01 1 0) 11 

5.18 


P T f-f,v-t,C O 2 -Xe,(00°l) 11 

33.3 


t Calculated using transition dipole values from [251]. 

* Data for 300 K, and data for other temperatures estimated using 
combination of experimental results [88, 449, 346] and theoretical 
models (Landau-Teller [265] and SSH [415]). 

§ [346] and " [88]. 

in [114], and the experimental result of [114] is also shown in Figure 7.43(b). Com- 
parison of laser wavelengths shows that the shorter wavelength results in improved 
cooling. 

Even though kf and Pf-f, v -t increase at higher temperatures, the pumped 
energy level (02°0) population also rises with an increase in (00° 1). Higher tempera- 
tures increase D / and maintain a large deviation in (00° 1), even in the nonirradiated 
region. Higher temperatures decrease cr p h,a,(oo 0 o)^(oo 0 i) due to a decrease in CO 2 
number density. The maximum cooling temperature is found when the deteriorat- 
ing factors-increased kf and Pf-f, v -t - are properly compensated by the enhancing 
factors-large wco 2 ,(oo°i)? Df an d small a ph a ,(oo°o)^(oo°i)- 


7.13.2 Laser Doppler Cooling of Atomic Gases and Doppler Temperature 

Doppler laser cooling provides optical control of atomic motion, and in regard to 
gases, the speed of atoms can be substantially reduced, thus potentially reaching the 
absolute zero temperature. As shown in Figure 7.44, the ordinary cryogenic method 
extends to 0.1 K, whereas the laser cooling of gases can extend to the sub-/xK (10 -6 
K) range [326]. The Bose-Einstein condensate is defined in the Glossary. 

The kinetic energy of atomic motion is also shown on the right-hand axis of 
Figure 7.44, along with the regime of energy structure. The molecular regime (MD 
scale, Table 2.7) designates atomic/molecular translational, rotational, and vibra- 
tional energy. The fine structure relates to atomic scales of Table 1.6. The hyperfine 
structure defined in Section 1.5.2 is a small perturbation in the fine-structure energy. 

Doppler laser cooling of atomic gases involves absorption of photons and the 
consequential emission of photons, with the net effect of reducing the translational 
kinetic energy of the constituent atoms [178, 326, 367]. This is also called light pres- 
sure cooling. It is shown in Figures 7.45(a) to (c). The frequency of irradiation 
should be in the lower half of the Doppler-broadened absorption (slightly below 
the atomic resonance frequency) of the atom. This will ensure that only the atoms 
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Figure 7.44. Various techniques used for cooling gases to near 0 K. Laser (optical) cooling 
(shaded areas) provides major subcryogenic cooling, whereas evaporation allows for reaching 
the nanokelvin regime [334]. The detunning (Doppler) frequency A f Q = Aco 0 /2tt, determines 
the Doppler temperature. 


moving toward the laser source will absorb, thus losing net energy and momentum 
by scattering the photons. If the photons come from all directions, the atoms lose 
energy and the Doppler shift detunes any photon traveling in the same direction as 
the atoms. The laser cooling process results in gas temperatures with a lower limit of 
the order of hy e - p h/ &b, where y e - P h is the spontaneous emission rate of the excited 
state. The random addition to the average momentum transfer produces a random 


Momentum and Energy Conservation in Laser (Light Pressure) Cooling of Fluid Particles 
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Figure 7.45. (a) A fluid particle with velocity u f encounters a photon with momentum Tnc ph . 
(b) After absorbing the photon, the atom is slowed, (c) After emission in a random direction, 
on average the atom is slower than (a) [367]. (d) Energy conservation for the process. 
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walk of the atomic momentum and an increase in the mean-square atomic momen- 
tum. This heating is balanced by cooling coming from opposing the atomic motion. 

The atoms also emit (dominated by spontaneous) photons (in random direc- 
tions) and their reabsorption results in heating. The translation-assisted electron 
excitation (absorption) and emission give ftcophj -\-TiAco 0 = Tico p h,i + \m fAu 2 - = hco Q , 
where co p h,i is the incident and co Q = co P h, e is the emitted photon frequency. Here 
A co 0 is the contribution from the motion, i.e., the change in the kinetic energy of 
fluid particle. The Doppler temperature 7b is found from the balance between cool- 
ing and heating. The mechanical energy, using the statistical Fokker-Planck equa- 
tion (3.8) [214] and for a one-dimensional transition along the v direction, is given 
as [367] 


1 

2 


m f(Uf,x) 


2 


-^bTd = 


fi-Yph, 


e,sp 


^ Yph,e,sp 


2Aco 0 


2Aco 0 y pht 


). 


e,sp 


(7.278) 


where y p h, e ,sp = l/*ph,e,sp (listed for Na in Table 7.4) is the rate of spontaneous 
emission of the excited state given by (7.189), and A co Q is the angular frequency 
of the detuning (Doppler frequency) of the laser from the atomic resonance co Q . The 
minimum temperature with respect to 2A co 0 /y P h,e,s P in (7.278) occurs for A<x> 0 = 
Yph,e,s P / 2 which gives 


7b =hy p h, e , sp /kB Doppler temperature, (7.279) 


i.e., the Doppler temperature is dependent on the emission rate. It is necessary 
that the atoms have relatively large electronic transition and because thousands of 
photons are trapped per atom, the spontaneous emission should be entirely to the 
ground state. Among atoms used are metastable noble alkali-metal and alkaline- 
earth atoms. Table 7.8 gives some of strong transitions for some laser materials, 
including Na. Note that co 0 — 2i Tu ph /X 0 . Figure 7.46 shows the electronic transition 
(yellow sodium lines) from 3 2 Si/2 to 3 2 p3/2 using atomic term symbol (Section 5.20) 
in the Na atom, (ls 2 2s 2 2p 6 3s 1 ). It is necessary to use a repumper in order to avoid 
off-resonance excitation [367]. Na has hyperfine levels which are generally degener- 
ate. Excitation out of one of the hyperfine levels results in radiating to this hyperfine 
levels. 

Then the fluid particle velocity distribution changes from the one time equi- 
librium M-B speed distribution f°(u f tX ) (6.62) and Figure 6.6(a) to nonequilibrium 
distribution f! ( u f tX ), as shown in Figure 7.47. Since the peak in speed is around 1100 
m/s, the initial temperature from (6.62) is around 1670 K. As shown in Figure 7.44, 
the laser cooling is the last in series of cooling steps. This for y p h, e ,sp — 6.25 x 10 7 [367] 
(A/ 0 = 10 7 Hz) gives 7b = 238.7 /xK and corresponds to (u f\ x ) 2 [given by (7.278), for 
one-dimensional transition] of 29.38 cm/s (also marked in Figure 7.47). The results 
given in Figure 7.47 indicate that this low temperature is not reached. The exper- 
imental results [367] are for Na vapor with resonance wavelength X Q = 0.5892 /xm 
(yellow light), or 2.104 eV. 

The cooling rate per unit volume is 


Sph-t-ph — ^ phh A(X)qX ph-t- phi 


(7.280) 
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Figure 7.46. Electronic transition in Na atom, using the atomic term symbols (total orbital 
angular momentum), (a) Recycling is not allowed without repumping, (b) Use of a repumping 
laser to allow many absorption-emission cycles, for gaseous Na atom laser cooling [367]. 
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Figure 7.47. Cooling an atomic beam with a fixed frequency laser. The dotted curve is the 
speed distribution before cooling which at one time was the Maxwell speed distribution [equi- 
librium distribution /°, from (6.62)], and the solid curve is after cooling (equilibrium distri- 
bution /"). Atoms from a narrow speed range are transferred to a slightly narrow range 
centered on a lower speed [367]. The transition energy of Na, 3 2 Si/ 2 — 3 2 P3/2 is 2.104 eV and 
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where n ph is the photon density and y p h-t- P h is the overall rate of absorption of 
the fluid particle translational energy in this anti-Stokes process. There is a lower- 
temperature limit, called the recoil temperature T r , which is defined through 


or 
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2k\ iU 2 ph m f ' 


(7.281) 


(7.282) 


This gives for the above Na example, T r — 1.20xl0 -6 K = 1.20 /xK. Both 7b 
and T, are marked in Figure 7.44. 

The laser cooling of the atomic vapor to very low temperatures (— ICG 8 K) 
results in nearly pure condensate (Bose-Einstein condensate, where all gas atoms 
will be in the ground state, i.e., quantum degenerate gas). From the definition of the 
Bose-Einstein condensate phase transition given in the Glossary we have 


or 


n /7 3 dB = 2.612 




2nm fkftT c 



(7.283) 


, = 2jth 2 n f 1/2 
e m f k B K 2.612 ^ ’ 


(7.284) 


where T c is the critical temperature (for uniform, 3-D gas of non-interacting parti- 
cles with no apparent internal degree of freedom). This shows a dependence on the 
atomic number density. Below T c , the ground-state occupation fraction is 


n f, Q 
n f 


T 




T r 


(7.285) 


7.14 Photovoltaic Solar Cell: Reducing Phonon Emission 

Photovoltaic cell converts photons to electron-hole pairs and separates them for 
transport. So special photon absorption and carrier transport properties are sought. 
From Section 7.1, with the sun at 5760 K, 98% of its radiation energy is between 0.25 
and 4.0 /xm (125 to 2000 meV). In semiconductors the electronic gap energy A E e , g 
can be overcome by absorption of a photon of equal energy hco e g . When considering 
a solar irradiation with a multiple photon frequency, there are other interactions 
and transitions involving holes, electrons, phonons, and photons. Figure 7.48 shows 
a photon with energy larger than A E 6fg absorbed in the semiconductor. The excess 
energy gives the electron a kinetic energy that is then exchanged in electron-phonon 
interaction (resulting in phonon emission). There is also the possibility of electron- 
hole recombination. The electron kinetic energy loss kinetics z e . p (Section 5.19) is 
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Figure 7.48. A photon of energy larger than the energy gap is absorbed and the excess elec- 
tron energy (hot electron) results in phonon emission, unless it is slowed down by electron 
confinement. 


quicker than the recombination time x ejec (unless it is slowed down by confinement, 
Section 5.22.2). 

A schematic of the different interactions involved in a p-n single-junction pho- 
tovoltaic (PV) solar cell are shown in Figure 7.49. The cell is made of layers of 
n - type (e.g., phosphorous-doped), and p-type (e.g., boron-doped) semiconductors 
(e.g., Si), with a depletion region, having lengths l n (about 0.5 \i m), l p (about 300 
fim) and /</. These describe the conversion of the photon flux Eb^(T)/hco (7.8) to 
the electron current j e through an external resistance. 

All the processes, which are listed in Table 7.8, are involved in the conversion of 
solar energy to electric power, the efficiency determined by the effectiveness of each 
process. The solar irradiation flux is the Planck (blackbody) spectral emissive power 
E h Ms\ where T x is the sun temperature (7.8) and the photon flux is E b ,a)(T s )/hco. 
The total irradiation flux from the sun q ph , s is found using (7.6) for solar emission, 
along with relation (7.90) and expressing the solid angle as a s , i.e., 


aji 


Qr,s — Qph,s — 


4tt 2 u 2 


ph 
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oo 
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0 exp(hco/ k B T s ) — 1 


d co, 


(7.286) 


The earth-sun solid-angle factor a s — 2.18xl0 _:i and for T s — 5760 K gives q ph s = 
1, 350 W/m 2 . For the ambient radiation, T s is replaced with T a — 300 K and the solid- 
angle factor a s is replaced with a s — 1. Note that for blackbody emission, E b — itl h 
(7.8). A faction of q p h, s results in electric power generation S p h- e /A , and a fraction 
results in phonon emission S p h- e - P /A. Here we assume, but there is reflection, but 


' The depletion layer combines the p- and ^-depletion layers, and for each carrier i is given by 


2e 0 € e Acp e 

'd,i — (, 

e c rii 



where A (p e is the built-in potential, and is the carrier i density. 
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Table 7.8. Hole, electron, phonon, and photon interactions ( processes ) in PV energy 
conversion. 



Notation 

Process 

1 

ft ph-e,s 

electronic excitation by a solar photon 

2 

ft ph-e,a 

electronic excitation by an ambient photon 

3 

S ph-e-p / A 

electron relaxation to conduction band edge through phonon emission 

4 

fte,h~ph 

electron-hole recombination resulting in photon emission 

5 

fte-t 

impurity trap and defect trap assisted recombination 

6 

fte,h-k 

recombination by electron-electron or hole-hole kinetic energy exchange 


there is radiation exchange with the ambient q ra . The phonon emission leads to a 
rise in temperature and is transported by conduction qk (thus decreasing the photo- 
voltac conversion S p h - e )• These are also shown in Figure 7.49. 

In the next section, the PV efficiency is analyzed first for a single-bandgap semi- 
conductor (e.g., Si), then for an ideal multiple-bandgap semiconductor. Finally, the 
semiempirical efficiency for the actual performances of current PV cells is given. 


7.14.1 Single-Bandgap Ideal Solar PV Efficiency 

To determine the ideal (including no depletion layer) efficiency of a single direct 
bandgap PV solar cell we first define some aspects of the power-converting device. 



Figure 7.49. Hole, electron, phonon, and photon interactions in the irradiation of a p-n junc- 
tion PV solar cell. The process numbers are defined in Table 7.8. Ep, n ,c and Ff, p , c are the 
conductor Fermi levels, <p, ! 00 and <p Pt0O are the vacuum energies, and and E ¥ , p , h are the 
electron and hole chemical potential in the absorber. 
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All photons with energy above the bandgap of the semiconductor are absorbed 
and excite one electron-hole pair. The excited carriers are assumed to immedi- 
ately come to thermal equilibrium with each other at a temperature T h , but not 
with the lattice at T a . The carriers have infinite mobility, which results in constant 
quasi-Fermi energies across the cell, as illustrated in Figure 7.49. Also, there is no 
minority carrier flow across the conductors (i.e., there is no surface recombination). 

The efficiency of a PV system is defined as 


t] ph-e 


(A <Pe je)max 
Q ph,s 


PV efficiency, 


( 7 . 287 ) 


where A <p e is the voltage potential, which is equal to A p, a /e c , and pt a is the chem- 
ical potential of the carriers at ambient temperature. The distribution of energy 
for fermions in quasi-equilibrium is given by the Fermi-Dirac distribution (5.62). 
The difference in quasi-Fermi energies for the hot carrier distribution is A /x/ 7 = 
~ Fp , P ,h- However, we start with A p a \ as the conductor is at ambient temper- 
ature the carriers need to be extracted at ambient temperature (unless we introduce 
a device for extraction of hot carriers or take other measures to use the hot-carrier 
energy), ideally with no loss in energy. A scenario in which this is possible is by isen- 
tropic cooling of the carriers at constant energy through an energy selective semi- 
conductor, as illustrated in Figure 7.49. The relationship between Ap h and A/x fl is 
determined by considering the energy conservation equation, (Table 2.4), i.e., 


d E = TpdS + pihjdNi. 


( 7 . 288 ) 


By the electron traveling through the external resistance, there is the removal of 
one particle from both the electron gas and the hole gas, with a change in chemical 
potential of A/x/j. Per carrier, the conservation equation becomes, 

A E = T h AS + A/x /? . (7.289) 

Similarly for electrons at ambient temperature, we have 

AE = T a AS + Api a . (7.290) 

With isentropic cooling, the change in entropy by removing a particle from the sys- 
tem is constant and with constant energy, equating the two AS gives the relationship 
between the hot-carrier chemical potential and the ambient chemical potential 

e c A cp e = A/z fl = A/xA + A£ oaf (l - f-). (7.291) 

lh i-h 

In this relationship A E out is defined as the utilization pathway for the electrons as 
illustrated in Figure 7 . 49 . When 7} 7 = T a , e c Acp e — A pip. 

With infinite carrier mobility, the current can be determined from the steady- 
state, one-dimensional carrier continuity equation ( 5 . 260 ), using the carrier genera- 
tion/removal terms in Figure 7.49 and Table 7 . 8 , neglecting h e - t and h e ^-k , be., 

1 dj e . . _ 

hph-e,s hph- e a T n e h~ph — 


e c dx 


( 7 . 292 ) 
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So, the carrier continuity equation includes only three of the generation processes 
listed and named in Table 7.8. The electron relaxation, s e _ p , does not affect the 
number of carriers and is therefore not included in the equation. For electron gen- 
eration, the radiation from both the sun h p h- e , s and ambient n p h- e ,a are considered. 
The generation terms, for an optically thick absorber ( a p hl p > 4, where the total cell 
length is l = l n + l d + l p as shown in Figure 7.49), become 

d<y, n ph -e f a = [ d co, (7.293) 

Jco e , g hcol 

where a s and a a are the solid angles mentioned in relation (7.286). However, note 
that a ph is strongly frequency dependent (a general behavior for semiconductors is 
shown in Figure 7.14). 

Here we assume that among the recombination processes, the radiative recom- 
bination fi et h- p h i s dominant (this is not true in a typical cell, as shown in Figure 7.53). 
Then the net radiative recombination rate can be determined by considering the rate 
of photon emission given by (7.8) with the correction that the system is not in chem- 
ical equilibrium and assuming all photons emitted with energy above the bandgap 
energy are the result of carrier recombination, i.e., 



/ ^Ph \ 

he,h~ph — h p h- ea QX p(“ )• 

KBi/7 


(7.294) 


After the continuity equation (7.292) is integrated along x between x = 0 and x — l, 
the current is 
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(7.295) 


The first two terms in (7.295) are constants when using the bandgap energy and the 
Planck law (7.8), evaluating for T s — 5760 K, and for example T a — 300 K. Also, for 
(7.291), under the condition of Th — T a (ideal) we have e c A <p e — Afi a = A (ih- Then 
(7.295) is simplified and gives the short-circuit current dark current, and open circuit 
potential. To fully characterize the system, we add the energy balance equation, 
assuming that there is no loss of energy through phonon emission 


j e AE 


out 


— I Eb,s,cod(i) T f a s Eb,a,codco I F/? a) exp( )d co. 

J co e ,g J (o e ,g J (o e ,g -*■ h 


(7.296) 


' Under these conditions, (7.295) becomes 


je — jsh jo [ ex p( 


e c A (p e 

k B Th 


)-!L 


where j s h is the short-circuit and j Q is the saturation current, with j s h = 54.1 mA/cm 2 , and j a = 
1.72 x 10 -12 mA/cm 2 . For Si with A E e-g = 1.12 eV, this gives an open circuit (j e = 0) potential 
Acpo = kBTh\n(j s h/jo)/e c = 0.863 V, for Th = 300 K. The second term in the above equation is called 
the dark current, since it turns in the opposite direction. 
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By defining the bandgap of the semiconductor/?^^, the utilization pathway A E out , 
and the voltage A cp e (a fraction of bandgap divided by e c , Figure 7.49), the maxi- 
mum power out of the cell is found. In the process the carrier temperature is also 
determined. 

The maximum (hot carrier) efficiency is 66 . 8 % for A E e ^ g = hco e , g = 0.36 eV at 
T a — Th — 3684 K (found by optimization). It is important to note that the carriers 
cool through phonon emission very quickly, and it is often assumed the carriers are 
at the ambient temperature. The maximum efficiency assuming complete electron 
relaxation through phonon emission ( 7 ), = T a = 300 K) is 30 . 4 % at AE e ^ = 1.26 
eV. The efficiencies are plotted for both scenarios as functions of bandgap energy 
in Figure 7.50(a). Figure 7.50(b) shows the j e — A cp e behavior under the ideal con- 
dition. For the analysis of carriers in thermal equilibrium with the lattice, the power 
losses are from several different mechanisms as shown in Figure 7.51. 


The carrier relaxation through phonon emission occurs very quickly (~fs to ps, Fig- 
ure 5.13) as compared with carrier collection (~ns) and carrier-lattice thermal equi- 
librium is often assumed. One approach to negate energy loss through phonon emis- 
sion but allowing the carrier-lattice thermal equilibrium assumption is arranging a 
system of photovoltaic cells in tandem, each with a reducing bandgap energy, as 
illustrated in Figure 7.52. The incoming photon is then better matched to a given cell, 
passing through cells with larger bandgap energy, ideally unabsorbed, until reach- 
ing a cell with equal or lower bandgap energy, where it will excite an electron-hole 
pair. Beyond absorbing a larger portion of the solar spectrum, there will also be 
recycling of the emitted photons from each cell by neighboring cells. To simplify the 
efficiency analysis, when there is an infinite number of tandem solar cells, photon 
recycling has been shown to be equivalent to placing frequency-selective reflectors 
between cells, which reflect emitted photons with energy above the cell bandgap 
energy back to the cell [306]. With this assumption the efficiency calculation can be 
determined similarly to the single-bandgap cell with Th — T a and the integral in the 
current equation taken from the bandgap energy of the given cell to the bandgap 
energy of the next cell for both absorb tion and emission; (7.295) becomes 


For a finite number of cells, at each cell, the power output is found by determining 
the maximum product of voltage and current. For the case of infinite tandem cells, 
( j e ,ntS<Pe,n)max is determined for each photon frequency. For the total power out, the 
product of the maximum voltage and maximum current of each cell is integrated 


7.14.2 Multiple-Bandgap Ideal Solar PV Efficiency 




( 7 . 297 ) 
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Figure 7.50. (a) Variations of solar PV efficiency with respect to bandgap energy. Three dif- 
ferent analyses are used, namely, ideal analysis with carriers at T e , ideal with carriers at T a , 
and semiempirical, infinite multiple bandgap. Some measured solar cell (Si and GaAs based) 
performances are also shown [306]. (b) Variations of the current density with respect to elec- 
tric potential for Si, under the ideal assumption. 
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Figure 7.51. Distribution of incoming irradiation energy in PV energy conversion. 
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Figure 7.52. A rendering of a tandem multiple-bandgap PV solar cell, showing the continu- 
ously decreasing bandgap energy with emitted photon recycling. 
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over all photon frequencies, 
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(7.298) 


The efficiency limit for an infinite tandem cell with T s — 5760 K, T a — 300 K, a s — 
2.85 x 10 -5 and a s — 1 is 68.8%, similar to the limiting efficiency of a hot carrier solar 
cell. 


7.14.3 Semiempirical Solar PV Efficiency 

The preceding ideal analyses are very useful investigations because they require 
minimal information about the PV device. However, for a more realistic analy- 
sis, carrier transport must be considered. In the preceding analysis, the mobility 
of electrons were assumed to be infinite. Without this assumption, a PV solar cell 
will require an electric field and or a substantial concentration gradient to create 
a current. Also, recombination rates will include mechanisms other than radiative 
recombination. Here we analyze a p-n junction PV cell, adding to the analysis the 
general carrier transport given by the drift-diffusion equation (5.261), 

d n etC . d nh 

je — ^c^e,c P'e^e T ^c^e ? jh — ^c^h,cl^h^e ^c^h~ 

ax ax 

je,h=je + jh ■ (7.299) 


The electron diffusion coefficient (Table 3.6) is D e — kBTp e /e c , and is similar 
for that for holes. These equations are used along with the carrier continuity equa- 
tion (7.292) 


1 Ve ^ . 

h n e 

e c ax 


hph~e,s — 0, 


id j\ 

e c dx 


hh T h,ph-h s — 0, 


(7.300) 


where the ambient photon contribution is combined with the solar. To determine 
the current from these equations, several assumptions are made to simplify the 
analysis. All carriers immediately relax to the conduction band edge. The deple- 
tion region of the cell creates a well-defined boundary, where beyond the depletion 
region there is no electric field present (i.e., the cell is quasi-neutral). The genera- 
tion rate is constant along the length of the cell. The carrier recombination is linearly 
dependent on the minority carrier concentration. 

The return of e~ and h + to their equilibrium distribution is called recombination 
(Figure 7.49 and Table 7.8) and are by the traps (defects) forming states in the gap, 
by radiative decay, or by phonons (Auger effect) which is by loss of charge carrier 
kinetic energy. These are represented by kinetics, r e -h, r e ,h- P h , r e -h- P , etc. [414] The 
recombination rate for conduction electrons in the p-type region is based on excess 
minority carrier concentration n e , c , n e j, i.e., 


h e 


n e ,i 



We,c t% e ,i 


(7.301) 
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Figure 7 . 53 . Variations of the measured, minority carrier ( e ) lifetimes (kinetics) with respect 
to dopant concentration for p-type Si [168]. At low n dp , z e , h - t dominates based on (7.302). 


1111 

= + + , (7.302) 

t e,rec ^ e,h-t ^ e,h-ph ~^e,h-p 

where we have used the dominant recombination mechanisms also listed in 
Table 7.8. 

Figure 7.53 shows the minority carrier ( e ~ ) lifetimes (kinetics) r e i , as functions 
of dopant concentrations for p-type Si. Note that the smallest r e i dominates the 
recombination, for example for n d , p — 10 16 1/cm 3 , r e ^- t dominates the recombina- 
tion mechanisms. In addition, the non-recombinative electron-phonon scattering 
becomes important when attempting to harvest the hot electrons. In Section 5.22.2 
we discussed increasing r e -p using nanostructures (quantum wells). 

To find the current we first consider the minority carrier concentrations as func- 
tions of position n etC (x) in the quasi-neutral regions of the cell. The following deriva- 
tion is performed for electrons but is similarly applicable to holes. The dimensional 
parameters are those in Figure 7.49. Combining the drift-diffusion equation and the 
carrier continuity equation, considering no electric field, we obtain 


d n e c 
dx 2 


Wph-e,s We,c tl e j 

~dT l] 


(7.303) 


The diffusion length is introduced as L e — (D e T ejec ) i/2 . Then the solution is 


/ \ , x + /„ + Id —*+/„+/</ . . 

tte,c\X) — A exp( ) B ^Xp( j ) ~\~ ~Ce,rech ph~e,s H” 

To solve for the constants, we consider the following boundary conditions. As 
x —> oo, n e (x) is finite, therefore A — 0. The constant B is found by considering 
the carriers concentration at the edge of the depletion region x = l n + l d , defined 
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as [168] 

n] r ,e c A(p e 

n e ,c ~ ti e ,i = — [exp(— — ) - 1], 

Wd,p KB *a 

Therefore, the conduction electron density in the /7-type region is 

/ \ . . , , nf e c A <p e 

fte,c\X) — ^e,rec^ ph-e,s T ^e,i T I [exp( ) 1J 

ftd,p KB * a 

, ( —X + In + Id N 

T-e,rech ph-e,s)^X p( - )• 


( 7 . 304 ) 


( 7 . 305 ) 


The equations governing holes can be set up similarly. The carrier concentrations 
are then plugged into the drift-diffusion equation to determine the current. For 
steady state operation the total current across the cell is constant. Therefore, to 
determine the current, the electron and hole currents are summed at one position 
in the cell. Now, we define the electron current at the edge of the p-type region and 
depletion region l n + l c i ■> as 


„ , v e c n}D er ,e c A(p e . 

je (l n + Id) = e c L e n ph - e , s l — [exp(- - ) - 1]. 

KbE 


( 7 . 306 ) 


K^d,pC e 

The hole current is determined at the edge of the n - type region and depletion region, 

In i 


, . e c n^Du r e c A(p c x 

jh(ln) = e c L h n ph - e , s - — [exp(- y _ - ^ ) - 1]. 


Wd,n Eh 


kB T a 


( 7 . 307 ) 


The total current j e h determined at l n is jh(l n ) + je Qn + Id) plus the electron cur- 
rent generated in the depletion region, j e ,de P - The current density in the depletion 
region cannot be solved in the same manner as the other regions because an electric 
field is present. A simplification for this region can be made by allowing the current 
to be defined solely by the carrier continuity equation, neglecting recombination, 
je dep — e c ldh P h-e,s • This simplification is made because the depletion region is rela- 
tively small and the electrons and holes are removed quickly by the electric field. 
From these equations the total current is 


je,h — &ch p h—e,s(L e T Eh T Id) 


+ 


D, 


Wd,pEe nd, n Lh 


e c A cp e 

■)[exp(— — — ) — 1]. 
kBT a 


( 7 . 308 ) 


The efficiency for this approach is plotted in Figure 7.50 as a function of bandgap 
energy using the material properties of Si listed in Table 7.9. Note that the efficiency 
is calculated assuming all solar irradiation above the bandgap energy is absorbed 
over L e + L h + Id , equivalent to the width of the cell. Table 7.10 includes observed 
solar cell operation and other characteristics, for Si, GaAs, and InP based solar PV. 
The fill factor F f is the total power out (A (p e j e ) max divided by the product of the 
open circuit voltage Acp Q and short circuit current density j s h . The fill factor Ff [Fig- 
ure 7.50(b)] is defined such that (7.287) is written as r] p h- e — A ipojshFF jq P h,s- Note 
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Table 7.9. Typical Si PV material 
properties [345]. 


Quantity 

Magnitude 

D e 

40 cm 2 /s 

D h 

2 cm 2 /s 

L e 

14.0 a m 

Lh 

140 pm 

a d,p 

10 16 cm" 3 

Md,n 

10 19 cm -3 

r e,rec 

lx 10~ 6 s 

T-h,rec 

5x 10" 6 s 


that the crystalline Si has the largest j sh , while the crystalline GaAs has the largest 
A (p Q . The largest fill factor is for crystalline InP. 

As the temperature increases, the intrinsic carrier concentration increases, thus 
increasing the recombination rate and reducing performance. Also A (p Q decreases 
with increase in temperature (inverse relation) [296] 


7.15 Size Effects 

7.15.1 Enhanced Near-Field Radiative Heat Transfer 

Thermally excited solid surface waves are due to thermal fluctuations of atoms adja- 
cent to the surface. These surface waves influence the density of states of the emitted 
EM fields that have intensities that are orders of magnitude larger in the near field 
than in the far field [76, 221]. Also, the emitted EM waves are quasi-monochromatic 
(different than blackbody radiation) in the near field. 

The EM waves propagating along the interface of two material with distinct 
EM properties ( a e , € e , p e ), decay exponentially perpendicular to the interface. The 
surface waves that are due to the coupling between the EM field and a resonant 
polarization oscillation in the solid are called the surface polaritons. The surface 


Table 7.10. Measured junction PV cells performance of some single T a = 298 K and 
q r s = 10 3 W/m 1 [64, 169]. 




Material 

ri P h-e Bandgap A E e<g ,eV Ip, /im /„, /im A(p 0 , V j s h, mA/cm 2 


Crystalline Si 

0.247 

indirect 

1.1 

300-500 

0.5 

0.706 

42.2 

0.828 

Polycrystalline Si 

0.203 

indirect 

1.1 

300 

0.5 

0.664 

33.7 

0.809 

Amorphous Si 

0.101 

direct 

1.7 

0.01 

0.02 

0.539 

24.4 

0.766 

Crystalline GaAs 

0.251 

direct 

1.43 

0.5 

4 

1.022 

28.2 

0.871 

Polycrystalline GaAs 

0.182 

direct 

1.43 

- 

- 

0.994 

23.0 

0.797 

Crystalline InP 

0.219 

direct 

1.35 

4.0 

0.03 

0.878 

29.3 

0.854 

CuInGaSe 2 

0.184 

direct 

1. 1-1.2 

5.0 

0.3 

0.669 

35.7 

0.770 
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Figure 7.54. Thermally excited surface waves e e (x, t ) and the near-field radiation exchange 
between two closely placed solid surfaces [150]. Here k y is the component of wave vector 
along the surface. 


wave of a metal is due to charge density waves or plasmons, and is called the surface- 
plasmon polarization. For dielectric solids the surface wave is due to the optical 
phonons and phonon polaritons (which also exist within the solid) and is called the 
surface-phonon polariton. 

In Section 7.2.2 we discussed the near-field surface emission and here we give a 
quantitative example for two surfaces at different temperatures separated by a vac- 
uum gap of the order of nanometers. Here we examine the formulation of the ther- 
mally excited, near-field EM emission and review examples with radiation between 
two doped Si surfaces separated by a small gap. 

Referring to Figure 7.54 for a medium 1 at temperature T, emitting to vacuum 
(with 72 = 0), the spectral photon energy density (7.24) (for emission) is [221] 


^E ph jC0 

Vdco 


Co , , ,2\ , Mo » ,2\ 

-w{\e e \ ) + -=-(\h e \ ) 


2 
Tico 3 


2 ^ 2 «k> x p(^)-i] Jo 


■mi 


k&k i - ip;. 12 i 2 + (i - \p p rA7 \ 2 ) 


V, 12' 


CO 


M ph,o 


k_u 


propagating waves 


+ 


l L 


oo 


4A Im(|p; i2 |) + Im(|p/; i2 |) ^_ 2Im(gM; ^ 


CO 

<»/Uph,o u pho -L,l 


evanescent waves 


where 


co 2 s K ±,i- K -L,2 

^_L,l — ^e,lM<?,l tC , P r 12 — i 

Mph,o ^_L,1 T ^_L,2 


^,lM_L,2 + ^e,2 K ±,l 
Ce,lK±,2 + £e,2K_L,l 


where in the s -polarization e e is perpendicular to y-z plane and the p-polarization 
e e lies in y-z plane. p s r 12 and p pl2 are the Fresnel reflection factors. 
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The first integral gives the far-held emission, and when using 2incdic = 
co 2 co$6d£l/u 2 ph G , and for p s rU = p'\ 2 = 0 (for absorbing medium 2), we have 


d Eph,(o ^Eb,ci) hco d co 

d co d co 7t 2 u 2 ph a _ \ 


(7.310) 


which is the Planck blackbody spectral energy density (7.4). Note that spectral emis- 
sivity € p h,co (7.147) is given in terms of the Fresnel reflection factors as 


^ ph,(o 


l - Ip 


s 

r, 12 


2 


+ 1 - 



2 


(7.311) 


which is 1/2 of the sum of the transmission factors for both polarizations. 

The spectral energy flux from a dielectric medium 1 to another dielectric 
medium 2 (Figure 7.54) is given in terms of the exchange function Zi_ 2 (^n) as [150] 


1 

ph ,1-^-2, co — 2 


hco 

hco 


71 ex P (W 


-L 


oo 


Zi-2(aT|| )/C|| d<^>d/C|| , 


(7.312) 


where k\\ is the surface-wave-vector component along the surface. This includes the 
propagating and evanescent waves (exponentially decaying). The net total heat flux 
is 


tfph, 1-2, co 


l r°° r°° hco 
Jt 2 Jo Jo exp(^fr)-l 


hco 

exp(^)- 1 


]Zi-2(/C|| )aT|| d<^>dAT|| . 


(7.313) 


For the near held (7.313) is simplihed and becomes (7.15), as shown in [150]. The 
exchange function is a function of complex dielectric function € e , and for semicon- 
ductors the Drude model (3.49) is extended for each material as [512] 

_ , . n etC e 2 Je 0 m eie n Kc e 2 c /e 0 m Ke 

€ e,A 2 i • / 2 i • / 

CO L + ICO/Xe CO L T ICO j Tfo 

Drude model of dielectric function, (7.314) 


where is for interband (and lattice vibration) transition; the other terms are for 
the free-carrier conduction-band electron and valence band hole transitions [150]. 
The procedure for determining these parameter in the e e expression is given in [150]. 
Figure 7.55 shows the variation of the predicted net radiation heat transfer rate 
between two Si surfaces separated by a gap d. 

One surface is at 1000 K (using k max T = 2898 pc m-K Section 7.1, gives X max = 
3000 nm) and the other at 300 K (k max = 10,000 nm) [150]. One Si solid is intrinsic, 
and the other is doped. The results show that, for d > 3000 nm, the far-held behavior 
is approached, whereas for the doped Si the heat transfer radiation continues to 
increase with a decrease in the gap spacing. The blackbody radiation (with surface 
emissivity of unity) is also shown for reference. For doped Si, two different regimes 
are found, one inhuenced by doping and one independent of doping. 
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Figure 7.55. Variation of the net radiation heat transfer rate between two Si surfaces as func- 
tions of the separation distance. The temperature of each surface and the dopant concentra- 
tion are also given [150]. A. max T = 2898 /xm-K. 


7.15.2 Photon Energy Confinement by Near-Field Optical Microscopy 

Similar to the photon localization of Section 7.7, the electric field intensity in the 
near field of a probe tip (optical microscope) has been numerically determined 
using the classical Maxwell equations (Table 3.5) [89]. The probe (cylindrical cone 
with cone angle of 36°) is made of Si and the substrate is Au. Figures 7.56(a) and 
(b) show the probe-substrate and the predicted field energy enhancement (confine- 
ment) (\e e \/\e eJ \f, where \e e \ is the laser irradiation intensity through the probe 



Figure 7.56. (a) and (b) Normalized electric field energy distribution underneath a Si probe 
tip irradiated with P-polarization femtosecond laser of k = 800 nm in the proximity of the 
surface of Au film [89]. The tip apex/sample surface separation d = 2.7 nm. 
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(uniform entering the probe). The photon wavelength is 800 nm, with polarization 
parallel to the incident plane. The top, Au plate separation is d — 2.7 nm. Field 
enhancements as high as 150 appear on the Au surface. The lateral confinement 
of the high-field-enhancement regime is about 10 nm, allowing for high resolution 
probing or material alterations. 

This photon confinement adjacent to a surface, and where used with sufficiently 
large, pulsed laser irradiation power, can increase the temperature of the surface. 
Predicted transient, local temperatures as high as 12,000 K have been reported [89] 
for metals, under electron, lattice thermal nonequilibrium. (Sections 5.19 and 5.20). 

Radiation propagating through subwavelength aperture is concentrated 
(focused) in the near field of the aperture (near-field optical microscopy) [74, 217, 
218]. Amongst the aperture geometries are the O- and H-apertures shown in Fig- 
ures 7.56(a) and (b) [217], where the former has an analytical solution (to classical 
Maxwell equations) and the latter is solved numerically. 


7.15.3 Hot Phonon Recycling in Photonics 

Energy recycling in photonic devices is promising (e.g., high-power lasers, where the 
laser inefficiency is critical [208]). Laser inefficiency stems from quantum defects 
(emitted photon energy is lower than that absorbed, hco p h ,p > Tico p h, l), and emit- 
ted phonons carry away excess entropy produced during absorption of multimode 
pumping photons. The second law requires that emitted phonons have higher 
entropy compared to photons. Thus, in high-power lasers elaborate cooling systems 
are unavoidable and hinder development of efficient, portable units. Recent efforts 
on radiation-balanced laser systems have provided alternative to mechanical cool- 
ing systems. However, limited photon wavelength contrast of the single-crystal laser 
medium that is used [55, 56] poses a significant challenge. 

In [239], theory is developed and prediction of phonon recycling (phonon exci- 
tation and recombination) is made in a multilayer ion-doped laser using the anti- 
Stokes luminescence. 

Anti-Stokes luminescence has cooled ion-doped solids from room temperature 
to 208 K, and its theory has been advanced recently [458, 134, 139, 400, 238]. It is 
the reverse of the quantum defect (i.e., hco p h,s P > hcoph, p), and the excess entropy is 
removed by multimode incoherent spontaneous photons. The phonon-assisted pho- 
ton absorption rate strongly depends on the high-energy phonon occupation, mak- 
ing it inefficient at low temperatures [184, 238]. Conversely, at moderate to high 
temperatures, the high-energy phonons are more accessible. Phonon recycling in 
ion-doped lasers uses this accessibility by absorbing the high-energy phonons cre- 
ated in the lasing layer to drive the anti-Stokes process in the adjacent cooling layers, 
as shown by the energy flow diagram in Figure 7.57. Thus, phonon recycling involves 
dynamics of the three energy carrier [photon (ph), electron (e), and phonon (/?)] 
interactions within and across two heterogeneous layers. 
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Figure 7.57. The energy-flow diagram: interactions among ions, photons, and phonons. Pho- 
ton (clear arrow) and phonon (gray arrow) energy flows and heat flow diagram are also 
shown. 


The second-order transition process is treated using the Fermi golden rule, and 
the final form of the transition rate (7.188) becomes 


Yph-e-p — 


nh 


(s ph,i ' fiph-e) 


2 e 0 m, 


f P (E P , o) E Q p h,?-Qph,c 


F 3 
V o 


ll ph 


rid, cV 


(7.315) 


where m r is the reduced mass of the host atomic pair, s p hj is the polarization vector, 
fiph-e is the electronic transition dipole moment vector, (p' e _ p 0 is the optical-phonon 
deformation potential, D p (E p o) is the phonon density of states of phonon having 
energy E p o, f p is the phonon distribution function, L is the photon transit length, 
u p h is the speed of light, and (Q p h, p — Q P h,a)/nd,cV represents photon intensity per 
dopant ion [238]. So, the phonon-assisted photon transition rate is a function of 
the atomic properties of the dopant ion and host, which are optimized for desired 
performance [238]. 

In ion-doped lasers, phonons are emitted in the lasing layer by temperature- 
independent rapid single-phonon decay and by temperature-dependent multi- 
phonon decay. These nonequilibrium phonon distributions drive phonon propaga- 
tion to the adjacent cooling layer. The propagation process involves acoustic-optical 
phonon up- and downconversion (three-phonon processes) [515, 445] and optical 
and acoustic-phonon transmission [453], which are influenced by the phonon spec- 
trum of both layers [453]. 

Figure 7.58(a) shows the Debye-Gaussian model for D p (E p ) [238] with low cut- 
off energy {E p c x) phonon host in the lasing and high cut-off (E p c c) in the cooling 
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Figure 7.58. (a) Overlap of phonon DOS (Debye-Gaussian model) for low and high cut- 
off frequency crystals (not to scale). Filled areas under the curve are the occupied phonon 
states at a given temperature. Saturation of low-frequency phonons in the cooling layer makes 
upconversion favorable, and transmission of phonons are needed from the lasing layer, (b) 
The three-phonon transfer mechanisms. 


layer. The three-phonon processes involved in heat transfer across layers are shown 
in Figure 7.58(b). Note that the figure is not to scale, and the phonon DOS inte- 
grates to 3N, where N is the number of atoms, so depending on the cut-off phonon 
energies, the curves move up or down. The shaded areas under the curves in Fig- 
ure 7.58(a) represent occupied phonon levels at a given temperature and are the 
product of phonon DOS and the boson distribution function. When E px x < E p c c, 
the average value of D P (E P ) is higher in the lasing layer, and for a given energy, 
phonons occupy the lower energy states because of their higher availability. In con- 
trast, for the cooling layer, the value of D P (E P ) is lower, but extends further into 
the high-energy regime. Thus, equilibrium phonons occupy higher energy states. 
During laser operation, generated phonons begin to occupy higher energy states in 
the lasing laser and create energy nonequilibrium between the lasing and cooling 
layers. In crossing the interface most low-energy phonon states are already occu- 
pied in the cooling layer. Thus, for phonons to propagate into the cooling layer, 
among the three-phonon processes, the acoustic-optical phonons upconversion pro- 
cess becomes favorable. The added high-energy phonons in the cooling layer are 
used in the phonon-assisted absorption (anti-Stokes absorption). 

Because of phonon transmission and upconversion processes, equilibrium, /° 
used in [400, 238] is no longer valid in calculating the transition rate involving 
phonon recycling. Calculation of the exact nonequilibrium distribution is very chal- 
lenging. However, we calculate the time scales for each processes to identify the bot- 
tleneck mechanism. It is then reasonable to assume the non-bottleneck processes as 
equilibria. For example, acoustic phonon thermalization and the upconversion of 
two acoustic phonons to one optical phonon are of the order of ps [515, 445]. How- 
ever, due to their low speed, the optical phonon transmission is expected to have a 
time scale of the order of 10 ns [356], for sub-millimeter travel distance. Thus, the 
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Figure 7.59. (a) Phonon-cooling performance as a function of temperature for phonon- 
recycled ion-doped laser using three different cooling crystals. D = 1 cm, / = 1.5 mm, and 
lc = 0.75 mm, Yb 3+ doped disk is used, and emission spectra of Yb 3+ :ZBLANP are used to 
calculate the spontaneous emission peak of anti-Stokes cooling [430] and [274]. The second 
law limit of the anti-Stokes cooling is also shown [341] and [403]. (b) Laser operation condi- 
tions as a function of temperature with (2) and without (1) phonon recycling. The reduced 
cooling load corresponds to a reduced laser crystal temperature and moves the operating 
condition to 2. 

bottleneck process is identified as optical phonon transmission. Therefore, deviation 
from /° for transmitted optical phonons is accounted for by introducing a transmis- 
sion coefficient r p , tr ,o, while equilibrium distribution is used for the three-phonon 
upconversion process. These treatments of the nonequlibrium (hot) phonon popu- 
lations give 

f P = fp(E p , o) + r p , lr ,of°(E p ,o) + f° p (E p , M )f2(E p , A2 )[f° p (E p , 0 ) + 1], (7.316) 

where f° p {E p , Al ) and f° p {E p . aJ are distributions of any two acoustic phonon ener- 
gies that can be annihilated to create one optical phonon of energy E p , o, and must 
be allowed by the phonon dispersion relation and momentum conservation [515]. 
Note that as the time-scale contrast decreases, the population deviates from equi- 
librium, resulting in a lower occupation number for the three-phonon process. 

The phonon recycling transition rates appear in the macroscopic energy equa- 
tion, as Q p h-e-p = nd,cYph-e-pV , along with energy conversion S and energy transfer 
2, for steady-state behavior of ion-doped laser layer and its adjacent anti-Stokes 
cooling layer. Figure 7.59(a) shows cooling efficiency ijc (heat removed by the anti- 
Stokes cooling/total heat generated by lasing) as a function of temperature, for three 
different cooling crystals (ZrF 2 , CdF 2 , and WF 2 ) with dopant Yb 3+ , and Yb 3+ :YAG 
(Yttria- Alumina Garnet) as the lasing crystal. The cooling crystal hosts are selected 
for their high, moderate, and low peak phonon energies; the method for evaluat- 
ing the necessary atomic quantities in (7.315) is given in [238]; and validity of the 
electron-phonon interaction potential used there has been confirmed in [240]. The 
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pumping, laser (Yb 3+ : YAG), and spontaneous emission (Yb 3+ : ZBLANP) wave- 
lengths are: k p h, p= 998 nm, k p h, l = 1030 nm, and k p h, sp = 975 nm. 

The results shows that for ZrF 2 (optical phonon energy of 0.051 eV), the phonon 
recycling rate peaks at the conventional laser operation temperatures 77 = 300 to 
325 K, with approximately 30% of phonons recycled. At low temperatures, the anti- 
Stokes cooling rate rapidly diminishes, while the temperature-independent, rapid 
single-phonon decay remains constant. At high temperatures, the anti-Stokes cool- 
ing rate increases, and temperature-dependent multiphonon decay dominates over 
all other mechanisms and decreases the phonon recycling rate. For crystals with 
low optical phonon energy (e.g., CdF 2 ), phonon recycling peaks at lower temper- 
atures, but decreases rapidly at high temperatures (due to a low optical phonon 
transmission rate). In contrast, high-phonon energy crystals such as WF 4 result in a 
much lower phonon recycling rate (due to their rather large reduced mass and lower 
phonon occupancy number). In practice, experiments use combination of materi- 
als to achieve maximum cooling, because of statistical distribution of the sponta- 
neous emission spectrum resulting from various defects and impurities [184, 275]. 
In Figure 7.59(b), variation of laser efficiency 77 l (laser emission/total absorption) 
is shown for a laser system as a function of temperature. The laser with no phonon 
recycling is pumped by Q phn p = 750 W diode laser, while producing Q p hx = 381.8 
W laser emission and <2oo = 40.3 W of heat (the rest of the energy is lost without 
being absorbed) [430]. With added cooling layers of the same volume and hav- 
ing five times the dopant concentration, we predict Q p h- e -p = 12.8 W of heat is 
removed by the phonon recycling, producing Q p h, S p = 302.2 W of spontaneous emis- 
sion. When the same external cooling unit is used, for example, <2oo = 40.3 W, the 
reduced cooling load translates to 12 K lower crystal operating temperature, mov- 
ing the operating conditions to slightly higher laser efficiency. Alternatively, for the 
same operating temperature, the phonon-recycled laser requires 30% less cooling, 
resulting in a significant decrease in the cooling unit, which may allow air-cooled 
units for portability. The thermodynamic limit is found by applying the second law 
to the phonon-recycled laser [264, 268]. The entropy generation and removal rates 
are evaluated using the corresponding 2, / 7} . To find the equilibrium temperatures 
of the photon source, the thermodynamics of radiation is used, and we find temper- 
atures of 11,000, 44,000, and 4,500 K for diode laser 7>, laser 77, and spontaneous 
emission T p h, sp , respectively, while the entropy of phonons is evaluated at the laser 
crystal temperature T [341, 403]. The result is plotted in Figure 7.59(a). This shows 
that phonon recycling satisfies the second law and is open to future improvement 
(removing inefficiencies in carrier interactions). 


7.16 Problems 


Problem 7.1 

(a) Derive the expression for the photon Stefan-Boltzmann constant in (7.9). 

(b) Starting from the definition of the blackbody intensity, and using the Stefan- 
Boltzmann law, show that the Stefan-Boltzmann coefficient (but not constant) for 
a phonon (using the Debye model) is pc v , p u p ^/(16T ? ’). 
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Problem 7.2 

(a) Derive Rayleigh-Jeans relation (7.10) from blackbody (Planck) distribution 
function (7.8). 

(b) Show that dE bx /dX (7.8) has a maximum at X max T = 2898 /xm-K (we need to 
find the root of the transcendental equation resulting from the differentiation). This 
peak relation is called the Wien displacement law (as T increases, X max is displaced). 

Problem 7.3 

(a) Show that d Ib, M peaks at Tuo/IcbT — 2.821. This is referred to as the most 
likely frequency for blackbody radiation at temperature T. 

(b) Why are the peaks for I bt x and I bt(t) different? 

Problem 7.4 

(a) Using the blackbody emission, show that the photon number density (1.19) 

f°° „ 0 , , , , , 8 tt ,k B 7 \, x 2 , 

n ph ,b= f h (co)D ph (w)dw=—( — ) 3 — -d.v 

Jo u ph «p Jo e ~ 1 

= 2.404 x 87r(-^_) 3 r 3 . 

hpUph 

Note that / 0 °° dx — t;(n + l)T(n + 1), and for n = 3, f (3) = 1.202 and T(3) = 2!. 
This shows that the number density of photons in the blackbody emission is propor- 
tional to T 3 . 

(b) Show that the total energy of photons per unit volume is 
8 tt 5 (&bT) 4 /15(/zpw p h ) 3 . Note that / 0 °° x 3 (e x — l) _1 dx = 7 t 4 /15. 

(c) Evaluate this photon number density n p h,b in 1/cm 3 , for T — 10 2 , 10 3 , and 
10 4 K. 

(d) Show that the average energy per photon (E b ) = E b /Vn p h,b is 2.701/:b T. 
Evaluate this in eV, for T — 10 2 , 10 3 , and 10 4 K. Compare these with/zo; at the peak 
of the spectral emissive power of the spectra ( 7 max T = 2898 jum-K) (continue to use 
eV for energy unit). 


Problem 7.5 

The simple, dipole, spontaneous emission (classical dipole radiation) rate is 
(3.43) (discussed in Section 3.3.4 and derivation is Problem 7.23) 


Yph,e,sp — 


3 1 i2 
<*> \ Pe\ 

37T€jlU 3 ph 


where fi e is the average transition dipole moment. 

Then using (7.42), the equilibrium stimulated emission is 


d E 


Yph,e,st 


ph,co 


71 


Ed co 3e 0 Tr 


Pi 


2 d E pb(o 

Vd co 


where dE p h tQ} /Vdco is given by (7.4), and Dph^/Db,^ = 1 for equilibrium. 
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(a) Show that 


Yph,e,sp 


d E 


ph,co 


Yph,e,st ydu 


= exp(-^)-l. 
&B T 


(b) For T — 300 K, show that for / = co/2ti 4.35 xlO 12 Hz, spontaneous 
emission dominates. 


Problem 7.6 

Using (7.29), (7.31), and the commutator relation, [A, B] — AB — BA (Chapter 
2 problem), derive the two relations given in (7.32). 


Problem 7.7 

Consider the derivation of (3.43) expressing the relation for the emission rate 
(or radiation decay rate) of an electric entity undergoing a transition dipole moment 
fi e . 

(a) Using the first order perturbation Hamiltonian (E.28), show that, on aver- 
aging over all directions, we have (a e , Q — e e , o /c 0 j) 


(/|H '|*> 2 


1 e 2 e 2 

12 


( f\Pe\i)' 


where the average (in all directions) gives 3 -1/2 , which is squared here (Problem 
7.20). Note, exp(/*: • x) = 1 + itc • x 4 ~ 1, because the wavelength of EM radia- 

tion emitted is much larger than the typical size of the atom. 

(b) Use [. x , H 0 ] = —(ih/m e )p e (Problem 2.15) and using (7.135) to show that the 
interaction matrix is 


l(/|H , |f }| 2 = \Mfi 



fl e 


2 


Note that (f\i) =0. 

(c) Use the FGR along with (E.8), (7.2), and (7.3) to show that the stimulated 
emission rate is 


d E 


ph,co . 


CO 


Vd co 


Yph,e,st — 




3jT€ 0 flU 3 ph 


\^e\ 2 fp h - 


Note that from (3.38), e 0 e 2 e 0 /2 — hco e ^ f ph D b ^. Also note that 


E 

/ 


Ef-Ei -hoc) 


= -E 

Ti ^ 
f 


d E 


ph,co / ■ c '/ 


Ef-Ei 


V 


h 


-co) 


dE ph,co 

V 


cd — TlCof p/jT) ph fC )‘ 


(d) Then using (7.39), (7.5), and (7.6), arrive at (3.43). 


7.16 Problems 


653 


Problem 7.8 

Show that under thermal equilibrium distribution and under a thermal source 
the population rate equation (7.37) leads to the two relation (7.40) and (7.42) 
between the Einstein coefficients. 


Problem 7.9 

For the case of small absorption (optically thin o P h,L 1) and emission domi- 
nation, consider the following. 

(a) Show that the ERT (Table 7.1) under thermal equilibrium, along a path S , 
and under steady state and s p hj = 0, becomes 

f s 

7p/2,oj(6') — / &ph,coIb,codS . 

JO 


(b) Using the definition of the mean absorption coefficient, 

. . Jq & ph,co^b,co^^ Jq &ph,a)Eb,a)dcO 

{ ° ph) = /“ E^dco = ^ ’ 

which is called the Planck mean absorption coefficient, show that 

71 



(c) Using q+ h as the flux (per unit area) emerging from an isothermal slab made 
of material with ( o ph ), at T having a depth L, i.e., 

r*f 2 

q+ h —2n I ph (< 9 ) cos 0 sin 6 d 6 , 

Jo 


and using S = L/ cos 6, show that this flux is 


qph = 2(a ph )(TsB LT a . 

This can be applied to emitted radiation from a gas or a solid slab that is optically 
thin. 


Problem 7.10 

(a) Using (7.126), determine I p h,eo/ I P h,a)(x = 0), for x = 1 mm, A = 5 fim (near 
infrared), and A = 0.5 /xm (green), at T — 300 K, and for (i) Cu (metal), (ii) Si 
(indirect-band semiconductor), (iii) GaAs (direct-band semiconductor), and (iv) 
SiC >2 (dielectric). Use available (general literature) a ph ^ for Cu, Si, and GaAs. Use 
available k x for quartz (Si 02 ) and cr ph x = Attkx/7. 

(b) Explain the mechanism of photon absorption for each of these materials. 

Problem 7.11 

(a) Show that for an incident radiation intensity of I ph j (energy per unit 
area irradiated is tt I p h,i) in a medium with an absorption coefficient cr p h, the 
divergence (in one dimension, along x) of radiation heat flux q p h is equal to 
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—7Tl p h,icr p h exp (—o ph x). In the positive direction, the radiation heat flux at x = 0 
is from (7.32) as 

0 71/2 

q ph {x — 0) = 27T / I p hj cos 0 sin OdO = nl php . 

Jo 

Assume there is no emission and scattering. The divergence of q p h appears in the 
macroscopic energy equation given in Table 1.1. 

(b) Comment on how this term becomes a heat source in the macroscopic 
energy equation when radiation is absorbed. 


Problem 7.12 

Derive the expression for Thomson scattering cross-section area, (7.77), starting 
from a plane-polarized electric field (f ): 


e e — e e G s a sin cot. 


Then use 


dA p h s 

dQ 


]_dh 

s e | dQ ’ 


6 o u ph e e , 0 
2 


dQ = dcos0d</>, 


where \s e \ is the time-averaged Poynting vector (Table 3.5), and P e is the time- 
averaged power per differential solid angle dQ, 

e 4e 2 

P e = s e (r , 0, 0) • s a r 2 dQ = c — -sin 2 0. 

32TT z e 0 u ph m i e 


Problem 7.13 

Show that the Thomson cross-section area (for photon-free-electron elastic 
scattering) is Sjcr^/3, where rc is the classical electron radius and is equal to 
6.652 xlO -29 m 2 . Note that, as given by (7.81), this is also equal to e*/ 6n m 2 e 2 u A ph Q , 
because r c = e 2 /4itm e € 0 u 2 ph o . 

Hint: Start from the energy of the free electron. 

Problem 7.14 

(a) Photon scattering from packed particles results in a small photon mean free 
path X p h = 1 / cfph . Consider spherical alumina (AI 2 O 3 ) solid particles of diameter 
d s — 1, 10, and 10 3 /xm, surface emissivity of e ph — 0.5, and find the radiant conduc- 
tivity k p h from the relation [230] 

k*° 3 

kph = a\e phtcVcT 1 ( 02 — h a4)(4d s crsBT :) ), 

€ ph 

a\ — 0.5756, 02 = 1.5353, a 3 = 0.8011, 

k 

a 4 = 0.1843, k* = — T , 

5 4 d s a S BT 3 ' 

where k s is the solid particle thermal conductivity, at T — 500 K (£3 = 20 W/m-K), 
for this packed particle bed. Calculate k ph . 

(b) Use (7.97) to find X p h for this medium and express this as multiples of d s . 
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(c) The effective thermal conductivity of packed beds (k) depends on the solid 
and the fluid conductivities, k s and kf, porosity, particle geometry, and interparticle 
contact [230]. For a packed bed of spherical particles (porosity 0.38) of amorphous 
AI2O3 (k s = 10 W/m-K), with air (kf = 0.0395 W/m-K) as the fluid, use (k) = 3 
W/m-K [230], and compare with the preceding k p h . 

Problem 7.15 

Plot the photon spectral absorption coefficient (Table 7.2) at T — 290 K, for the 
followings. 

(a) Free-carrier absorption in A1 [electrical conductivity of A1 is given in Table 
A.l and can be used to find {{r e )) using (5.147), and for metals m e is used for the 
electron mass], use e e = 1. Use up to E p h = 10 eV. 

(b) Free-carrier absorption in doped Si, with n etC = 10 19 1/cm 3 , and m ee = 
0.32m e , (use o e from Figure 5.20 and € e — 1). Use up to E p h =hco = 1 eV. 

(c) Direct-band absorption for GaAs (Table 5.1, at T point). Use E p h from 1.42 
to 10 eV. This relation is more accurate for E p h > 3 eV. 

(d) Indirect-band absorption in Si with optical-phonon cut-off energy of 0.062 
eV, determine the coupling constant a p h- e - P , a (phonon absorption) from the exper- 
imental results given in the figure for energies near the bandgap energy. Photons 
with energy larger than the bandgap continue to be absorbed (the general behavior 
is shown in Figure 7.14). The Si lattice constant a is listed in Table A. 2. Use units of 
eV and cm. Use E p h from A E etg — hco p to 6 eV. Note that this absorption coefficient 
is for the phonon energies much smaller than the bandgap (A E eL = 1.71 eV). This 
corresponds to the sharply varying regime to the left of bandgap peak in Figure 7.14. 

Use photon frequency over the UV(ultraviolet), V(visible), and NIR(near- 
infrared) regimes, when appropriate. Compare with any data from the literature. 
The bandgap data are given in Table 5.1. 



Problem 7.15. Spectral absorption coefficient of doped Si. 
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Problem 7.16 

(a) Use Table 7.5 to calculate the fundamental angular frequency cof for CO 2 
(C-O bond). 

(b) Assume that the collision diameter of CO 2 listed in Table 6.4 can be used 
for its photon absorption cross-section area nd 2 /4. 

(c) Compare these with the measured resonant value of A P h t(0 — 1.4xl0 -17 cm 2 
at A = 4.23 /zm [Figure 7.16 (b)], and comment. 

Note that CO 2 has three different vibration frequencies as calculated by Gaus- 
sian in Section 6.1.5. 

Problem 7.17 

In a CO 2 laser, first there is a vibration energy interchange between N 2 (which 
are excited by electrons) and CO 2 (Figure 7.39). The / = 1 vibration of N 2 matches 
the level (0,0,1) vibration of CO 2 , exciting the asymmetric vibration. Then there is 
a laser (photon emission) to symmetric mode (1,0,0). The presence of He in a CO 2 
laser is to maintain the plasma discharge (provide the free electron). 

(a) Calculate hcoy v of C=0 bond, the natural (fundamental) frequency of CO 2 , 
using Table 7.5 and (7.227). 

(b) Then using the quantum numbers and energies given in Table 7.5, for tri- 
atomic CO 2 along with with (7.225), i.e., 


Ill 

Ef tV (h, h, h) — ha>f,i(h + -) + hcofp(l 2 + -) +h( 0 f,?>(h + -)• 


Note that when the ground state Eg v (0, 0, 0) is set to zero then the 1/2 term is 
removed. Calculate cof t 1 , coy 2 , and coy 3 , Then, compare to the calculated values in 
Section 6.1.5. 

(c) Compare the results of (a) and (b), and comment (including the role of rota- 
tional energy transitions). 

(d) Do (a) for diatomic N 2 , using Table 7.4 and compare with Figure 7.39. 

Problem 7.18 

Determine the fundamental vibrational frequency of N-N (reported value is 
2330 1/cm). 

Problem 7.19 

(a) Using (7.154) to (7.156) and (7.160), plot the variations of (i) y e - p h-p , (ii) 
y e - p h , (iii) y e -p, and (iv) rj e - p h with respect to temperature for T from 0 to 2500 
K, for 1% Yb 3+ : Y 2 O 3 with the following properties (melting temperature of 
yttria is 2705 K). Use the values y e -ph-p(T = 0) = 952.38 s -1 , hco p = 0.2027 eV, and 
N p = 6. 

(b) Explain the trend for each of the four (decay rates and efficiency) variables. 
Note that 0.2027 eV is rather large for a single phonon (even optical phonon). 
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Problem 7.20 

For the radiative (photon) assisted transition from state i to state / shown in the 
figure, the net electron-hole radiative recombination in volume V is given, similar 
to (7.132) and (7.133), as in [26] and [27] 

Ve-h-phi m /s) = ^-^2 / / 2^\ M f.i\ F ^ dic ph dic e4 

S c i S v 

t . 

X — -T \Ee,i E h,f A E e g TuOph) 

n 

E — fejix ~ fe,i)(fph + 1 ) (1 fe,f)fe,ifph » 

where s e and s v are the spin states, E e , Ke is the electron kinetic energy in conduction 
band, and E e y is for the hole kinetic energy in the valance band. 

The matrix element is 


\M f A 2 = 


e y 


2Vm^e 0 e c (ci))li® 


£(/l s p h, a ■ p e \i) 2 - 




Show that the direction-averaged matrix element becomes 




h‘ 


Sc iS v 


6Ve 0 € e (a))Tio) m 2 e ( 


£(/|p c |*> 2 - 


Sc •>$}) 


Problem 7.20. Electronic energy designations for 
radiative recombination. 



Problem 7.21 

Show that the angular-averaged transition dipole moment is 

= 3-1/2 ^ 

\Pe\ 

for an electric field with polarity s a and use fi e = \fi e \Si. 
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Note that 


s a • Si — cos 0, 


and that 




I? g cos 2 9 sinOdddcp 
C fo sin 9d6d(p 


Problem 7.22 

(a) Starting from 


^A ph-e 

dQ 


= 64tt 


2 2 

e A 


E 


,-4ycot _ V 


e,l \4 


AtizeJiUph 


sin 6>(— ) 


ha) 1 — e~ 2ny 


show that 

_ 512 tt 2 ,E e i 4 e ~ 4ycat ~ ly 

ph c 3 \nejiiiph hco 1 — e~ 2ny 

Use d^ = sin0d0d</> and y as defined in Table 7.2. 

(b) Using the photoelectric absorption relation (also in Table 7.2) (more details 
are in Section E.3), plot the dimensional ionization cross-section area A p h- e as a 
function of incoming photon energy hco (in eV), for hco between E e ,\ (2.114) and 
10 E eA . 

(c) Using a circular cross-section geometry, comment on the radius of this 
absorption cross-section area and make comparisons with the Bohr radius. 


Problem 7.23 

The crystalline calcium resonance transition can be modeled as a two-level 
system, with co e , g = 4.5 xlO 15 rad/s, and its radiative decay lifetimes is r p h, e ,s P = 
1/ Yph,e,s P — 4.5 xlO" 9 s. This decay is from 4 X P ( B level) to 4 : S (A level), where 
g e , B = 3, and g e , A = 1. 

(a) Find the stimulated emission rate y p h, e ,st under equilibrium conditions. 

(b) Find y p h, a (absorption rate) under equilibrium conditions. 

(c) Find the absorption cross-section area A P h, a , using bandwidth f d co = 10 12 
rad/s. 

(d) Using (3.43), find the transition electric dipole moment \fi e \ for this transi- 
tion. Compare this with Debye electric dipole moment scale D = e c r^/2.54 (Section 
1.5.2), where tb is the Bohr radius. Is this transition dipole moment larger or smaller, 
and why? 


Problem 7.24 

Using (7.165) and Table 2.10, calculate the transition dipole moment for the 
following electronic transition in a hydrogen atom. 
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(a) Is —> 2s (answer: fi e = 0 ) 

(b) 2s -> 2 p z (answer: fi e — —3 e c r B s z ). 

Problem 7.25 

For the 2 ¥~r /2 -> 2 F 5/2 transition of Yb 3+ , A E etg = 1.1998 eV. 

(a) estimate \/i e \ using \/i e \ = g p e c AR e [238]. Use g^ — 1, E e Af — —19.86 eV, 
{Rif) = 0.379 A, and 


A Eg a = A( 


1 


R 


), A = E e Af {R^f) 2 , 


e,i 


1 1 

+ 


R lf 


R 


e,i 


(Rlf) 


, A R e — R e j — R e f. 


(b) Use this in (7.189) to calculate the spontaneous emission rate. 

(c) Using (7.42), find the thermal equilibrium, stimulated emission rate. Note 
the units are explained in Section 7.4.1. 

(d) Using (7.57) and (7.40), calculate the absorption cross-section area for 
f d co = 10 12 rad/s. Comment on the relation with any other cross-section area (e.g., 
fluid particle collision). 

(e) Using (7.129), find the absorption coeffifient. Use rid — 2.8xl0 20 cm -3 . 


Problem 7.26 

The laser cooling of solids can be analyzed as described in Section 7.12.4, and 
here we consider a simplified analysis using empirical absorption cross-section area. 
The absorption cross-section area is temperature dependent; for example, empirical 
results show that [164] 


A p h,a(T) — Apd Q Q T ciph, a (T s T 0 ), 


where for Yb +3 : ZBLANP laser cooling material, A p h t0 = 3.70xl0" 26 m 2 , and 
a ph a = 1.75 xlO" 28 m 2 /K, for T 0 = 301 K. In laser cooling involving these materi- 
als, use Xphf — 1015 nm, k p h. e = 999.8 nm, and a solid in form of a small fiber with 
D — 250 \i m, L — 1 mm, e p h = 0.54, rid = 2.42xl0 20 1/cm 3 , and Q p h,i — 2.2 W in 
(7.197). 

(a) Using the number of dopants per unit volume rid, and a p h,?,,i — 1 — e ~°phxi L ^ 
cfph^fL = A P h M ridL, calculate the absorptance a p h,x,i, f° r target temperature T s = 
300 K. 

(b) Using this absorptance, calculate the target temperature T s , for 1^= 300 K 
and T] e - ph = 0.98993, and rj p . ph given by (7.168). 

(c) Repeat (a) and (b) with the new target temperature until convergence is 
reached. 

Note that A phM is temperature dependent. 
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Problem 7.27 

(a) Show that with T a — T h (7.295 ) written in the ideal, simplified j e versus A <p e 
(current versus voltage performance) form, results in the magnitude of constants j sh , 
j Q , and A(p 0 listed in the related footnote of Section 7.14.1, for Si with AE etg = 1.12 
eV, and T a — 300 K. 

(b) Plot j e (mA/cm 2 ) versus Acp e (V) for this ideal case [similar to Figure 
7.50(b)]. 
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A.l Periodic Table I 


Table A.l. Periodic table of bulk properties of elements. 


1 

Alkali Metals 


(Except H) 


H 

1 

Hydrogen 

1.008 

Gas 

14304 

- 

0.0899 

1.16xl0 5 

0.1815 

9.09x10 s 

14 

20 


2 

Alkaline- 
Earth Metals 


Li 

3 

Be 

4 

Lithium 

Berylium 

6.941 

Solid 

9.012 

Solid 

3582 

1.07x10 s 

1825 

3.08x10 s 

534 

4.32x10 s 

1850 

1.354x 10 6 

84.8 

2.134xl0 7 

201 

3.245 x 10 7 

454 

1615 

1562 

2745 

Na 

11 

Mg 

12 

Sodium 

Magnesium 

22.990 

Solid 

24.305 

Solid 

1228 

2.11x10 s 

1023 

2.33x10 s 

970 

1.13x10 s 

1740 

3.68 x10 s 

142 

4.263 xlO 6 

156 

5.242 xlO 6 

371 

1156 

923 

1363 

K 

19 

Ca 

20 

Potassium 

Calcium 

39.098 

Solid 

40.078 

Solid 

757 

1.39x10 s 

647 

2.78x10 s 

862 

6.013x 10 4 

1540 

2.13x10 s 

102.5 

2.052x 10 6 

201 

3.833x 10 6 

337 

1032 

1115 

1767 

Rb 

37 

Sr 

38 

Rubidium 

Strontium 

85.468 

Solid 

87.620 

Solid 

363 

8. Ox 10 4 

301 

4.7 xlO 4 

1530 

2.64x 10 4 

2640 

10. 4x 10 4 

58.2 

8.1x10 s 

35.4 

1.585xl0 6 

313 

961 

1042 

1655 

Cs 

55 

Ba 

56 

Cesium 

Barium 

132.905 Solid 

137.327 Solid 

242 

5.0x 10 4 

204 

2.6x 10 4 

1930 

1 ,64x 10 4 

3620 

5.7x 10 4 

35.9 

4.96 x10 s 

18.4 

l.lxl 0 6 

302 

944 

1002 

2170 

Fr 

87 

Ra 

88 

Francium 

Radium 

[223] 

Solid 

[226] 

Solid 

- 

- 

119.5 

- 

- 

- 

5000 

- 

15 

- 

18.6 

- 

300 

879 

973 

1900 


3 


Sc 

21 

Scandium 

44.956 

Solid 

568 

2.1 xlO 4 

2990 

3.13x10 s 

15.8 

6.989 xlO 6 

1814 

3109 

Y 

39 

Yttrium 

88.906 

Solid 

298 

1 .7 x 1 0 4 

4470 

1.28x10 s 

17.2 

4.435 xlO 6 

1795 

3611 




\% 


% 

\ A 

X tP 


18 — 

Noble 

Elements 


Group Number 
Group Name 


Element Abreviation 
Element Name 
M(kg/kmole) 
c p ( J/kg-K) 
p( kg/nP) 
k(W/m-K) 
TJK) 


Ay 18 


Argon 


Gas 


39.948 
521 

1.78 4.898xl0 6 

0.0177 1.63xl0 5 

84 87 


z Atomic Number 
State 

<7 e (l/Q-cm) 

A *s/(J/kg) 

Ah /g (3/kg) 

Til K) 


4 


5 6 7 8 

Transition Metals 


9 


Ti 

22 

V 

23 

Cr 

24 

Mn 

25 

Fe 

26 

Co 

27 

Titanium 

Vanadium 

Chromium 

Manganese 


Iron 

Cobalt 

47.880 

Solid 

50.942 

Solid 

5 1 .996 

Solid 

54.931 


Solid 

55.847 

Solid 

58.993 

Solid 

523 

2.3 xlO 4 

489 

5.0x1 0 4 

449 

7.8 xlO 4 

479 


7.2xl0 3 

449 

1.02x10 s 

421 

1.72x10 s 

4500 

3.24x10 s 

6110 

4.11x10 s 

7150 

3.256x10 s 

7300 


2.19x10 s 

7870 

2.47 x10 s 

8860 

2.75 x10 s 

21.9 

8.791 xlO 6 

30.7 

8.870x 10 6 

93.9 

6.622 xlO 6 

7.81 


4.1 12x 10 6 

80.4 

6.259 xlO 6 

100 

6.390x1 0 6 

1943 

3562 

2183 

3682 

2136 

2945 

1519 


2335 

1811 

3135 

1768 

3201 

Zr 

40 

Nb 

41 

Mo 

42 

Tc 


43 

Ru 

44 

Rh 

45 

Zirconium 

Niobium 

Molybdenum 

Technetium 

Ruthenium 

Rhodium 

91.224 

Solid 

92.906 

Solid 

95.940 

Solid 

[98] 


Solid 

101.047 Solid 

102.906 Solid 

278 

2.4 xlO 4 

265 

6.9 xlO 4 

251 

1.89x10 s 

243 


7xl0 4 

238 

1.35x10 s 

243 

2.08x10 s 

6520 

1.85x10 s 

8570 

2.84x10 s 

10200 

4.17x10 s 

11500 


3.32x10 s 

12100 

2.56x10 s 

12400 

2.65 x10 s 

22.7 

6.376x 10 6 

53.7 

7.341 xlO 6 

138 

6.175x 10 6 

50.6 


5.83xl0 10 

117 

5.838x 10 6 

150 

4.798 xlO 6 

2128 

4682 

2742 

5017 

2896 

4912 

2430 


4538 

2607 

4423 

2236 

3970 

Hf 

72 

Ta 

73 

W 

74 

Re 


75 

Os 

76 

Ir 

77 

Hafnium 

Tantalum 

Tungsten 

Rhenium 

Osmium 

Iridium 

178.490 Solid 

180.948 Solid 

183.850 Solid 

186.207 

Solid 

190.200 Solid 

192.220 Solid 

144 

3.3 xlO 4 

140 

7.6 xlO 4 

132 

1.89x10 s 

137 


5.4x1 0 4 

130 

l.lOxlO 4 

131 

1.96x10 s 

13300 

1.35x10 s 

16400 

1.74x10 s 

19300 

1.74x10 s 

20800 


1.77x10 s 

22500 

2.89x10 s 

22500 

2.13x10 s 

23 

3.21 lxlO 6 

57.5 

4.21 lxlO 6 

173 

4.21 lxlO 6 

48 


3.842xl0 6 

87.6 

3.3 lxlO 6 

147 

3.185x 10 6 

2504 

4876 

3293 

5731 

3695 

5828 

3459 


5869 

3306 

5285 

2720 

4701 


Rare-Earth Metals 


La 

57 

Ce 

58 

Pr 

59 

Nd 

60 

Pm 

61 

Sm 

62 

Lanthanum 

Cerium 

Praseodymium 

Neodymium 

Promethium 

Samarium 

138.906 Solid 

140.115 Solid 

140.908 Solid 

144.240 Solid 

[145] 


150.360 Solid 

195 

1 .3 x 1 0 4 

192 

1.2x 10 4 

193 

1.5x1 0 4 

190 

1.7x 10 4 

7260 

- 

197 

l.OxIO 4 

6150 

4.46 xlO 4 

8160 

3.9x 10 4 

6770 

4.89 xlO 4 

7010 

4.95 xlO 4 

7220 

- 

7520 

5.73 xlO 4 

13.4 

2.978 xlO 6 

11.3 

2.955 xlO 6 

12.5 

2.105x 10 6 

16.5 

1.891 x 10 6 

17.9 

- 

13.3 

1 . 1 07 x 1 0 6 

1191 

3737 

1071 

3716 

1204 

3793 

1294 

3347 

1315 

3273 

1347 

2067 

Ac 

89 

Th 

90 

Pa 

91 

U 

92 

Np 

93 

Pu 

94 

Actinium 

Thorium 

Protactinium 

Uranium 

Neptunium 

Plutonium 

[227] 

Solid 

232 

Solid 

231 

Solid 

238 

Solid 

237 

Solid 

[244] 

Solid 

120 

- 

113 

6.6 xlO 6 

121 

- 

116 

3.9x 10 4 

20450 

8.5xl0 3 

138 

7.0x 10 3 

10000 

6.3 xlO 4 

11700 

6.94 xlO 4 

15370 

- 

19100 

3.66x 10 4 

- 

- 

19700 

1.17x1 0 4 

12 

1.75x 10 6 

54 

2.218x 10 6 

47 

6.48 xlO 4 

27.5 

1.949x 10 6 

6.3 

- 

6.7 

1 .409 x 10 6 

1324 

3473 

2028 

5061 

1845 

- 

1408 

4407 

912 

4173 

913 

3503 
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18 

Noble 

Elements 


















He 

2 

















Helium 








13 


14 


15 


16 


17 

4.002 

5197 

Gas 







Boron 

Carbon Pricogens Chalcogens Halogens 

0.179 

2.1 xlO 4 

















0.152 

2.1x10 s 







AJIUUp 

uroup 







3 

4 







B 

5 

c 

6 

N 

7 

0 

8 

F 

9 

Ne 

10 







Boron 

Carbon 

Nitrogen 

Oxygen 

Fluorine 

Neon 







10.811 

Solid 

12.011 

Solid 

14.007 

Gas 

15.999 

Gas 

18.998 

Gas 

20.180 

Gas 







1026 

- 

509 

- 

1039 

- 

919 

- 

828 

- 

1030 

- 







2340 

1.933x 10 6 

3510 

- 

1.24 

- 

1.43 

- 

1.7 

- 

0.9 

1.6x10 s 







27.4 

- 

2300 

- 

0.026 

3.99x10 s 

0.2674 

4.26x10 s 

0.0279 

3.44x10 s 

0.0493 

8.89 xlO 4 







2365 

4275 

4100 

4473 

63 

77 

54 

90 

53 

95 

24 

27 







A1 

13 

Si 

14 

P 

15 

S 

16 

Cl 

17 

Ar 

18 







Aluminum 

Silicon 

Phosphorus 

Sulfur 

Chlorine 

7 

S.rgon 







26.982 

Solid 

28.086 

Solid 

30.974 

Solid 

32.066 

Solid 

35.453 

Gas 

39.948 

Gas 


10 


11 


12 

897 

2700 

3.77x10 s 

3.97x10 s 

712 

2330 

1.802xl0 6 

791 

2690 

8.48 xlO 4 

732 

2070 

5.34x 10 4 

479 

3.21 

1.8x10 s 

521 

1.78 

4.898xl0 3 


Transition Metals 

237 

933 

1.0875x 10 7 
2793 

149 

1687 

1.4x 10 7 
3540 

12.1 

317 

1.799x 10 6 
553 

0.205 

388 

2.87x10 s 

718 

0.0089 

172 

5.76x10 s 

239 

0.0177 

84 

1.63 x10 s 
87 

Ni 

28 

Cu 

29 

Zn 

30 

Ga 

31 

Ge 

32 

As 

33 

Se 

34 

Br 

35 

Kr 

36 

Nickel 

Copper 


Zinc 

Gallium 

Germanium 

Arsenic 

Selenium 

Bromine 

Krypton 

58.693 

Solid 

63.54C 

Solid 

65.390 

Solid 

69.723 

Solid 

72.610 

Solid 

74.992 

Solid 

78.960 

Solid 

79.904 

Liquid 

83.800 

Gas 

444 

1.43x 10 5 

385 

5.95 x10 s 

388 

1.69x10 s 

371 

6.7 x 10 4 

310 

- 

343 

- 

339 

- 

226 

- 

248 

- 

8900 

2.91 xlO 5 

8960 

2.07x10 s 

7140 

1.12x10 s 

5910 

7.97 xlO 4 

5323 

5.09x10 s 

5727 

- 

4810 

6.62 xlO 4 

3120 

6.6x1 0 4 

3.73 

1.9x10 s 

90.9 

6.309x 10 6 

401 

4.726x1 0 6 

116 

1.767x 10 6 

40.6 

3.688x 10 6 

60.2 

4.557x 10 6 

50.2 

1.7x 10 6 

2.04 

1.2x 10 6 

0.122 

1.9x10 s 

0.0095 

1.08x10 s 

1728 

3187 

1358 

2836 

693 

1180 

303 

2477 

1211 

3107 

1090 

888 

494 

958 

266 

332 

116 

120 

Pd 

46 

Ag 

47 

Cd 

48 

In 

49 

Sn 

50 

Sb 

51 

Te 

52 

I 

53 

Xe 

54 

Palladium 

Silver 

Cadmium 

Indium 


Tin 

Antimony 

Te 

lurium 

Iodine 

Xenon 

106.420 Solid 

107.868 Solid 

112.411 Solid 

114.820 Solid 

118.710 Solid 

121.757 Solid 

127.600 Solid 

126.904 Solid 

131.290 Gas 

251 

9.5 xlO 4 

235 

6.21x10 s 

232 

1.38 x10 s 

233 

1.14x10 s 

228 

9.1 x 10 4 

207 

2.4x 10 4 

197 

- 

145 

- 

158 

- 

12020 

4.17x 10 5 

10500 

1.02x10 s 

8690 

5.39x 10 4 

7310 

2.86x1 0 4 

7280 

6.07 x 10 4 

6680 

1.66x10 s 

6240 

1.4xl0 6 

4953 

- 

5.89 

1.7 x 10 4 

71.8 

5.567 x 10 6 

429 

2.323 xlO 6 

96.9 

8.86x10 s 

81.8 

2.019x 10 6 

66.8 

2.495 xlO 6 

24.4 

- 

2.35 

8.95 xlO 6 

0.449 

3.29x10 s 

0.0057 

9.63 xlO 4 

2896 

4912 

1235 

2436 

594 

1040 

430 

2346 

505 

2876 

904 

1860 

723 

1261 

387 

457 

161 

165 

Pt 

78 

An 

79 

Hg 

80 

T1 

81 

Pb 

82 

Bi 

83 

Po 

84 

At 

85 

Rn 

86 

Platinum 


Gold 

Mercury 

Thallium 

Lead 

Bismuth 

Polonium 

Astatine 

Radon 

195.080 Solid 

196.967 Solid 

200.590 Liquid 

204.383 Solid 

207.200 Solid 

208.980 Solid 

[209] 

Solid 

[210] 

Solid 

[222] 

Gas 

133 

9.6 xlO 4 

129 

4.55x10 s 

140 

l.OxlO 4 

129 

6.1 xlO 4 

129 

4.8x 10 4 

122 

8.6xl0 3 

125 

2.2 xlO 4 

140 

- 

93.7 

- 

21500 

1 . 1 5 x 10 5 

19300 

6.43 xlO 4 

13534 

1 . 1 4 x 1 0 4 

11800 

2.06x1 0 4 

11300 

2.32x 10 4 

9790 

5.33 xlO 4 

9320 

5.98x 10 4 

- 

- 

9.73 

1.2x 10 4 

71.6 

2.612x 10 6 

318 

1.701 x 10 6 

8.3 

2.96x10 s 

46.1 

8.06x10 s 

35.3 

8.58x10 s 

7.92 

7.3 x10 s 

20 

- 

1.7 

- 

0.0036 

7.52 xlO 4 

2042 

4100 

1337 

3130 

234 

630 

577 

1746 

600 

2022 

544 

1837 

527 

1033 

575 

650 

202 

211 


Rare-Earth Metals 


EuJ 63 

Europium 

151.965 Solid 
182 l.lxl 0 4 

5240 6.06 xlO 4 

13.9 9.44x1 0 5 

1095 1869 


Gd 64 


Gadolimium 

157.250 Solid 

236 7.0x1 0 3 

7900 6.36x1 0 4 

10.5 2.286x 10 6 

1586 3546 


Tb 65 


Terbium 

158.925 Solid 

182 9.0 x 10 3 

8230 6.79 xlO 4 

11.1 1 .42 x 1 0 6 

1629 3503 


Dy 66 


Dysprosium 

162.500 Solid 

173 l.lxl 0 4 

8550 6.79x 10 4 

10.7 2.083 xlO 6 

1685 2840 


Ho 67 


Holmium 

164.930 Solid 

165 1.3 x 10 4 

8800 1.03xl0 5 

16.2 1.461 xlO 6 

1747 2973 


Er 68 


Erbium 

167.260 Solid 

168 1.2x 10 4 

9070 1.19xl0 5 

14.5 1.563xl0 6 

1802 3141 


Tm 69 


Thulium 

168.934 Solid 

160 1.6x 10 4 

9320 9.9x1 0 4 

16.9* 1.130xl0 6 

1818 2223 


Yb 70 


Ytterbium 

173.040 Solid 

155 3.8x 10 4 

6900 1.43x 10 4 

34.9* 7.45 xlO 5 

1092 1469 


Lu 71 


Lutetium 

174.967 Solid 

154 1.9x 10 4 

9840 1.26xl0 5 

16.4* 2.034x1 0 6 

1936 3675 


Am | 95 

Americium 

[243] Solid 

13670 

10 

1449 2284 


Cm 96 


Bk 97 


Cf 


Curium 


[ 247 ] 

13300 

10 

1618 


Berkelium 

[247] 

14790 

10 

1323 


98 

Californium 

[251] 


10 

1173 


Es 99 


Fm 100 


Md 101 


No 102 


Lr 103 


Einsteinium 

[252] 


10 

1133 


Fermium 

[257] 


10 

1800 


Mendelevium 

[258] 


10 

1100 


Nobelium 

[259] 


10 

1100 


Lawrencium 

[260] 


10 

1900 


664 
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^ Block 


A.2 Periodic Table II 

Table A.2. Periodic table of atomic- structure properties of elements. 

s Block 

Element Abreviation - 


H 

2.08 




Is 1 



13.595 

1 


'J 

2.20 

1,2 


Id 

HEX 

3.75/6.49 

^ Block 

” 

110 



Li 

0.68 

Re 

0.35 


— 




1.56 


1.13 


[He]2.v‘ 1.06 


[Hc]2.v 2 1.28 

5.39 

1 

9.32 

2 

0.98 

7,6 

1.57 

9 

BCC 

3.49 

HEX 

2.29/3.59 

1.63 

400 

3.32 

1000 

Na 

0.97 

Mg 

0.65 


1.91 


1.60 


Ne]3.v' 1.49 


[Ne]3.v 2 1.71 

5.14 

1 

7.64 

2 

0.93 

23 

1.31 

24,26,25 

BCC 

4.23 

HEX 

3.21/5.21 

1.113 

150 

1.51 

318 


Electronic Orbital Structure 
First Ionization Energy(eV)- 
Electronegativity - 
Crystal Structure - 
Cohesive Energy(eV/atom)- 


Ar 

1.88 



[Ne]3s 2 3/> 6 2 j^ 3 

15.76 

— . 

— 

40,36 

FCC 

5.26 

0.080 

85 


Outer Orbit Group Designation 
Atomic Radius(A): 

• Filled Shell Configuration 
Tetrahedral Covalent Bond 
12-Coordinated Metal 

■ Grtineisen Parameter 

Oxidation States 

Isotopes (Three Most Abundant) 

Lattice Constant(s) (A) 

Mean Debye Temperature (K) 

LT = Low Temperature Value 


FCC - Face Centered Cubic 

a 

ORC - Orthorhombic 

alblc 

BCC - Body Centered Cubic 

a 

HEX - Hexagonal 

ale 

SC - Simple Cubic 

a 

DIA - Diamond 

a 

CUB - Cubic 

a 

RHL - Rhombohedral 

a/a 

TET - Tetragonal 

ale 

MCL - Monoclinic 

a/c 


5 6 

d Block 


8 


K 

1.33 

Ca 

0.99 

Sc 

0.81 

Ti 

0.68 

V 

- 

Cr 

- 

Mn 

- 

Fe 

- 

Co 

- 


2.38 


1.98 


1.64 


1.46 


1.35 


1.28 


1.26 


1.27 


1.25 


[Ar]4.v' 1.65 


[Ar]4.v : 1.09 

[Ar]3</'4.v 2 - 

[Ar|3J 2 4.v 2 - 

[Ar]3(/ 3 4.s 2 1.36 

[Ar]3i/ 5 4.v' 0.90 

[Ar]3c/ 5 4.v 2 “ 

[Ar]3</ 6 4.? 2 1.88 

[ArP^M.v 2 2.37 

4.34 

1 

6.11 

2 

6.56 

3 

6.83 

4 

6.74 

5,3 

6.76 

6,3,2 

7.43 

7, 6,4, 2, 3 

7.90 

2,3 

7.86 

2,3,4 

0.82 

39,41 

1.00 

40,44,42 

1.36 

45 

1.54 

48,46,47 

1.63 

51,50 

1.66 

52,53,50 

1.55 

55 

1.83 

56,54,57 

1.88 

59 

BCC 

5.23 

FCC 

5.58 

HEX 

3.31/5.28 

HEX 

2.95/4.68 

BCC 

3.02 

BCC 

2.88 

CUB 

8.89 

BCC 

2.87 

HEX 

2.51/4.07 

0.934 

100 

1.84 

230 

3.90 

359LT 

4.85 

380 

5.31 

390 

4.10 

460 

2.92 

400 

4.28 

400 

4.39 

385 

Rb 

1.48 

Sr 

1.13 

Y 

0.93 

Zr 

0.80 

Nb 

0.67 

Mo 

_ 

Tc 

- 

Ru 

- 

Rh 

- 


2.55 


2.15 


1.80 


1.60 


1.47 


1.40 


1.36 


1.34 


1.35 


[Kr]5,d - 


[Kr]5.v 2 “ 

[Kr]4(/‘5x 2 - 

[Kr]4t/ 2 5.v 2 0.92 

[Kr]4</ 4 5.P - 

[Kr]4t/ 5 5.v' 1.63 

[Kr]4</ 5 5.r " 

[Kj]4c/ 7 5s i - 

[Kr]4(/ K 5.v 1 “ 

4.18 

1 

5.69 

2 

6.5 

3 

6.95 

4 

6.77 

5,3 

7.18 

6, 5, 4,3,2 

7.28 

7 

7.36 

2,3, 4,6, 8 

7.46 

2,3,4 

0.82 

85,87 

0.95 

88,86,87 

1.22 

89 

1.33 

90,94,92 

1.6 

93 

2.16 

98,96,95 

1.90 

93 

2.20 

102,104,101 

2.28 

103 

BCC 

5.59 

FCC 

6.08 

HEX 

3.65/5.73 

HEX 

3.32/5.15 

BCC 

3.30 

BCC 

3.15 

HEX 

2.74/4.39 

HEX 

2.70/4.28 

FCC 

3.80 

0.852 

56LT 

1.72 

I47LT 

4.37 

256LT 

6.25 

250 

7.57 

275 

6.82 

380 

6.85 

- 

6.74 

382LT 

5.75 

350LT 

Cs 

1.67 

Ba 

1.35 

\ 


Hf 

- 

Ta 

- 

W 

- 

Re 

- 

Os 

- 

Ir 

- 


2.73 


2.24 




1.58 


1.47 


1.41 


1.38 


1.35 


1.36 


[Xe]6.d - 


[Xe]6.v 2 - 

X 


[Xe]4/ 

H 5d 2 6s 2 - 

[Xc -]4f 

4 5 d 3 6s 2 1.66 

[Xc]4/ 14 5(/ 4 6.v 2 i.7i 

[Xc]4/- 

J 5(/ 5 6.v 2 _ 

[Xc]4/ I4 5<7 6 6.v 2 - 

[Xe]4/ l4 5</6.v 2 - 

3.89 

1 

5.21 

2 



6.83 

4 

7.88 

5 

7.98 

6, 5, 4,3,2 

7.87 

7,6, 4, 2,-1 

8.7 

2,3, 4,6, 8 

9.1 

2, 3,4,6 

0.79 

1.64x 10 4 

0.89 

5.7x 10 4 


X 

1.30 

180.178,177 

1.50 

181,180 

2.36 

184,186,182 

1.90 

187,185 

2.20 

192,190,189 

2.20 

193,191 

BCC 

6.05 

BCC 

5.02 


\ 

HEX 

3.20/5.06 

BCC 

3.31 

BCC 

3.16 

HEX 

2.76/4.46 

HEX 

2.74/4.33 

FCC 

3.84 

0.804 

40LT 

1.90 

HOLT 


\ 

6.44 

- 

8.10 

225 

8.90 

310 

8.03 

416LT 

8.17 

400LT 

6.94 

430 

Fr 

1.75 

Ra 

1.37 

\ 

V 














[Rn]7s‘ “ 


[Rn]7.v 2 " 

\ 

X 

X 








/' Block 





1 

5.28 

2 


X 













0.70 

(BCC) 


0.90 

226 



La 

1.15 

Ce 

1.10 

Pr 

- 

Nd 

- 

Pm 

- 

Sm 

- 






— 

1.71 






- 

- 

1.66 

- 


X 


1.88 


1.82 


1.84 


1.82 


1.81 


1.80 






X 

[Xc]5o' l 6.v 2 

[Xe]4/' l 5£/‘6.v 2 - 

[Xe]4/' 3 6.v 2 “ 

[Xe]4/ 4 6.v 2 " 

[Xe]4/ 5 6.v 2 “ 

[Xe]4/ 6 6.v 2 





\ 


5.77 

3 

5.54 

3,4 

5.46 

3,4 

5.53 

3 

5.55 

3 

5.64 

3,2 





X 

\ 

1.10 

138,139 

1.12 

140,142 

1.13 

141 

1.14 

142,143,146 

1.13 

145 

1.17 

152,154,147 






\ 

HEX 

3.75/6.07 

FCC 

5.16 

HEX 

3.67/5.92 

HEX 

3.66/5.91 

HEX 

- 

RHL 

9.00/23.1 






O' 

4.47 

132 

4.32 

139LT 

3.70 

152LT 

3.40 

157LT 

- 

- 

2.14 

166 






\ 

Ac 

1.11 

Th 

0.99 

Pa 

0.90 

U 

0.83 

Np 

- 

Pu 

1.58 






x 


- 


1.80 


1.63 


1.56 


1.56 


1.64 






X 

[Rn]6c/'7.v 2 

[Rn]6c/ 2 7.v 2 “ 

[Rii]5/ 2 6t/'7.v 2 - 

[Rn]5/W7.v 2 - 

[Rii]5/‘W7.v 2 “ 

[Rn]5/'’7.v 2 “ 






X 

5.17 

3 

6.08 

4 

5.89 

5,4 

6.19 

6, 5,4,3 

6.27 

6,5,4,3 

6.06 

6,5,4,3 






X 

1.10 

227 

1.30 

232 

1.50 

231 

1.38 

238,235 

1.36 

237 

1.28 

244 






X 

FCC 

5.31 

FCC 

5.08 

TET 

3.92/3.23 

ORC 2.85/5.86/4.95 

ORC 4.72/6.66/4.89 

MCL 

- 






X 

4.25 

- 

6.20 

100 

- 

- 

5.55 

210LT 

4.73 

188LT 

3.60 

150LT 
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18 

p Block 

(Except He: s Block) 


















He 

- 


















Is 2 








13 


14 


15 


16 


17 

24.58 

4 











p Block 





HEX 

3.57/5.83 

26LT 







B 

0.23 

0.88 

C 

0.15 

0.77 

N 

1.71 

0.70 

O 

1.40 

0.66 

F 

1.36 

0.64 

Ne 

1.36 








0.98 


0.92 


- 


- 


- 


- 







[He^V - 

[He]2sV 0.90 

(Hc]2.v 2 2/P “ 

[Hc]2v 3 2// - 

Llle]2.v 2 2/r - 

[He]2.v : 2/j 6 2.76 







8.30 

3 

11.26 

4,2 

14.54 

3,5,4,2,-3 

13.61 

-2 

17.42 

-1 

21.56 

- 







2.04 

11,10 

2.55 

12,13 

3.04 

14,15 

3.44 

16,18 

3.98 

19 

- 

20,22,21 







TET 

8.73/5.03 

D1A 

3.57 

HEX 

4.04/6.67 

CUB 

6.83 

MCL 

- 

FCC 

4.45 







5.81 

1250 

7.37 

1860 

4.92 

79LT 

2.60 

46LT 

0.84 

- 

0.020 

63 







A1 

0.50 

1.26 

Si 

0.41 

1.17 

P 

2.12 

1.10 

S 

1.84 

1.04 

Cl 

1.81 

Ar 

1.88 








1.43 


1.32 


- 






- 







[Ne]3,9 2 3/j‘ 2.41 

[Ne]3s 2 3/; 2 0.44 

[Nc]3.v 2 3/; 3 “ 

[Ne]3yV - 

[Nej3.s 2 3/? 5 - 

[Ne]3r3p 6 2.73 


10 


11 


12 

5.98 

3 

8.15 

4 

10.55 

3, 5, 4,-3 

10.36 

2, 4, 6, -2 

13.01 

1 ,3,5,7,- 1 

15.76 

- 




1.61 

27 

1.90 

28,29,30 

2.19 

31 

2.58 

32,34,33 

3.16 

35,37 

- 

40,36 



d Block 



FCC 

4.05 

DIA 

5.43 

CUB 

7.17 

ORC 10.47/24.49/12.87 

ORC 6.24/8.26/4.48 

FCC 

5.26 







3.39 

394 

4.63 

645 

3.43 

- 

2.85 

- 

1.40 

- 

0.080 

85 

Ni 

- 

Cu 

- 

7n 

0.74 

Ga 

0.62 

Ge 

0.53 

As 

2.22 

Se 

1.98 

Br 

1.95 

Kr 

2.00 

— 

1.35 



1.26 

1 22 

1 18 

1 14 


— 


1.25 


1.28 


1.39 


1.41 


1.37 


1.39 






- 

[Ar]3t/ 8 4.s 2 2.11 

[Ar]3</ l( V 2.14 

[Ar]3(/'°4.v 2 2.75 

[Ar]3(/"’4.v 2 4/) 1 

(ArJ3c/ l0 4.v 2 4/r 0.77 

[Ar]3J l0 4.? 2 4/) 3 “ 

[Ar]3<7 l,1 4.v 2 4/» 4 - 

[Ar]3</'°4.v 2 4/; 5 - 

[Ar]3d 10 4s 2 4/> 6 2.84 

7.63 

2,3 

7.72 

2,1 

9.39 

2 

6.00 

3 

7.88 

4 

9.81 

3, 5, -3 

9.75 

2,4,6, -2 

11.84 

1, 5,-1 

14.00 

— 

1.91 

58,60,62 

1.90 

63,65 

1.65 

64,66,68 

1.81 

69,71 

2.01 

74,72,70 

2.18 

75 

2.55 

80,78,76 

2.96 

79,81 

3.00 

84,86,82 

FCC 

3.52 

FCC 

3.61 

HEX 

2.66/4.94 

ORC 4.5 1/7.64/4.51 

DIA 

5.86 

RHL 

4.16/54.2 

HEX 

4.36/4.95 

ORC 6.67/8.72/4.48 

FCC 

5.72 

4.44 

375 

3.49 

315 

1.35 

234 

2.81 

240 

3.85 

360 

2.96 

285 

2.46 

150LT 

1.22 

- 

0.116 

73 LT 

Pd 

- 

Ag 

1.26 

1.52 

Cd 

0.97 

In 

0.81 

Sn 

0.71 

1.40 

Sb 

2.45 

Te 

2.21 

1.32 

I 

2.16 

Xe 

2.17 


1.38 


1.45 


1.57 


1.66 


1.55 


1.59 


- 




- 

[Kr]4(/ 10 2.47 

[Kr]4</ K V 2.65 

[Kr]4J‘°5.v 2 3.09 

[Kr]4(/‘°5.v 2 5/? 1 2.75 

[Kr]4(/ 10 5,s 2 5/j 2 - 

[Kr]4i/ 10 5s 2 5p 3 - 

[Kr]4«/'°5s 2 5p 4 - 

[KrJ4J 10 5.v 2 5/; 5 - 

[Kr]4t/ 10 5.v 2 5p 6 2.65 

8.33 

2,4 

7.57 

1 

8.99 

2 

5.78 

3 

7.34 

4,2 

8.64 

3, 5, -3 

9.01 

2,4,6, -2 

10.45 

1,5, 7,-1 

12.13 

— 

2.20 

106,108,105 

1.93 

107,109 

1.69 

114,112,111 

1.78 

115,113 

1.96 

120,118,116 

2.05 

121,123 

2.10 

130,128,126 

2.66 

127 

2.60 

132,129,131 

FCC 

3.89 

FCC 

4.09 

HEX 

2.98/5.62 

TET 

4.59/4.94 

TET 

5.82/3.18 

RHL 

4.51/57.1 

HEX 

4.45/5.92 

ORC 7.27/9.79/4.79 

FCC 

6.20 

3.89 

275 

2.95 

215 

1.16 

120 

2.52 

129 

3.14 

170 

2.75 

200 

2.19 

I39LT 

1.11 

- 

0.16 

55LT 

Pt 

“ 

Au 

1.37 

Hg 

1.10 

1.48 

T1 

0.95 

Pb 

0.84 

Bi 

— 

Po 

- 

At 

- 

Rn 

_ 

lXcj4/ 

1.39 

,4 5 efts' 2.89 

1.44 

Xe]4/' l4 5c/ l0 6.v 1 3.17 

1.57 

[Xc]4/' l4 5(/ l0 6.v 2 

lXe]4/ 

1.72 

2.36 

u 5d'%s 2 6p' 

1.75 

3.06 

[Xe]4/ I4 5(/ I0 6.v 2 6/; 2 

1.70 

[Xc]4/ I4 5 ( / I0 6.v 2 6/P 

1.76 

[XcJ4/' 14 5</'°6.vV 

[Xe]4/ 14 5rf 10 6*V 

[Xe]4/ I4 5<7‘°6.v 2 6// 

8.96 

2,4 

9.22 

3,1 

10.43 

2,1 

6.11 

3,1 

7.41 

4,2 

7.29 

3,5 

8.43 

4,2 

“ 

1 ,3,5,7,- 1 

10.74 

“ 

2.28 

195,194,196 

2.54 

197 

2.00 

202,200,199 

1.62 

205,203 

2.33 

208,206,207 

2.02 

209 

2.00 

210 

2.20 

210 

- 

222 

FCC 

3.92 

FCC 

4.08 

RHL 

2.99/70.8 

HEX 

3.46/5.53 

FCC 

4.95 

RHL 

4.75/57.2 

SC 

3.35 

- 

- 

(FCC) 

- 

5.84 

230 

3.81 

170 

0.67 

100 

1.88 

96 

2.03 

88 

2.18 

120 

1.50 

- 

- 

- 

0.202 

- 


/ Block 


Fu 

U 2.04 

Gd 

- 

Tb 

- 

Dy 

_ 

Ho 

- 

Er 

- 

Tm 

- 

Yb 

1.94 

Lu 

- 

1.80 

[Xe]4/ 7 6.s 2 - 
5.67 3,2 

1.20 153,151 

BCC 4.61 

1.86 107LT 

1.80 

[Xe]4/ 7 5c/ 1 6.v 2 - 

6.16 3 

1.20 158,160,156 

HEX 3.64/5.78 

4.14 176LT 

1.78 

[Xc]4/W “ 
5.86 3,4 

1.10 159 

HEX 3.60/5.69 

4.05 188LT 

1.77 

[Xe]4/°6s 2 - 
5.94 3 

1.22 164,162,163 

HEX 3.59/5.65 

3.04 186LT 

1.77 

[Xe]4/‘6 a 2 
6.02 3 

1.23 165 

HEX 3.58/5.62 

3.14 191LT 

1.76 

[Xe]4/ 2 6s 2 - 
6.11 3 

1.24 166,168,167 

HEX 3.56/5.59 

3.29 195LT 

1.75 

[Xe]4/ 3 6.9 2 - 
6.18 3,2 

1.25 169 

HEX 3.54/5.56 

2.42 200LT 

1.81 

[Xc]4/ I4 6.v 2 - 
6.25 3,2 

1.10 174,172,173 

FCC 5.49 

1.60 118LT 

|Xc]4/ l4 5(/ l 6.v 2 

5.43 3 

1.27 175,176 

HEX 3.51/5.56 

4.43 207LT 

Am : 

Cm 


Bk 

_ 

Cf 

- 

Es 

- 

Fm 

- 

Md 

- 

No 

- 

Lr 

- 

1.81 

[Rn]5/7.s 2 
5.99 6,5, 4,3 

1.13 243 

HEX 
2.73 

[R11J5/YW7.Y 2 
6.02 3 

1 .28 247 

HEX 
3.99 

[R11J5/7.V 2 
6.23 4,3 

1.30 247 

HEX 

|Rn]5/°7s 2 

6.30 3 

1.30 251 
HEX 

[Rn]5/'7a* 

6.42 3 

1.30 254 

HEX 

|Rn]5/ l2 7.v 2 
6.50 3 

1.30 257 

|Rn]5/ l3 7.v 2 
6.58 3,2 

1.30 256 

[RnJ5/ IJ 7.s 3 
6.65 3,2 

1.30 254 

[Rn]5y ,4 6o' l 7s 2 

3 

257 
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A.3 Fundamental Constants 

Table A.3. Fundamental constants, derived quantities, and units conversions [282, 283]. 
Symbol Magnitude and Units 


Fundamental 

constants: 

c 0 speed of light in vacuum, 2.99792458 x 10 8 m/s 

e c electron charge, 1.602 x 10 -19 C (1 eV = 1.602 x 10 -19 J, where V = J/C) 

G n Newton (gravitational) constant, 6.673 x 10~ n m 3 /kg-s 2 

h p Planck constant, 6.626 x 10 -34 J-s = 4.136 x 10 -15 eV-s 

h h P /2n = 1.055 x 10~ 34 J-s = 6.583 x 10" 16 eV-s 

k B Boltzmann constant, 1.381 x 10~ 23 J/K = 8.618 x 10 -5 eV/K 

m e electron mass, 9.109 x 10“ 31 kg 

m n neutron mass, 1.675 x 10“ 27 kg = 1.675 yg 

m p proton mass, 1.673 x 10~ 27 kg = 1.673 yg 

Na Avogadro number, 6.022 x 10 23 molecule/mole = 6.022 x 10 26 molecule/ 

kmole 

p 0 free-space magnetic permeability, 47T x 10 -7 = 1.257 x 10 -6 N-s 2 /C 2 


Derived quantities: 
e 0 = -4— = 8.854 x 10“ 12 C 2 /N-m 2 

D = e r r B /2.54 = 3.3356 x IO- 30 C-m 

2 ' 1 2 

N Uo = \ = 2.442 x 10" 8 W-^/K 2 

3 ez 


re = 


4i T€ 0 m e c 0 
.2 


= 2.8179 x IQ" 15 m 




= 4jre °^ = 5.292 x 10 


-11 


m 


m e e c 


= 27.2114 eV = 4.35975 x 10" 18 J 
= 8.2378 x 10~ 8 N 


47 T€ Q r B 


4ite 0 rl 

R g = k B N A = 8.3145 x 10 3 J/kmole-K 

4 

Ry = m ‘ e c = 13.606 eV = 1.0974 x 10 5 cm- 1 
3 8e 2 a cji 3 

J— = 8.9876 x 10 9 , Nm 2 /C 2 
4tt6 0 


a = 


CTSB 


= 7.29735 X 10 


,-3 


AncJiCo 

= 2L|b = 5i670 x 10 -s w/m 2 -K‘ 


607^ 


free-space electric permittivity 
Debye (atomic dielectric dipole moment) 
Lorenz number 

classical (Compton) electron radius 

Bohr radius (atomic length unit) 

hartree (atomic energy unit) 

atomic force unit 

universal gas constant 

Rydberg ground-state energy of H 

Coulomb constant 
fine-structure constant 
Stefan-Boltzmann constant 


Units conversions: 

1 eV = 8.0655 x 10 3 cm’ 1 = 2.418 x 10 14 Hz = 11,600 K = 1.602 x 10~ 19 J = 96.485 kJ/mole 
1 cm- 1 = 0.12398 meV = 2.998 x 10 10 Hz 
1 Trad/s = 0.6582 meV = 5.309 cm- 1 
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A.4 Unit Prefixes 


Table A.4. Unit prefixes. 


Factor 

Prefix 

Symbol 

Factor 

Prefix 

Symbol 

10 24 

yotta 

Y 

10- 24 

yocto 

y 

10 21 

zetta 

Z 

10- 21 

zepto 

z 

10 18 

exa 

E 

00 

T 1 

1 

o 

T— t 

atto 

a 

10 15 

peta 

P 

lcr 15 

femto 

f 

10 12 

tera 

T 

io - 12 

pico 

P 

10 9 

giga 

G 

lO " 9 

nano 

n 

10 6 

mega 

M 

IO " 6 

micro 

\i 

10 3 

kilo 

k 

IO " 3 

milli 

m 

10 2 

hecto 

h 

io - 2 

centi 

c 

10 1 

deka 

da 

IO " 1 

deci 

d 


One angstrom is 1 A = 10 10 m 



APPENDIX B 


Derivation of Green-Kubo Relation 


The Green-Kubo (G-K) development of a time-correlation function expression for 
the thermal conductivity (the G-K approach) is based in equilibrium classical sta- 
tistical thermodynamics. Multiple methods can be used to arrive at the final result 
[517]. Similar approaches can be used to develop expressions for the self-diffusion 
coefficient, the shear viscosity, and the bulk viscosity. These are all transport coef- 
ficients that cannot be obtained by applying a perturbation to the system Hamilto- 
nian, as can be done for some other properties (e.g., the electrical conductivity) for 
which there is a force that drives the transport. Here, the method of Helfand [187] 
(applied to mass diffusivity, viscosity, and thermal conductivity) as outlined in [323], 
is presented step-by-step [315]. 


B.l Perturbation Energy Equation and Fourier Transform 

The G-K approach is valid in the case of small disturbances from equilibrium and 
for long times (i.e., the hydrodynamic limit). The key aspect of the derivation is the 
introduction of a microscopic description of a system to the solution of the macro- 
scopic governing equation. 

For the thermal conductivity, a canonical ensemble of particles (i.e., the NVT 
ensemble) is considered, and the average energy equation (the macroscopic energy 
equation of Table 1.1, for no net flow u - 0, and no radiation heat transfer, with 
conduction heat flux given by the Fourier law, and using the thermal conductivity 
tensor K) is written for derivation component of energy as 

nc v dE< f ’ f ) = V • K • VE'O, 0, (B.l) 

at 

where n is the number of particles per unit volume and c v is the specific heat per 
particle. 

Here the independent variable E'(x, t) is the deviation (excess) of the energy 
from its expectation value at position x at time r, 

e;(x, 0 = Ei(x, t ) - ( Ei(x , t)), E' = (E'i), (B.2) 
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where E t (x , t) is the actual energy of particle i at that point and {E(x, t)) is its expec- 
tation value. The total energy has kinetic and potential energies as E { - p 2 /2m + 
1/2 Vi-j- The heat flux vector due to conduction is q k = -V • K • VE'/c v . There 
is an initial condition E'(x, 0). The specific heat has units of J/K (i.e., c v oc &b) - 
particle, and is the number of particles per unit volume. Later (Section B.3) we will 
show that the heat current is related to the time derivative of the particle j energy 
Ej times the particle position x j. 

Define the Fourier transform of E'(x, t) as L(k, t ), such that 


L(ic, t) = J exp (iic • x)E'(x,t)dx. 


Substituting this expression into the energy equation leads to 

d L(/c, t ) 


K 2 k 


d t 


no. 


L(ic , t). 


with initial condition L(ic, 0), which has a solution 

L(ic, t ) = L(ic, 0) exp(— 


K 2 kt 


nc. 


)• 


(B.3) 


(B.4) 


(B.5) 


On a microscopic level, the system energy can be defined on a particle basis as 

E \x, 0 = E £ yV)<5[* - Xj(t)l (B.6) 


where Zs'.(f) and Xj(t) are energy and position of particle j, and the sum is over the 
N particles in the system. The Fourier transform of (B.6) is 

L(ic,t) = J ^2 E)(t)8[x — Xj(t)] exp(//e • x)dx = ^ £'•(*) exp[/ic • x j(t)]. (B.7) 

j j 


Multiplying both sides of (B.5) by L*(/c, 0), the complex conjugate of the initial con- 
dition, and using (B.7) gives 

J2 ex P[ /yc • x J (0] J2 £ /(°) ex PH* • x /(°)] 

j I 

k 2 t 

= {E^(°) ex P[ /K • -^y(O)] XI ex p[— • jc/( 0)]} ex p( — — ). (B.8) 

j i nCv 

Noting that Jf - a j bi = J2j Jf/djbi, and taking the ensemble average of both 

sides, we have 

(EE F'.(0^(0)exp{//f • [*;(*) — AT/(0)]}> 

j l 

= <EE E'j(0)E',(0)exp{iic ■ [x 7 (0) - x;(0)]}} exp(-^-l). (B.9) 
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Derivation of Green-Kubo Relation 


B.2 Taylor Series Expansion and Ensemble Averaging 

An expression for the thermal conductivity is found by expanding both sides of this 
equation as a Taylor series about k = 0 and comparing the coefficients with second 
order. This procedure is justified by the assumption of small perturbations from 
equilibrium. 

Without losing any generality, the remainder of the derivation is simplified by 
taking tc to be in the x direction [i.e., k — (k, 0, 0)]. Consider the left-hand side of 
(B.9), expanded to second order in k, with the derivatives evaluated at k — 0: 

<E E E j(t)Eim + *<E E E'jiOE'm.xjit) - *,(o)]> 

j i j i 

+T ( E E E '](*)E'i(0 )i 2 [xj(t) - */(0)] 2 >. (B.10) 

j i 

Before proceeding, a number of useful expressions related to the summations 
and ensemble averages to be evaluated are introduced. First, by conservation of 
energy, 

E e',(q) = e E '^y ( B11 ) 

j i 

This expression indicates that, although energy is exchanged between the particles, 
the total value is a constant. Second, the stationary condition for an equilibrium 
ensemble average states that, for some quantity 0(f) based on the particle positions 
and momenta, that 


m)) = (0(O)>. (B.12) 

Now, consider (B.10) term by term. The first term becomes 

<E E E s(0 E i( o)> = <E E 'i (t ) E £ K°)) 

j i j i 

= (E E i(°) E £ /'(°)> = <E E £ ;(°) £ ;'(°))- (B.13) 

j l j l 

Using the definition of the energy deviation, and dropping the time label, we have 

<E E ^-(0^(0)) = <E E( £ / - 

j i j i 

= <ED £ j E,-Ej(Ej)-E l (Ej) + (Ej)(E l ))) 
j i 

= (§ 2 - (§> + (|> 2 ) = ((t - (§» 2 > = Nk B T 2 c v , (B.14) 

where § represents the total energy in the system [i.e., § = f E(x, f)dx] and N = nV 
is the number of atoms in the system, where V is the volume of the system. The 
last step comes from the thermodynamic definition of temperature in the thermal 


B.2 Taylor Series Expansion and Ensemble Averaging 


671 


fluctuation and canonical ensemble. (Table 2.4, where c v contains all the degrees of 
freedom in atomic motion) 

For the first term in (B.10), 

i*<E E £ ;(0 £ /(0)M0 - */(0)]> 

i i 

= i*<E E E'j(t)E'm Xj {t)) - iK(J2 E E'j(t)EK 0)x,(0)) 
j l j I 

= f*<E E'AOxjio E - ;V <E E j( f ) E £ /'(o)^(o)> 

7 / j l 

= i*<E E £ K0> - iK <E £ 7°) E £ /'(0)^(0)> 


= *<E E ^(0£K0*y(0) - **<E E £;m'(o)*,(o)> 

j i J i 

= «-*<E E £;(o)^(o)x,(o)} - i*<E E ^(o)£;(o)*/(o)> 

j i j i 

= 0 . 


(B.15) 


For the ensemble average in the second-order term, 

(EE^w*«-,(o)] 2 ) 

j i 

= <E E £;(0£,'(0)[A V (r)] 2 ) - 2(E E E'j(t)El(0)xj(t)x,(P)) 

j I j I 

+ (EE £ ;m'( o)[a 7 (o)] 2 > 

7 / 

= (E E - 2 <E ^(0^(0 E £ K«)-</(«)> 


+ (E E £ K o )[^/(°)] 2 > 

j i 

= (E wmoi 2 E E > ^ - 2 (E ^(0^(0 E £ /'(°)^(o)) 

j i J i 

+<E^(°)E^( 0 )[ x '(°)] 2 > 


= <E E w W[*,(0] 2 > - 2 <e w*,-(o E £ /'(°)^(°)> 

7 / j l 

nzzmmMo)?). 

j i 


(B.16) 
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If there is no correlation between the positions and energies of the particles, then 

= <£M0] 2 [£;(0] 2 > 

j l j 

= ^ E 'jV)xj(t)Y^ E 'iV) x iV)), ( B -!7) 


so that the second-order term becomes 

/c 2 




J 


l 


+ (££;.(0)x;(0)E>;(0)*,(0)>] 


J 


= - ^(o)£;-(o)]} 2 >. 


(B.18) 


The left-hand side of (B.9) is then 


M B r 2 c„ - y<£>;(0W - ^(O)^.(O)]} 2 ). 


(B.19) 


Now consider the right-hand side of (B.9) expanded term by term about k — 0. 
The zeroth-order term is 


(EE £ ;(°) £ i(o)>’ ( B - 2 °) 

j l 

which is of the same form as the first term on the left-hand side, and thus equal to 

Nk B T 2 c v . 

Now, we consider the energy equation (B.l), and will the thermal conductivity. 
Let the ensemble average on the right-hand side of (B.9) be represented by A and 
the exponential by B. For the first-order term, the derivative 

f(AB) = A d A + B'?f, (B.21) 

OK OK OK 

is required. Letting C = k x t/nc v (where k x is the thermal conductivity in the x- 
direction), the required derivative is 

-> -> d A 

—2 ACk exp(— Ck 2 ) + exp(— Ck 2 ) — . (B.22) 

3 K 

For k — 0, this expression reduces to 3A/3/C, so that the first-order term is 

^ E £;m'(o)Mo) - *,(o)]>. (b.**) 

j i 

This term can be evaluated in the same manner as the first-order expansion of the 
left-hand side, and is equal to zero [see (B.15)]. 
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For the second-order term, the derivative 


3 2 N d 2 B dA dB 3 2 A 
— (AB) = A^ + 2— — + B — 
die 2 3 k 2 3 k die die~ 


(B.24) 


is required. As discussed for the first-order term, the derivative of the exponential 
goes to zero at k = 0, so that the middle term above is zero. For the first term, 

A — T exp(— Ck 2 ) — A — [— 2Ck exp(— Ck 2 )] 

9/T dK 

= A[4C 2 k 2 exp (—Ck 2 ) — 2 C exp (—Ck 2 )], (B.25) 

which, when evaluated at k — 0, gives 2 AC, or 

2(££e;(0) £ ;(0))^ = 2m ° 7 ' v (b.26) 

j i 

Note that N/n = V. For the last term in the second order derivative, noting that the 
exponential goes to unity at k — 0, 

(E E £;(0)£,'(0)M0) - xz(O)] 2 ). (B.27) 

j l 

Using the steps shown in (B.16) to (B.18), this term is found to be equal to zero. 
Multiplying the final result of (B.26) by —k 2 / 2, the second-order term is thus 


-Vk B T 2 k x K 2 t, 

and the expansion of the right-hand side of (B.9) is 


(B.28) 


Nk B T 2 c v - Vk B T 2 k x K 2 t. 


(B.29) 


B.3 Thermal Conductivity Tensor 

When the expansions of the two sides of (B.9), (B.19), and (B.29) are brought 
together, the zeroth-order terms are seen to be equal. Equating the coefficients of 
the second-order terms and solving for k x (related to atomic motion in solid or fluid 
state) gives 

kx = 1 T/ i{Y\E'j{t)xj(t) - e;.(0)*;(0)]} 2 >. (B-30) 

Zk B 1 V t j 

The final step in the derivation is to transform the ensemble average/summation in 
(B.30) into the integral of a time correlation function. First, note that 

- ^(0)x;(0)] = f f t J2[E'j(h)xj(t Old/!. (B-31) 

j 0 j 

This is done by noting that on the left-hand side the integral of the integrands are 
evaluated at t = 0 and t = o o, so they can be written as time derivatives of an inte- 
gral. Then because the integration, summation, and differentiation are linear, their 
order can be changed. 
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Defining the heat current in the x direction w x as 

j 

the ensemble average in (B.30) can be written as 

- E 'j(Q)xj(Q)]} 2 ) = (J w x (h)&h J w x {t 2 )dt 2 ) 


(B.32) 


= ( f [ w x (h)w x (t 2 )dtidt 2 ) 

Jo Jo 

= f f ( w x (t 1 )w x (t 2 ))dtidt 2 
Jo Jo 

= [ f {w x (t 2 - h)w x (d))dtidt 2 , (B.33) 
Jo Jo 


where the last step results from the stationary nature of the equilibrium ensemble 
( )°. Using the identity 


[ [ fih ~ h)dt\dt 2 = 2t f (1 — — )/(r)dr, 
Jo Jo Jo t 


(B.34) 


leads to 


k Y = 


f (1 - -)(w v (r)w x (0)}°dr. 
Jo t 


„ 2 , ^ /v _ v . y ~ AVV/ (B.35) 

2 Vk B T 2 

As t can be chosen to be arbitrarily large, z/t in the integral can be ignored, and the 
thermal conductivity in the jc direction can be written as 


1 r°° 

kx = , r2i/ / {™x(t)w x ( 0 ))°dt. 

k^T V Jo 


(B.36) 


To generalize the results, the heat current is expressed as a vectorial flux, i.e., 


. d ’e — -\ r , . . / \-i d \ — > w 

w = J t I J E j(O x j(t)] = ^ E E i x b 9=y, 

j j 


(B.37) 


Since (Ej) is constant j, giving the thermal conductivity tensor 


i r°° v r°° 

K = 77777 / <*(0*(0))°dr = — 2 / q(t)q(0)dt. (B.38) 

k^T V Jo k-Qi Jo 

In a system with cubic isotropy, the scalar conductivity is given by 


k — 


V 


kvT 2 Jo 


L 


oo 


(q(O-q( 0 )Y 


d t G-K relation for thermal conductivity. (B.39) 


For a two-body potential, the heat current vector can be expressed as 
q = EjUi + ^ J 2 ( p ij ' u O x ij] heat current vector, 


(B.40) 


IJ 


a form readily implemented in MD simulation. 
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B.4 Physical Interpretation of Heat Current Vector Autocorrelation 

Autocorrelation is a measure of how a signature of a dynamic system matches a 
time-shifted version of itself (i.e., cross correlation of a signature or signal with 
itself). Developing a physical interpretation of the final result is useful. The argu- 
ment of the derivative of the heat current can be taken as the energy center of mass 
of the system. It is a vector that indicates the direction of energy transfer in the sys- 
tem at an instant in time. How long this quantity stays correlated with itself is related 
to the thermal conductivity. In a material with a high thermal conductivity, the cor- 
relation will be long lasting. This can be alternatively stated as a system in which 
fluctuations from equilibrium dissipate slowly. For a material with a low thermal 
conductivity, the correlation will be short-lived. One interesting aspect of the G-K 
approach is that transport properties can be obtained from an equilibrium system. 
This is an important point for the thermal conductivity, as it is generally thought 
of in a nonequilibrium system with a temperature gradient. The G-K approach is a 
real-space formulation, unlike the tc -space- or p-space-based BTE. 



APPENDIX C 


Derivation of Minimum Phonon Conductivity 

Relations 


C.l Einstein Thermal Conductivity 

The derivation presented in this section and the next is based on that given in [126, 
69], with some of the mathematical steps given in more detail. The formulation of 
the Einstein thermal conductivity, k e, presented here is that given in [315], which is 
extended to arrive at the C-P high scatter limit, &cp, in Section C.2. 

In the Einstein approach, the vibrational states do not correspond to phonons, 
but to the atoms themselves, which are assumed to be on a simple cubic lattice as 
shown in Figure C.l. As will be discussed, the choice of the crystal structure does 
not affect the final result. Each atom is treated as a set of three harmonic oscillators 
in mutually perpendicular directions. Although the atomic motions are taken to be 
independent, an atom is assumed to exchange energy with its first, second, and third 
nearest neighbors. The coupling is realized by modeling the atomic interactions as 
being a result of linear springs (with spring constant T ) connecting the atoms. A 
given atom has 6 nearest neighbors at a distance of a, 12 second-nearest neighbors 
at a distance of 2 1/2 a, and 8 third-nearest neighbors at a distance of 3 1/2 a. 

C.1.1 Conductivity Relation 

The derivation starts from the equation written in terms of the mean free path 
(4.109) (k p = nc VtP u Pt Ak p /3). All the vibrational states are assumed to have the same 
angular frequency of oscillation, co E , which leads to a per particle specific heat of 
from (4.55), as 


2 


v,p 


= 3&b 


x^e 


(e XE - ly 


(C.l) 


where x is defined ashco E / k E T = T E /T. The mean free path is taken as the distance 
between first nearest-neighbor atoms ( a = n~ 1/3 ), and the velocity is taken as a/r PjE 
(= n~ 1/3 /r PjE ), where te represents the time needed for energy to move from one 


676 


C.l Einstein Thermal Conductivity 


677 



Q Central Atom 
Nearest Neighbor 
Q Second Nearest Neighbor 
^ Third Nearest Neighbor 


Figure C.l. The simple cubic crystal structure, with the first-, second- and third-nearest neigh- 
bors of the central atom shown. 


atom to another. Using these specifications in (4.109) leads to 

n~^h 


kp, E — 


:b x E eXE 


r p , E (e XE - 1) 


2 * 


(C.2) 


The value of r„ e must now be specified. 


C.l. 2 Relaxation Time 

Consider a set of two atoms, as shown in Figure C.2. The equation of motion for 
the central atom in the * direction is desired. As such, consider a displacement of 
magnitude * (r « a) of the central atom in the x direction, which will cause the 
neighbor atom, labeled as atom /, to move along the line of action between it and 
the central atom by an amount d t (r/, «a). The angle formed by these two directions 
is 0/. The change in the length of the spring is then (r/ z — x cos </>,), and the force on 
the central atom in the v direction is 


F c -i — T (di — x cos 0, ) cos 0/ . 


(C.3) 


Figure C.2. Two neighboring atoms in the Einstein 
thermal conductivity formulation. 
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Summing over the contributions of all the neighbor atoms (26 in total) leads to the 
equation of motion similar to (4.1) 


m 



T(di — * cos </>,) cos (pj , 

i 


(C.4) 


where m is the mass of an atom. Multiplying through by (dx/dt)dt and integrating 
over time leads to 



-/ r* ( y>s 2 + J r(^ 

i i 

- f \r(J2cos 2 <p i )d(x 2 ) + J r(^ 


x dv 

di cos <pi)—dt 
J dt 


dx 

di cos (pi)— dt 
'dt 


ir m , dv x9 Vx‘ 

df — ( — Y H 

L 2 v dr 2 


£ cos2 </>,■]■ 


(C.5) 


The variable of integration of the last line of the right-hand side of (C.5) is taken 
as the energy associated with the central atom (kinetic and potential) so that the 
integral corresponds to the change of the energy of the atom over a specified time. 
The left-hand side of the last line of (C.5) represents the work done by the other 
atoms in the system to bring about this change in energy. Consider a time of one- 
half of the period of oscillation (ic/oje), and define the summand of the right-hand 
side of the last line of (C.5) as rji and the energy change as A E, such that the last 
line of (C.5) can be written as 


a E = Y,m- 

i 


(C.6) 


Assume that the atomic motions are sinusoidal and uncorrelated such that 


x = A sin(coEt) 
dj — Aj sin(ajEt + a*-), 

where a, is a random phase angle. This leads to 

>n/co E dx 


rji = T cos (p 


-i 


di —dt 
dt 


nn/co E 

— T cos (pj / Ai sin(o; E r + oti)Aa>E cos ((o E t) dt 

J 0 

pn/co E 

= T cos (pi A Aj(OE / [sin(coEt)cosai cos((L>Et) 

Jo 

+ cos ((OEt) sin cos(cdeO] dt. 

Consider the first term in the above integral 


pn/co E /* tc /2co e ^ 

/ sin(a)Et) cos(a)Et)dt = - sin(2(i>Et) dt = 0. 


—n/2co E 


(C.7) 

(C.8) 


(C.9) 


(C.10) 
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Then, because of the odd nature of the sine function, the work done becomes 

pn/eo e 

r/i — T cos 4>j A Aj coe sin a,- / cos 2 (coEt)dt 

Jo 

pn/(o E ^ ^ 

= T cos (j)j A Aj(o^ sin o'/ / [- + - cos(2a>Et)]dt 

Jo 2 2 


= r cos (pi A AjCo E sin a,- sin(2caEf)]|Q /WE 


2 2<di 


T cos (pjAAj sin o'/ 7i 


(C.ll) 


Because the phase angles a, are random, the average value of the work done by 
the atoms is zero. As many atoms transfer energy to the central atom as those that 
obtain energy from it (as would be expected in an equilibrium system). However, 
the RMS fluctuation of the energy, 


<(A£) 2 } = <(£>) 2 ), 


(C.12) 


will not be zero. Because the values are uncorrelated, {ijjijj) = 0, such that 

((A £) 2 } = £>?> = J>, 2 >. (C-13) 


Thus, from (C.ll), 


and 


9 7T 2 r 2 COS 2 0/ 99.9 

T)] = —A 2 A 2 sin 2 a,-, 


9 7T 2 r 2 COS 2 0/ 9 9 . 9 

inf) = 7 —{A 2 ) (A.) (sin 2 a,). 


If all the atoms are identical, then A = A/. For random a?*, the average is 


so that 


(sin 2 oti) — / sin 2 a da = 

Jo 2 


2 7T 2 r 2 cos 2 0/ (A 2 ) 2 

(hi > = 7 


and 


((A E?) = Y, 


2 ’ 


jr 2 r 2 cos 2 </>,• {A 2 ) 2 7t 2 r 2 (A 2 ) 2 


8 


(C.14) 


(C.15) 


(C.16) 


(C.17) 


^cos 2 (pi. (C.18) 


As can be calculated, the sum in (C.18) is 26/3. Einstein estimated its value at 10, 
which leads to 

(((A£) 2 }) 1/2 = ( — ) 1/2 tzT(A 2 } ~ 3.5r(A 2 } Einstein estimation. (C.19) 

8 
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The size of the energy fluctuations can be compared to the total energy associ- 
ated with each atom. The potential energy associated with an atom, as seen in the 
last line of (C.5), is 


r x v — > ^ _ o 

ip — — — /_ ^ cos 0/ — 517* . 

i 

(C.20) 

The average potential energy 7p is then 


(<p) = 5r(x 2 }, 

(C.21) 

where, from (C.7), 


x 2 = A 2 sin 2 (a>Et), 

(C.22) 

so that 


(x 2 ) = (A 2 ) (sin 2 (« E f)} = (A 2 )f 

(C.23) 

and 


5r(A 2 } 

(ip) — — - — average potential energy. 

(C.24) 

For a harmonic system in which the average kinetic and potential energies are equal 
(Section 2.5.3), the average total energy is then given by 

{Ep) — 5r (A 2 ). 

(C.25) 


This energy is of the same order as the energy fluctuations over a time equal to 
half of the atomic period of vibration, tt/coe, in (C.19), suggesting that this is the 
appropriate time scale to use as x p e in the formulation of the thermal conductivity. 
This specification leads to 


1 _ _ T E k B 

t ' p e ^ xc h 


(C.26) 


so that (C.2) becomes 


n~ l/3 kl x 2 e XE 

k P E— — Te — — t Einstein thermal conductivity, (C.27) 

ttTi ( e XE - 1 ) 

where T E is the Einstein temperature, which can be found by fitting the Einstein 
specific heat model to experimental data. Unlike (4.116), this phonon relaxation 
time does not have a temperature dependence. This will lead to a plateau in k p (T ) 
at high temperatures (Figure 4.17, broken curve). 

Because of the approximate nature of the z E specification, the geometry initially 
chosen for the crystal, the assumed form of the atomic displacements (which will not 
be sinusoidal), the treatment of the potential energy, and the approximation of the 
summation in (C.18) are of no great consequence. 


t As mentioned, this is twice the potential energy associated with a single atom. 
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C.2 Cahill-Pohl Thermal Conductivity 


The Cahill-Pohl (C-P) thermal conductivity model is an extension of the Einstein 
model, but also uses BTE. The derivation is given in [315]. The idea is to include a 
range of frequencies, instead of the single frequency used by Einstein. The thermal 
conductivity (4.109) is written as 


where the summation is over the vibrational polarizations (one longitudinal and 
two transverse), D pa (co) is the volumetric density of vibrational states of polariza- 
tion o', c v p is now the specific heat per degree of freedom (and not per particle, as 
used previously), and u p a is the low-frequency (long-wavelength) speed of sound 
for polarization a in the material. 

Instead of assuming energy transfer to occur between only nearest-neighbor 
atoms, one assumes that energy is transferred between vibrating entities with fre- 
quency a) and size A/2, both of which are variable. Assuming no dispersion of the 
vibrational waves, we have (4.17) 


where k is the wave number and A is the wavelength (taken as twice the distance 
over which the energy transfer occurs). Thus, for the mean free path in (C.28), 


The high-frequency phonons have shorter mean free paths. This does not have a 
temperature dependence, as compared to (4.116), and correspond to n = 1 in (4.116) 
which is generally valid only for small co (Figure 4.16). With no dispersion, the Debye 
density of states for each polarization (4.26) is 



(C.28) 


a 



frequency-dependent mean free path. (C.30) 



(C.31) 


and the specific heat capacity per mode is (C.l), i.e., 



(C.32) 


and the maximum frequency for polarization a is found from (4.28), i.e., 


COa.max = (6lt 2 nU 3 p J 1/3 , 


(C.33) 
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which is taken as the upper limit of the integration in (C.28). These specifications 
lead to 
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(C-34) 


A temperature 7b, « is found from (4.27) 

7b, a = u p , a ^(67T 2 n) l/3 , (C.35) 

Kb 

(i.e., 7b, « = Xi pnax T , which is not the Debye temperature, as the vibrational polar- 
izations have been differentiated), allowing the thermal conductivity to be written 
as 


kp,c-p = (b 1 / 3 ^B« 2 / 3 E H P '“(^-) 2 / 
0 “ JO 


T D ,a/T 


xV 


dx 


(«* - 1) 2 

C-P thermal conductivity. 


(C.36) 


Unlike the Einstein model, no fitting parameters are required. Both the number 
density and velocities (the speeds of sound) can be determined experimentally. It 
is important to note that the value of k p ,c p depends only on the number density of 
atoms through the upper limit of the integrals. Also, the Einstein assumption of the 
time for energy transfer between neighboring entities being half the period of oscil- 
lation [i.e., t p e — tt/coe , (C.26)] is not necessary, but follows from the assumption of 
no dispersion and a mean free path equal to one-half of the wavelength, i.e., (C.30) 


X p X/2 jt 

Up, A coX/2ti COe 


(C.37) 


The key point that is taken from the Einstein model is the idea of energy trans- 
fer occurring between only neighboring vibrational entities. No long-range coher- 
ence is assumed to exist [unlike (4.183)]. It is for this reason that the C-P model 
gives reasonable agreement with the experimental thermal conductivities of amor- 
phous materials, in which short-length-scale interactions are expected to dominate 
the thermal transport. From a phonon perspective, the C-P thermal conductivity 
can be interpreted as a model in which all phonons have a mean free path equal to 
one-half of their wavelength. 

The temperature dependence of (C.36) and the Callaway model (4.108) are 
shown in Figure 4.17. The Single relaxation time (for phonon-phonon interaction) 
in (C.36) does not allow for a peak in k p (T ), and a monotonic increase in k p is pre- 
dicted up to 7b. where a plateau is reached. 


APPENDIX D 


Derivation of Phonon Boundary Resistance 


The following formulation of the interfacial phonon conductance is similar to the 
quantum junction conductance treatment in [45]. In general, the conductance is con- 
trolled by the two distinct phonons in the two contacting solids, with no additional 
scattering due to interfacial restructuring or any third joint material. At a solid-solid 
(two semi-infinite media) interface (plane-parallel geometry), the net conduction 
heat flux q k that is due to the difference of temperature between T\ and 72, assumed 
uniform in each (semi-infinite medium), for phonons on each side of the interface 
is [366, 453] 


qk 


T\ - T 2 
AR p , b ’ 


(D.l) 


where R pb is the phonon boundary resistance. This resistance is determined by the 
number of phonons incident upon the interface, the energy carried by each phonon, 
and the probability of transmission across the interface. 

The transmission probability z b depends on the side from which phonons arrive 
at the interface, angle of incidence, phonon frequency, phonon polarization, and 7\ 
and 72* Using an analogy with blackbody radiation (7.8), we have 


qk — Gp, lT 2 T b , 2-1 — Gp,lTiT bf \-2, 


(D.2) 


where ctsb,/ (phonon) is the phonon Stefan-Boltzmann constant, given by (Section 
7.6.2, footnote) 

Oj c v U n i 

osb,; (phonon) = 1 ^ 3 ’ . (D.3) 

For T\ = T 2l then q k — 0, and 


°sb , 2 (phonon) r^ 2 -i = a SB ,i (phonon) r M _ 2 , (D.4) 

i.e., under thermal equilibrium, the total number of phonons (sum over all phonon 
states, polarization a and frequency co p ) leaving one side, is equal to the total num- 
ber of phonons returning from the other side into that state (called the principle 
of detailed balance). From this, we define qk. 1 - 2 (7\) and qk. 1 - 2 ( 72 ) for the incident 
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phonons at temperatures T\ and T 2 , and write 

Qk — < 7 ifc,l- 2 (Tl) — ^,1-2(72)* 

Using the equilibrium distribution of thermal phonons, we have 


(D.5) 


Qk,l-l(T) = Tb,l-: 



rb, 1-2(0, a , cop) 


Dp,i((Op)f°](p)p< > T\) 
x — 


u p i a cos 6 sinQdOdcfrhcOpdcOp. (D.6) 


The second part inside the integral accounts for the number of phonons with mode a 
and frequency co p , at angles of incidence ( 0 , cp), speed u p , i tU , and energy hco p that are 
incident from side 1, on the interface, per unit time. When using the Debye DOS, a 
cut-off frequency is used. 

The transmission probability r b is given as a function of 0 (angle between the 
phonon propagation direction and the normal to the interface), a , and co p , under the 
assumption that both sides of the interface are isotropic and there is no dependence 
on temperature. However, when all phonons are diffusely scattered at the interface, 
ib will be a function only of co p , and will be determined by the DOS and the principle 
of detailed balance subsequently given. 


than the dominant phonon wavelength X, which is estimated as X oc (7b/r) fl , where 
a is the lattice spacing [366]. We examine (D.6) noting that the number of phonons 
of frequency co p leaving material 1, per unit area and per unit time, is 


Because the transmission probability is independent of the incident angles, the 
angular integral result then is 


D.l Diffuse Scattering 


D.1.1 Transmission Probability for Diffuse Scattering 
For diffuse scattering the RMS interface roughness (<$ 2 ) 1/2 is expected to be larger 



X b, 1-2 (.COp ) — 


u P xa cos 9 sin 9 d6 d</). (D.7) 



(D.8) 


From the principle of detailed balance, in which the interface is in thermal equilib- 
rium (7i = 72 = T), we can write that 



a 



(D.9) 
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i.e., the number of phonons leaving side 1 must equal the number of phonons leaving 
side 2. In addition, because in diffuse scattering a phonon loses the memory of where 
it comes from, it follows that 

T^b, 1-2(0) p) = Pb,2-l(oJp) = 1 — Tb, 2 -l(< 0 p), (D.10) 

where p/,, 2-1 is the reflectivity. This equation states that the probability of reflection 
from one side must equal the probability of transmission from the other. Therefore, 
using (D.9), we have 

1 - 2 ( 0 ) p ) ^2 Dp,i(o)p)f Pt i(a)p, T)u P xa 


— [1 T b, 1-2(0) p)\ ^2 D p 2(0) p) f p ^(o) p ' T) u p, 2 ,a- (D.ll) 

a 

Solving for r b ,i- 2 (o) P ), we have 
^b, 1-2(0) p ) = 


Ea D p ^(o) p ) f p 2(&>p , T)u p 2,a 

Ea Dp t l((Op)fp'i(cOp, T)Up t i >a + Ea Dp t 2(o)p)fp'2(o)pi T)u Pt 2,a 


(D.12) 


Using the Debye phonon DOS (4.26) and the phonon equilibrium distribution func- 
tion (Table 1.2), (D.12) becomes 


*6, 1-2 = 1 — *6,2-1 = 
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Debye transmissivity, 


(D.13) 


i.e, the transmissivity is independent of frequency. 


D.l. 2 Net Heat Flow for Diffuse Scattering 


For diffuse scattering of phonons, (D.l) and (D.5) become 

1 _ G p ,b _ qic, 1-2 _ ^ * 6 , 1-2 

AR Ptb ~ ET “ Ti - T 2 ~ 4(T 1 -T 1 )^ UpXaX 
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(D.14) 


where G p j y is the phonon boundary conductance. 

Replacing D p (co p ) with the measured phonon DOS, this equation is numerically 
integrated to yield a value for q, which is substituted into (D.l) to calculate the 
phonon boundary resistance R p b - 

Using the Debye density of states D p d, i.e., 


Dn l(&>n) Dp J) \ (CQ p} 


CO, 


2n2 ' t \, i,« 


(D.15) 


686 


Derivation of Phonon Boundary Resistance 



Figure D.l. Variations of dimensionless phonon boundary conductance with respect to 
dimensionless temperature. The high-temperature limit of 1/3 is also shown. 


(D.14) becomes 

1 _ hZb^i-2 _2 

AR P ' b ~ 8 jt 2 ( 7 i - T 2 ) f jUp ' 1 

(D.16) 

where co d = coda is the Debye cut-off frequency of side 1. 

Using the variable z = co p /cob for normalization, the upper limit of the integral 
becomes equal to 1, and we have 
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AR p ,b 
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(D.17) 


Then for T\ -> T 2 -> T, we can use a variable x = zT^lTi — z7b/72 and T b = 
7b, and (D.17) becomes 
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A dimensionless phonon boundary conductance can be given as 
1 _ 1 8 jt 2 h 3 1 

(AR P ,b)* = AR p , b Z a " 2 pXa = T^Tt - T 2 ) * 
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X ' 


exp(x) — 1 


dx 


, (D.19) 


and its variation is shown in Figure D.l. The dimensionless phonon boundary con- 
ductance initially increases with a temperature, and reaches a plateau at 777b = 1. 
The maximum value is 1 /(AR Pt t)* — 1/3. 


D.2 Specular Scattering 


D.2.1 Transmission Probability for Specular Scattering 

In specular scattering, phonons are treated as plane waves and the materials that 
form the interface are treated as continua. This applies to phonons with wavelengths 
larger than the interfacial roughness. 

Because the longitudinal phonons are the quantized LA waves, the transmission 
probability will be given by the equivalent expression for acoustic waves [286]: 


P2U P ,2 COS 02 


*b, l-2(0l) = ^>,2-1 (02) = 4 


p\U Pi \ COS 

/ P2.Up,2 COS 6*2 \2 ’ 
'pi Up,! ' cos 01 7 


(D.20) 


where 0 \ is the incident angle in side 1 and 62 is the refraction angle in side 2. 


D.2.2 Net Heat Flow for Specular Scattering 
For specular scattering of phonons, (D.l), (D.5), and (D.6) become 


1 


h 


AR p , b 4tt 2 (7i - T 2 ) 


rojd 


(O', 


CO', 


ex p ( S ^)- 1 


ex p(sl) 


- 1 


]d^t) n , 


(D.21) 


where cod — wd,i, and 


nn /2 

ri, a = / ?b, 1 - 2 ( 0 , a) cos 0 sin OdO, (D.22) 

Jo 

is calculated numerically. Note that r/, 1 - 2 ( 0 , a) is assumed to be independent of co p 
for phonons with frequency less than coda, and above that tb, 1 - 2 ( 0 , a) is zero. 

Equation (D.21) can also be normalized with the variable x = hco p /(k^T), 
as performed in Section D.l. 2. The upper limit of the integral then becomes 
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x — /zcD D /(/: B r), and for low T, x — oo. Therefore, for \hco p l{k^T)\ 1, we have 


1 


k 4 


AR p , b 4n 2 h 3 (Ti - T 2 ) 


E 


u 


-2 
p, l,or 


ri, 


a 


L [ 


4„3 


00 t^x 


4^3 


T 2 x 


]dx, 


Tiojy) 

k^T 


for low T. 


Note that, for normal incidence = # 2 = 0°, ('3.20) becomes 


(D.23) 


and we have Ti iQ , 
sion probability. 


T b, 1-2 ~ 4 


P2^p,2 PlMp,\ 


(D.24) 


(P2U p ,2 + PlU Pt l) 2 

1 - 2 / 2 , i.e., (D.23) will differ from (D.17) only by the transmis- 


APPENDIX E 


Derivation of Fermi Golden Rule 


The Fermi (or Fermi-Dirac) golden rule (FGR) (3.27) allows for calculation of the 
transition probability rate between two eigenstates of a quantum system using the 
time-dependent perturbation theory. It is the probability of this scattering-caused 
transition per unit time. So, the probability is time dependent and is is derived 
from the time-dependent perturbation theory (the perturbation Hamiltonian, i.e., 
the scattering potential, is time dependent), under the assumption that the time of 
the measurement is much larger than the time needed for the transition. 

It is the rate of gain of probability per unit time in the manifold of final eigen- 
state IVv), which is equal to the rate of loss of probability per unit time from the 
initial eigenstate | yj/ K ). 

A brief derivation of the FGR is given and more details can be found in [94, 

294, 325] 


E.l Time-Dependent Perturbation 
The general Hamiltonian of interest is of the form (5.89) 

H = H 0 + H', (E.l) 

where H 0 is a time independent Hamiltonian with a known solution \j/ K , which is 
related to 4V through (2.68), i.e., 


Hoi K = E{k)^ k (E.2) 

= (E.3) 

n 

and E(k) and yjr K are time-independent. Here H' causes time-dependent transitions 
between the states \j/ K . The time-dependent Schrodinger equation is 

ih — =H4/. (E.4) 

dt 
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We now express ^ as an expansion of the eigenfunctions \// K exp \—iE e (ic)t/h\ of 
the unperturbed system, (2.67), i.e., 

^ = ZE( f )^ ex P[ (E.5) 

K K 

The time-dependent problem is solved when the coefficients a K (t) are known, and 
from this we will develop time-rate equation, i.e., which is the derivation of the 
probability of transition. 

Substituting (E.5) into (E.4), also using (E.2), we have, 

iti df ’ t* exp[ ] + ^2 a K (t) E (K)f K expf j—!~] 

K K 

= y]a g (f)(H 0 + H')V f / C exp[ ,E ^ t ]- (E.6) 


Now multiplying by if*, and integrating over space, we have (using orthogonality of 
the eigenfunctions) 


3 a K >(t) — iE(ic f )t . . — iE(ic)t 

ih — - — - exp[ — — ] = ^a*(f)exp[ ](Vv|H \f K ). 


3 1 


h 


h 


(E.7) 


The interaction matrix element is defined as 


M K ' tK = (Vv |H'|^jc) 


^/H'^dT interaction matrix element. (E.8) 


Using this, (E.7) is rewritten as 


3<v(Q 

3 1 


1 . i\E(ic f ) — E(ic)]t 

— ^2 M K ', K a K (t)exp{- — }, 


(E.9) 


which is the equation for a K >(t). 

Next we apply the regular perturbation to find an approximation for a K (t) 
appearing on the right-hand side of (E.9). Similar to the perturbation approxima- 
tion used in Section 2.6.7, we have 


H' 


*H' 


fl/c' 


a o,K' + €a\ tK > + € 


(E.10) 


Substituting these into (E.9), and collecting the terms with coefficients of the same 
power 6, we have 


3^o , k ' 
3 1 


3 a j+i,K r 
3 ~t 


1 v-^ i\E(ic') — E(ic)]t 

— p{~ — ^ — — !■ 


(E.ll) 


To study the time evolution of the problem, we assume that the perturbation IT 
is absent at time t < 0 and starts at t — 0. With this assumption, the system is in a 
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time-independent state up to t — 0. We assume that initially the system is in a single, 
well-defined state i//* with 


&O ,K (/ — 0) — 1 

a O K '(t — 0) = {k'\k) = 0 if K f ^ k, 


single-state initial conditions. 
Integration of (E.9) to the first order term gives 


a\ 


/N If 1 i[E(ic') — E(ic)]t , 

in J o 


'o ^ 

which satisfies initial conditions (E.12) and (E.13). 


(E.12) 

(E.13) 


(E.14) 


E.2 Transition Rate 

A number of important problems in quantum mechanics involve a perturbation that 
has time dependence with a time-periodic form. Examples include interactions of 
electrons with electromagnetic radiation (photons) and electrons in crystals inter- 
acting with phonons. In these cases, the time dependence of the perturbation poten- 
tial is 


IT = H' v exp(=pEtf) time-periodic behavior, (E.15) 

where H v is spatial part (time independent) of the perturbation Hamiltonian. This 
makes the interaction matrix element (E.8) 


M K ’ tK = Mo,*',* exp(=p<yf), M 0%K ^ K — (\l/ K '\H' x \\lf K ), time-periodic matrix element. 


(E.16) 

We now integrate (E.14), taking the constant of integration to be zero, as a\ ^ — 0 
for t < 0 (no perturbation) 


a\ y(t) = - 


1 

in 


e Xp{ iMtt4 }-i 

/ [E(k' )—E(k )^fhco] 
h 


(E.17) 


Equation (E.17) states that as E(k') — E(k) -> hco or E(r ;') — E{tc) —hco 
(because of absorption or emission) is reached, the term to the right of M 0 
will approach its maximum value. Because the probability of finding a state is 
related to i/E,, then this probability is highest for the energies of transition (absorp- 
tion/emission). 

For simplicity, we define 


co = 


[E(ic') — E(ic) hco\ 
h 


and using the exponential function relation then (E.17) becomes 

. . 1 .ico't. sm(co't/2) 

a i,K f (0 — ~ zjrM OK ' K exp( ) — — t. 

in 2 co't/2 


(E.18) 


(E.19) 
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Figure E.l. Variations of the probability of finding the system in a state k' after the pertur- 
bation has been applied at time t Q . 


Figure E.l shows the variation of the probability of transition k -> which is 
related to a\ , according to (5.91), with absorption of ftco , due to the applied per- 
turbation potential from t = 0 to t — t Q (Chapter 3 problem). The probability is 
[sin(m7 0 /2)/a/] 2 . The probability is highest when E(ic') — E(ic) ~hco and the peak 
is proportional to f 2 . 

The transition rate is given by the transition probability (which is related to a 2 ,) 
per unit time, (5.91) and (5.92), i.e., 


. , , , v \ai, K ’(t )\ 2 

y ( k , k ) — lim 

t — > OO t 


1 9r sin(m7/2) l9 9 

= lim —\M 0tK . %K \ 2 [- \ } ft 2 . 


^°° th 2 


(dtj 2 


(E.20) 


Next we note that the integral over the infinite time domain is simplified as 


+°° sin 2 («'f/2) , 

— - d.V = 71 

-oo (co't /2) 2 


(E.21) 


Now using this and the definition of the Dirac delta function 8n (Glossary), we find 
the following equality: 


lim [ 

o co't/ 2 


Note that here we have used the relation 


5 in(„'(/2) 2 = ^ & 


S D (aJf) = -5 d(^c) 
a 


(E.22) 


a is a constant. 


(E.23) 
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Hence, transition rate (E.20) becomes 


/ r x 1 

y(K 9 k) = M 0tK '' K 
th 

2tt 


2tt [E(ic') — E(k )~ p hco] 


2>d{ 


h 


}r 


= — | M ok > k \ z 8d[E(ic') — E(k) =p hco] Fermi golden rule. (E.24) 
h 


This is the FGR (3.27). 


E.3 Example: Photoelectric Transition Rate for Hydrogen 

The hydrogen atom, in ground state when irradiated with photon of energy match- 
ing the ionization energy Tico and amplitude (we will use the electric potential a et0 , 
Table 3.5), ejects an electron (photoelectric effect) [146]. The transition probability 
rate is given by (E.24), i.e., 


Yph-e = — |(V7|H'|Vf;)| 2 M £ 'e,/ - E e,i - Tim), (E.25) 

n 

where / is the final state, i is the initial state, and H' is the time-independent inter- 
action Hamiltonian. 

The photon is represented by an EM wave having vector potential a e (Table 3.5, 
where b e — V x a e , V • a e — 0), i.e., 


a e (x , t ) = a^ i0 cos(/c • x + cot). 


Using this, the electron kinetic energy is (Chapter 5 problem) 


Then 


H'(r) = -- — [-e c (p e a e + a e ■ p e )] 
2m e 


e c 

a e * Pe- 

m e 


H'(r) 


— COS(/C • X — COt)a e o • Pe 
m e 

2 m e 


e c 

2m e 


e'K x 


fl-e,o 






(E.26) 


(E.27) 


(E.28) 


as the exp(ittir) corresponding to photon emission is neglected. 

The ground-state energy is given by (2.114), i.e., E e \ = el/8jre 0 rn, and its wave 
function (for hydrogen z = 1) is given in Table 2.10, i.e., 

1 p-x/rs 


| 100 ) = 


(E.29) 
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and we assume that the final state is = L 3 / 2 e lK f x . Then the matrix element is 
(using the Bloch plane wave and time-independent H') 


f ,K = (V7 k — — e ,KX a e , 0 • j^|100) 


2m 


u ph 


= — f e iK f 

O' 2 J 


x £c e iKX a e , 0 -(-mV)-f^e ix/r »dx, (E.30) 


2m e u ph 




B 


where L 3 = V is from the periodic, cubic box treatment of the electron (Section 
2.6.6). Because X tb, we set exp (iic • x) = 1. 

The integral contains V, which is removed by integration by parts, i.e., 


J e iKf X a e , o ■ (ihV)e~ x/r »dx 


— fle,o ’ P j 


e iK f r e - X /r*d X . 


(E.31) 


Taking the z axis along k /, the 0 integration gives 2n and the 0 integration (over 
sin#d#) gives 



e llCfSz e z// ' B dzd</> sin#d# 


Using this, we have 


87T 1 

r B (r^ 2 + K 2 ) 2 ' 


(E.32) 



2n 

h 


1 e c 1 

L 3 / 2 2 m e u ph n l l 2 r^ iae '° 


8 7t 1 

Pe r B (r~ 2 + k 2 ) 2 


2>d (E e , 


/ 



(E.33) 


By taking the average over incidence angle, a e _ Q • p f — a e ^ 0 pf cos 0, and noting that 
Kf — pf/Ti , this total ionization (photoelectric transition) rate becomes 

_ 4 m ePf e c Anal oP 2 f 1 

Ph 1 nr^fr 4 m e Uph 3 r^ 2 + (y-) 2 

photoelectric transition rate for hydrogen atom, (E.34) 


where we have used from (5.65) and (5.66) (not allowing for spin) that (Chapter 5 
problem) 

l3 ~Y = J s D(E e ,f - E e j -hco) — (E.35) 

and (cos 2 #) = f cos#d£2 = 1/3, where dQ = sin0d0d0 (Table 7.1). 

The cases of hco E e j and hco — E e j E e j have been examined in [165]. For 
the cas ehoo — E e j — E e j (near threshold, where the ejected electron has a very high 
velocity), we have for the total (integrated over the solid angle) absorption cross- 
section area 


Aph-e — 


512 7T 


2 2 
r B e c 


E 


e,l >.4 


4)/cot 1 y 




3 \izeJiUph hco 1 — e 2ny 


( h(D n 

’ y = (-p — !) 


-1/2 


E 


(E.36) 
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Table E.l. Examples of perturbation Hamiltonian. 


Interaction 

Mechanism 

Perturbation Hamiltonian 

Electron-charge 

electron piezoelectric scattering 

h' = e fr- d ■ s 

Electron-phonon 

electron scattering by acoustic 
phonon 

H' = <p d , aV • d 


electron scattering by optical phonon 

H ' = Vd.o d ■ s 

Photon-electron 

photon absorption in gases 

H' = —\/i e \e e>0 cos(cot) 

Fluid particle-phonon 

adsorbed gas vibration decaying to 
substrate phonon 

H' - \d rd 2 \ - ^ mu( °f 

H “ Aafd ° ’ A ~ 8A h ad 

d displacement vector, m 


e pz piezoelectric constant, C/m 2 



m \2 reduced mass, kg 
s unit vector 
A had heat of adsorption, J 
<Pd,A acoustic scattering potential, J 
(p' d 0 optical scattering potential, J/m 
fi e transition dipole moment, C-m 


This shows a strong decay in A p h- e ashco/E e ,\ increases. (Chapter 7 problem) 

The transition rate and the absorption (ionization) cross-section area are related 
through photon energy density (3.38), and is [146] 


a e,c <0Ap h - t 
8 jt VI ph 


= hMYp h - ( 


(E.37) 


E.4 Examples of Perturbation Hamiltonian 

Table E.l gives examples of perturbation Hamiltonian H' in the interaction matrix 
element (E.8). These are samples of scatterings/couplings discussed in energy trans- 
port and transformation kinetics. The phonon scatterings are discussed in Section 
4.9.4. The electron scatterings are discussed in Section 5.15. The photon absorption, 
and its interaction matrix element, for solids and gases, are discussed in Section 7.8. 
Other photon couplings are discussed in Section 7.12. Examples of calculations of 
\fi e \ and (p' d 0 are given in [238]. 


APPENDIX F 


Derivation of Equilibrium, Particle Probability 

Distribution Functions 


The Fermi-Dirac (fermion) and Bose-Einstein (boson) statistics include quantum 
effects and apply to interacting, indistinguishable particles (Table 1.2). The M-B 
statistics apply to noninteracting, indistinguishable particles (classical particles), 
whose wave functions do not overlap and quantum effects vanish (footnote of Sec- 
tion 2.6.5). When the particle concentration is much less than the quantum limit, 
quantum effects will vanish. The quantum limit is when the particle spacing n ~ 1/ 3 is 
equal to the de Broglie wavelength X^b (footnote of Section 6.1). All particles can 
be treated as classical particles, when the ratio of the particle concentration n = N/V 
and the quantum concentration n q (the dimensionless concentration) n q is much less 
than unity, i.e., 


* n -a 

n = — = nX 3 dB 

rin 


^ N 2i xh 2 3/2 
V [ mk K T } 


(F.l) 


where N is the number of particles, V is the volume of the system, m is the mass of 
the particle, and T is the temperature. Therefore both fermions and bosons become 
the M-B statistics at high temperatures or low concentrations. 

Derivation of the particle (including quantum) statistics distribution functions 
are given in [156, 323]. 


F.l Partition Functions 


For different ensembles [Section 2.5.1(A)], the partition function may have different 
forms. For a canonical ensemble, the partition function (2.27) is defined as 

Z(N, V,T) = J2 e~ Ej/ka, \ (F.2) 

j 

where j designates the energy state of the system. 

For a grand canonical ensemble (/ iVT ), the partition function is defined as 


oo 


oo 


Z(n, V,T) = J2 z (N, ll,V,T,) = J2J2 e (Ej - ,l)lkaT 

N = 0 j 


N = 0 


(F.3) 
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where N is the number of particles, and when it is a constant, then /z = 0, and 
Z(/x, V,T) becomes Z(N, V , T), relating (F.2) and (F.3). 

The partition function (F.2) and (F.3) can be simplified when the Hamitonian 
(Table 2.5) is written as the sum of the various energy mechanisms and degrees of 
freedom, i.e., 


E = H = <p + H, + H, + H, + H r + • • -. (F.4) 


For an N -particle canonical ensemble, the energy of each particle can be 
expressed as E k , where k = a,b, c . . . designates the particle (here we assume that 
they are distinguishable) and j denotes the energy state of the system, the canonical 
partition function (F.2) becomes 


Z(N, V , T) = 




-Ej/k B T _ ^ a -(K+ E n+ E f+-)/k B T 

j m,n,l 


J2 e~ Eajk * T J2 e~ E " /ksT *~ E ‘ /kBT 


m 


l 


— Z a ZbZ c 


= E 


-E a Jk B T 


m 


(F.5) 


where m, n, and /, are quantum numbers designating the energy state of each par- 
ticle. (F.5) means the partition function of the system is the product of the parti- 
tion functions of the subsystems. Then, for interacting, indistinguishable particles 
(Z a = Z b = Z c = . . .), we have 

Z(N, V , T) — Z(V, T) n interacting, indistinguishable particles. (F.6) 

This reduces the AFbody problem to a one-body problem. 

For noninteracting, indistinguishable particles (no wave function overlaps), con- 
sidering the degeneracy in the energy state of the system, we have [323] 

Z(y t) n 

Z(N, V, T) = — noninteracting, indistinguishable particles. (F-7) 

This also reduces the N-body problem to a one-body problem. For this case the 
number of available molecular states is much larger than the number of particles N . 
This is returned to the Boltzmann statistics and becomes increasingly valid at high 
temperatures. 

Using relation (F.5) for the canonical ensemble, the partition function for a 
grand canonical ensemble is rewritten as 

Z(/x, V, T) = J2Yl e ~ Nj(Ej ~ ,J ' )/k bT 

m j 

e -Nj(Ej-n)/k B T j 

J Nj 

= n Z >' Zj = Ye~ NAEi ^ )/kBT - 



(F.8) 
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Here {Nj } designates the configuration of the system, for example, the configuration 
{1,2,..} means there is 1 particle in the first energy state, 2 particles in the second 
energy state, etc. (F.8) states that when an energy state rather than a particle is 
considered as a subsystem in a grand canonical ensemble, the partition function 
of the system may have the same relation with the partition functions of the sub- 
systems as in a canonical ensemble [(F.5)]. 

The probability for a state j in the occupation representation is (2.20), i.e., 

JEj-n)/k B T 

Pj = z ■ (F.9) 

This is valid for both the grand canonical ensemble and the canonical ensemble 
(for the canonical ensemble, \i — 0). The mean equilibrium occupancy of particles i 
(/ = p,e, f, ph) in the energy state j is therefore 

fi,j = E N J P J=- ’ Hj = (E j ~ l ,)/k B T. (F.10) 

The Fermi-Dirac (fermions), Bose-Einsten (bosons) and Maxwell-Boltzmann 
(M-B) distribution functions are directly derived in the subsequent sections using 
the statistics for a grand canonical ensemble, as there is no limit for the number of 
particles. 


F.2 Fermi-Dirac Distribution Function /° 

In the grand canonical ensemble (/xVT) discussed in Sections 2.5.1 and F.l, the par- 
tition function (2.21) for a single-particle state j (of a multiparticle system) with 
energy Ej, for a quantum gas in a box, is 

Z j = e~ N ^-^ /kBT , (F.ll) 

Nj 

where Nj is the number of particles in the y'th state with energy Ej. 

For fermions, a state is occupied by only a single particle or not occupied. This 
is called a multiplicity of two. Then (F.ll) becomes 

l 

Zj = e~ lE J~ fl]N J /kBT = + l. (F.12) 

Nj= 0 

Then the equilibrium occupation distribution (F.10) is 

-( Ej -n)/k B T 1 

f° = = 

Je -{Ej-n)/k B T + 1 (Ej-^)/k B T + 1 


fermion. 


(F.13) 
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F.3 Bose-Einstein Distribution Function /°, f° h 


For bosons, there is no limit for the number of particles in a state j . Therefore we 
have 


oo 


z ;= E 


-{Ej-iANj/kzT _ 


Ni= 0 


1 _ e -(Ej-ii)/k B T ' 


Thus the expected distribution (F.10) becomes 

e -(Ej-^)/k B T 

r O r O r o 

J j ~ J P ~ J P h ~ 1 _ e ~{Ej—ii)/ k B T 


1 

e (Ej-fi)/k B T _ l 


boson. 


(F.14) 


(F.15) 


F.4 Maxwell-Boltzmann (Classical) Distribution Function /° 

For noninteracting, indistinguishable (this combination is also called distinguish- 
able) particles (having degeneracy Njl), using \i — 0 and similar to (F.7), we have 


“ -NjEj/kvT 

Z] ~ E N i 

Nj= 0 ■' 


= exp(e~ Ej/kBT ). 

(F.16) 

Therefore, the expected distribution (F.10) becomes 


ff - Ej/ksT M B ' 

(F.17) 


Note that this is the classical model of the more general M-B distribution (6.64), 
and as shown in Figure 1.1, is valid for large E ftk^T . 


F.5 Comparison Among Fermion, Boson, and M-B (Classical) Particles 


The mean occupancy \i, T) (i = p , e , /, pH) for an orbital with energy Ejj 

in a system with temperature T and chemical potential /x can be expressed in the 
generic form 



1 

g(Eij—\L)/ ksT _|_ y 


y — 1 (fermion), 0 (M-B, Classical), —1 (boson). (F.18) 


When (Ejj — gCj/ksT 1, f° = l/^u-zdMs 7 ^ where the mean occupancy f° 1. 
The chemical potential is closely related to the quantum concentration (footnote, 
Section 6.1) 


N 


n — 


V 

^dB 


-I 


if exp[ - ( £ - ^ /kBT] = Fy /kRT > 


( ) 1/2 de Broglie wavelength. 

mkftT 


(F.19) 
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Then using (F.l) and (F.19), the chemical potential becomes 

[i = k B T In n q X 3 dB . (F.20) 

The classical condition (E t j — fi)/k B T > 1 gives /z F/j — k B T , and this leads to 
ff 1. Therefore both fermions and bosons can be treated as classical particles at 
high energies, where ff 1. This is called the nondegenerate state. 


APPENDIX G 


Phonon Contributions to the Seebeck 

Coefficient 


The Seebeck effect is the formation of electric potential in the presence of spa- 
tial variation of temperature. In 1821, Seebeck observed that a temperature differ- 
ence between two ends of a metal bar created an electrical current in between, with 
the voltage (difference in electric potential <p e j) being directly proportional to the 
temperature difference [98]. Physically, when one side of a conductor is hot, elec- 
trons have higher thermal energy and diffuse to the cold side. The charge (carrier) 
concentration increase on the cold side builds an internal electric field that resists 
the diffusion. The Seebeck voltage is the steady-state potential difference under an 
open-circuit condition. Here, 


— (<Pe, 2 ~ <Pe, l) — «s(^2 — ^l)> 

where as is the Seebeck coefficient and 7} is the temperature of site i. 


(G.l) 


G.l Derivation 

As shown in Figure G.l, various carriers contribute to the Seebeck coefficient. 
Their interactions with electrons, magnons, phonons, and other charge carriers (e.g., 
polarons) also substantially affect the Seebeck coefficient. Figures G.2(a) to (c) 
show the atomistic schematics for those contributions. The overall Seebeck coef- 
ficient can be expressed as the sum of two contributions [130, 131, 132, 339], 


— ^S,pres T &S, trails > (G.2) 

where as. pres is the sum of contributions to the carrier-induced entropy change; that 
is, 


^S,pres — ^S,mix T ^S,spin T ^S,vib? (G.3) 

where the right-hand terms are change of the entropy-of-mixing, spin entropy, and 
vibrational entropy on adding a charge carrier, respectively. The other contribution 
Q's.trans is the net energy transferred in moving a carrier divided by qT , where q is 
the carrier charge [130]. 
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Figure G.l. Various contributions to the Seebeck coefficient from different carriers. Their 
physical interpretation and example of materials for each category are also shown. 


Each carrier contributes to the Seebeck coefficient in distinct manner ways and 
under specific conditions; however, they are highly coupled and interacting. From 
the phononic point of view, the most prominent contributions to the Seebeck coef- 
ficient can be summarized as electron-phonon coupling [132, 154], phonon drag 
[132, 404], phonon-mediated spin pumping [472], phonon-assisted carrier hopping 
[131, 132, 499], and carrier-induced phonon softening [131, 132, 339]. Although 
those effects have been examined in several experimental results [131, 132, 339, 
154, 404, 472, 499], no overall coupling consideration or density-functional theory 
(DFT)-based calculation of phonon contributions to the Seebeck coefficient has 
been reported yet. The analyses and tuning of its phonon contribution are consid- 
ered a promising strategy to achieve the high Seebeck coefficient. 


G.1.1 Mixing Component 

The entropy-of-mixing contribution is usually dominant in lightly doped semicon- 
ductors. The change of the entropy-of-mixing on adding a carrier to a system is 
large because there are very few carriers per thermally available state [131, 185]. 
Figure G.2(a) shows the electron mixing with a certain temperature gradient. The 
system is described as spinless fermions (here, electron) on atomic sites. As given 
in Table 2.4 and Appendix F, the calculated degeneracy for this system is given by 
W = N a \/N\(N a - TV)!, where N is the number of electrons and N a is the number of 
atomic sites per unit cell. The entropy is given by S = &Bln(Vk) = k&N\n{Z) + E/T. 
Using the Stirling’s approximation, and differentiating with V, we have, 

A-fe\ 
as, mix = — ln( — 7 —), 

q fe 


(G.4) 
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Figure G.2. Atomistic metrics of the Seebeck coefficient contributions in crystals. Model 
for the temperature-driven entropy change by (a) electron mixing, (b) spin entropy, and (c) 
polaron-induced phonon softening. 
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the so-called Heikes formula. Here f° = N/N a is the ratio of electrons to sites (car- 
rier concentration). An alternative form of this simple expression is obtained when 
the ratio is expressed in terms of the energy of the electronic energy band, the 
chemical potential (/z) and the thermal energy (k B T) via the Fermi function, f° — 
l/{exp[(E e — fi)/k B T] + 1}; that is, 


as, 


mix 


_ k B E e - fi 
4 T 


(G.5) 


In a high-temperature regime, the electronic energy level shifts with temperature, 
and the Seebeck coefficient changes. Figure G.2(b) shows the thermal disorder 
effect caused by a solid’s thermal expansion and the electron-phonon interaction. 


G.1.2 Spin Component 

As given in (G.l), the common Seebeck effect refers to the generation of an elec- 
tric potential A cp by placing a nonmagnetic material in a temperature gradient AT. 
Extending the Seebeck effect to spins, a ferromagnetic alloy [472] can be an exam- 
ple. Two spin channels would introduce different thermoelectric voltages, and con- 
sequently a spin voltage would be generated, A - A cp\, = (as, spin t - ^s.spin I) A T. 
The contribution to the Seebeck coefficient that results from the carriers’ presence 
altering the system’s spin entropy also becomes simple in the absence of intersite 
magnetic interactions [Figure G.2(b)]. Then the spin contribution for a carrier con- 
fined to a single magnetic site is 


^S,spin — 


^ 5spin -b 1 . 

= — ln(^ — — ). 


q 


q 2s 0 + l 


(G.6) 


where and s are the net spins of the magnetic site in the absence and presence of 
the carrier, respectively [131]. 


G.l. 3 Vibration Component 

As shown in Figure G.2, there are many vibrational contributions to the Seebeck 
coefficient. The softening in the vibrational frequencies produces a change in the 
vibrational entropy, for example. Figure G.2(c) shows the polaron-induced phonon 
softening and the augmentation of the vibrational component of the Seebeck coeffi- 
cient. The full crystal Hamiltonian for the vibrational part of the energy is obtained 
by adding the potential and kinetic energy. As in (4.50), we write the Hamiltonian 
(for the quantum-harmonic oscillator) as [51, 445] 

H vib = Em/; + \). (g.7) 

q 

This expression gives the Hamiltonian for the vibrational part of the energy, and it 
can be used to solve analytically for a number of thermodynamic properties. The 
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free energy is [304] 


Fv ib = -k B T\nZ = -k B Tln[J2 ex P(~^"y )] = ^ srln E ln P sinh 

states ® q 


2k B T 


]• (G.8) 


This entropy is the negative derivative of the free energy (i.e., [304]): 


5vib — 


dT vib 

dT 


= 3 Nk B T 


hoj , . hco . , _ . , . hoj . . , 

L I 2W“' 1( 2W ) “ ln[2S,nh W )1|D, ' ( " )< '"' 


(G.9) 


where D p (co) is the phonon density-of-states for the structure. As in (4.21), the 
phonon density of states gives the number of modes with a frequency lying in the 
interval [ co , co + d co\. In the high-temperature limit ( k B T hco) and series expansions 

of the hyperbolic functions, the above reduces to 


5 vib = -3Nk B / [(^— ^)(-A) - Hwr^)]D P (co)dco 
Jo 


2k B T hco 


2 k B T 


poo 

= — 3Nk B / D p (co)\n(co)dco + 3Nk B [l + \n(k B T)]. 

Jo 

(G.10) is given per atom, 

poo 

SVib/atom = — k B / D p (co)ln(co)dco + k B [l + \n(k B T)]. 

Jo 


(G.10) 


(G.ll) 


The last term is structure independent and cancels out when taking differences. 
Terms involving ln(7z) are generally left out of (G.ll) for convenience (they also 
cancel when taking differences). Hence, the vibrational contribution to the Seebeck 
coefficient [130, 131] is simplified in a high-temperature region as 


^S,vib — 


A5vib 

q 



(G.12) 


G.l. 4 Transport Component 

As shown in Figure G.l, some charge carriers and their interactions cause a change 
in net energy transfer. For example, locally induced polarons change the net energy 
transfer by employing deformation energy and hopping activation/transfer energy 
[Figure G.2(c)]. To calculate as.trans related to the phonon-assisted hopping, we start 
from as,trans = EpIqT , where Ej is the net flow of the vibrational energy that accom- 
panies a phonon-assisted hop from an initial site to a final site [131, 128]; that is, 


Ej — 


k B T 2 r 31n(yi,2//2,i) 31n(/i,2/y2,i) 


97i 


dT 2 


]'/'i=7’2= 


T 


(G.13) 


Here y \2 and )> 2 ,i are the hopping rates from site 1 to site 2 (and from site 2 to site 
1), while site 1 is at temperature T\ and site 2 is at temperature 72. The ratio of the 
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jump rate is 

Ki ,2 _ f-oo exp[G(l, 2 : f)cos[F 2 (l, 2 :t)+ AE 12 t/h]dt 
Y2,i /Too exp[G(2, 1 : r)cos[F 2 (2, 1 : t) + AE 21 t/h]dt ’ 


(G.14) 


where 


hco 


hco 


G(l, 2:0 = + ^-i’.2 coth (^ 7 r)][ cos ( c °0 - 1]. ( G - 15 ) 


2 k B T z 


F 2 { 1, 2:0 = + ?> e -p, 2 ]sin(a>0, (G.16) 

q 


and A£i 2 is the difference between the final and initial site energies (including 
lattice-relaxation energies) for a carrier that hops from site 1 to site 2. Here the func- 
tions (pe-p^ffcpe-p^) describe the coupling of the electronic state at site 1 (and site 2) 
to vibrations of frequency co p when unoccupied or occupied by a carrier, respec- 
tively. A simple expression for Ej is obtained when one observes that the binding 
energy varies inversely with the local stiffness, E/ y ~ II Mco 2 , and one considers the 
limit of a small fractional carrier-induced frequency shift, (co - co c )/co = \-Aco/co\ 1. 
So, (G.13) simplifies to [130, 131] 


E — A a>i . hcoi/lk^T 

( — i) !/ 


coj sinh (hcoj / 2k b T ) 


(G.17) 


G.2 Example: Phonon Softening and Polaron Hopping for Boron Carbides 

Boron carbides (Bi 2 +*C 3 _ A ) have distinctive structures and unconventional bond- 
ings. As shown in Figure G.3, a boron carbide unit cell (rhombohedral representa- 
tion) contains an icosahedron consisting of 12 atoms and of strong covalent bonds 
linking icosahedra to one another. As a result, boron carbides are very stiff, hard 
solids with melting temperatures of ~ 2,600 K [129, 116, 8]. Replacing carbon by 
boron atoms removes bonding electrons and thereby produces hole-like charge 
carriers. Such non-stoichiometry results in high densities of p-type charge carriers 
(~ 10 21 cm -3 ) or about one hole per unit cell [8]. 

Boron carbides’ extraordinary hardness and high carrier densities suggest that 
these solids would have large thermal conductivities and small Seebeck coefficients. 
Yet many boron carbides have surprisingly small thermal conductivities and large 
Seebeck coefficients, suggesting localized charge carriers that move with low mobil- 
ity by polaronic hopping. 

The Seebeck coefficients of a boron carbide sample (x = 1) become nearly inde- 
pendent of temperature above about 600 K (Figure G.4). Temperature-independent 
Seebeck coefficients are commonly observed in solids when high-temperature con- 
duction is dominated by the hopping of constant-density small polarons [10, 9]. 
Those experimental results are confirmed using the DFT-based direct method, 
nonequilibrium ab-initio molecular dynamics (NEAIMD). From Table 3.5, the 
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Figure G.3. Atomic structure of boron car- 
bides. Gray and black spheres represent 
the boron and carbon atom, respectively. 
To avoid crowding, the boron atoms at the 
icosahedra are not shown. 



(B , 2 ) 


Intericosahedral 
chain (C-B-C) 


potential difference (A cp e ) is computed as the ratio of the charge difference (Aq) 
and dielectric value within a certain temperature difference (AT), 



Jo £<?^o 


A qL 
A 


(G.18) 


where n e is the charge density, L is the distance from two junctions (hot-cold), e e is 
the relative permittivity, e Q is the vacuum permittivity, and A is the cross-sectional 
area of the simulation cell. For simulations we use the Vienna ab-initio simula- 
tion package [257] modified to perform NEAIMD-energy exchange [340, 225] as 



Figure G.4. The Seebeck coefficient of boron carbide (x = 1.0) as a function of temperature. 
NEAIMD, reported experimental results [10, 9], and analytical model [10, 9] are shown. To 
clarify its origins, vibration and transport components to the net Seebeck coefficient are also 
provided. 
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reported in [446, 485]. The simulations are performed on the supercell of 360 atoms, 
based on the experimental results for the thermally expanded lattice parameter 
[457]. We equilibrate each simulation using equilibrium ab-initio molecular dynam- 
ics (EAIMD) for 1 ps with a 0.5-fs time step. Equilibrium is followed by 22 ps of 
NEAIMD using a 1-fs time step. To clarify the charge associated with each atom 
along the simulation cell (hot to cold), Bader’s analysis [188] on a charge density 
grid is used with a DFT charge density. 

The Seebeck coefficient is finally obtained from (G.l). As shown in Figure 
G.4, the NEAIMD predictions of boron carbides agree with experimental results. 
To clarify the origin of this unusual trend of boron carbides’ Seebeck coefficient, 
Figure G.4 also shows two phonon contributions to the Seebeck coefficient. First, 
reducing the local vibrational frequencies (phonon softening) increases the vibra- 
tional entropy. This entropy is from the negative derivative of the thermodynamic 
free energy and can be simplified using the high-temperature limit (k^T hco) 
and series expansions of the hyperbolic functions (see Section G.l. 3). Hence, the 
vibrational contribution to the Seebeck coefficient is given in (G.12). In addition, 
some charge carriers and their interactions cause a change in net energy transfer. In 
boron carbides, locally induced polarons change the net energy transfer by employ- 
ing deformation energy and hopping activation energy (E a ). To calculate the trans- 
port Seebeck component that is related to the phonon-assisted hopping, we start 
from o^trans ,e P = EjlqT and (G.13). Using the binding energy relation with the local 
stiffness, the exact form of Ej simplifies to (G.17). Using (G.17), a simple expres- 
sion for the net flow of vibrational energy, the transport contribution related to 
phonon-assisted hopping is calculated. In the temperature-dependent phonon den- 
sity of states obtained from EAIMD and the Fourier transform of a velocity auto- 
correlation function over 22 ps (with 1-fs step), we observed the phonon softening of 
the overall frequency domain. This contribution is to the high-temperature phonon 
part of the Seebeck coefficient. The vibrational part (a's.vib) increases as temper- 
ature increases. The other contribution (i.e., o^trans,^) rises from zero, reaches a 
peak at about 1/3 of the relevant Debye temperature (~ 750 K), and then falls to a 
small value. The sum of these two contributions is in good agreement with the tem- 
perature dependence of the boron carbide Seebeck coefficient from NEAIMD and 
experimental data. Note that our EAIMD decomposition provides different results 
from those of the Emin approximation [10, 9]. 

Our theoretical and computational treatment demonstrates that boron carbides 
have a high-temperature phonon softening and phonon-assisted polaron hopping 
that contribute to the Seebeck coefficient. This understanding and new predictions 
show that this material is a good example to demonstrate phonon contributions to 
the Seebeck coefficient. 


APPENDIX H 


Monte Carlo Method for Carrier Transport 


Monte Carlo (MC) is a broad term and describes an approach to solving problems 
that involves generating a sequence of random numbers. This approach can be used 
to solve the Boltzmann transport equation (BTE) for phonon, electron, fluid par- 
ticle, and photon transport. At first glance, one may ask how randomness can gen- 
erate a correct solution to the transport equation. However, energy carriers travel 
according to the scattering probabilities based on the physics, and the uniformly 
distributed random number decides scattering sequences using the probabilities 
[498]. 

The MC simulation is widely used to calculate electron transport and is regarded 
as one of the most accurate approaches for simulating device performance [294]. 
The semiclassical MC simulation uses randomly selected scattering mechanisms and 
relaxation times, which are theoretical based on the quantum mechanical Fermi 
golden rule (Appendix E), and the classical equations of motion for charge (e.g., 
electron) carrier transport between scattering events. This is equation of motion 
represented by 


dr* 
d t 


\y Ke E e (K e ) and 
n 


d K e 

~dT 


<?e g 

n ’ 


(H.l) 


where r e is the position, E e is the energy, K e is the momentum wave vector of the 
simulated carrier, e e is the electric field vector, and q is the electric charge. The 
energy dispersion relation, or the band structure, E e (ic e ), should be identified for 
the drift (free flight) of carriers. The random selection procedure for the scattering 
mechanisms can be simplified through introduction of the self-scattering mechanism 
[387]. Otherwise, we need the full integral form of the free-flight probability density 
function for all scattering mechanisms. Scattering rates are generally functions of 
the energy, so the overall rate [by the Matthiessen rule, 4.111] changes with carrier 
energy. However, with the self-scattering mechanism, we can use a constant total 
scattering rate (y Q ), and then by using only one random number, we can cover the 
various scattering models. This is illustrated in Figure H.l (a). The relaxation time 
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Figure H.l. (a) Choice of scattering event. The constant scattering rate (]> 0 ) is composed of 
overall scattering Ym , j is the total number of possible scattering mechanisms) and 

the self-scattering rates (]> se if), Yo — Y^L= i Ym + Pseif- If the random number, ran , is between 
Jf'mh Ym/Yo and Yl'm=i Ym/fo , the i-th scattering mechanism is selected. If the self-scattering 
is selected ( ran > Jf J m=1 y m ), neither energy nor momentum of the carrier changes, (b) The 
free-flight and scattering sequence. According to randomly assigned scattering time (r), a 
carrier can be scattered or drift within a given time step (At). Once it finishes its free flight, 
a carrier is scattered with randomly selected scattering mechanism and a new scattering time 
is assigned to the carrier, (c) An algorithm of the self-consistent ensemble MC simulation. 
Electric potential and field from charge distribution are calculated by solving the Poisson 
equation, and carrier trajectories are simulated using the MC method with them. Carrier 
distribution obtained from the simulation is used to update the internal field. 


of each carrier (r) is randomly assigned (with a random number, ran) based on the 
constant total relaxation time as 


r = In (ran). 

Yo 


(H.2) 


Each carrier is scattered or drifted during a simulation time step, and Figure 
H.l(b) outlines an algorithm for this process [198]. Consulting the lookup tables for 
scattering rates of various mechanisms can save calculation time. 
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In many electron transport Monte Carlo simulations - the so-called ensemble 
Monte Carlo simulations - a large ensemble of electrons are simulated at the same 
time. Then the ensemble average over a long enough time is taken for the calcula- 
tion of properties such as the electric mobility. The carrier distribution influences 
the electric field, and the field influences the carrier trajectory, as described with the 
Poisson equation (Table 3.5) as 


-V • (s 0 E e V<p t; ) = e c n e , (H.3) 

where s e is the permittivity, n e is the charge density, and y e is the electric potential. 
The ensemble MC simulation is coupled with the Poisson equation by the iteration 
process - the so-called self-consistent process - to make charge distribution con- 
sistent with the field, and the field consistent with distribution as shown in Figure 
FI. 1(c). This self-consistent ensemble Monte Carlo method is widely used for device 
simulations [198, 211, 333, 193]. 

MC simulations are also applied to the BTE for phonon transport, in a similar 
manner to electron transport, despite the differences between these carriers [314]. 
The equilibrium phonon occupation number is given by the Bose-Einstein distribu- 
tion, and the phonon group velocity (u p , g ) and density of states ( D p ) are calculated 
from the phonon dispersion. Phonons travel with the group velocity and engage in 
scattering with other phonons, impurity, lattice boundary, electrons, and so on (as 
discussed in Section 4.9). The ensemble of phonon trajectories is calculated with a 
stochastic sampling of the scattering events. Phonons can be annihilated and created 
during the three-phonon interactions, which are representative of phonon scattering 
as normal and Umklapp processes (Table 4.2). During the Umklapp process, energy 
is not conserved, posing resistance in energy transport. The MC approach has been 
applied to phonon transport at nanoscales because of its flexibility in accounting 
for complicated geometries and the use of proper phonon dispersion relations and 
different polarization branches [497, 261, 380, 179, 215]. 

Fluid particles in the transitional-flow regime (Section 6.11) have been simu- 
lated with this method. As discussed in Section 6.11, both interparticle and particle- 
surface collisions are considered in the transition regime (1CT 2 < Kn/ < 1, Kn/ is 
the Knudsen number defined as A///, where Xf is the molecular spacing and / is the 
clearance distance). The MC for fluid particle transport [also called direct simula- 
tion Monte Carlo (DSMC)], treats the fluid particle motion and intermolecular col- 
lision separately, based on dilute gas assumption and the kinetic theory [40]. Thus, 
the DSMC method cannot be applied to dense gases or to highly ionized plasmas 
dominated by long-range interactions (although it is applied to weakly ionized gases 
with the Poisson equation to include the electric field effect [452]). This approach 
was first used for the homogeneous gas relaxation problem and has been used in the 
flow analysis, such as shock structure [38, 39]. 

The MC method for photon transport employs the concept of particle beam 
based on the radiative transfer equation (ERT) discussed in Section 7.6 and sum- 
marized in Table 7.1; it has distinct features compared to, for example, electron 
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(a) Continuous slowing-down approach (CSDA) (b) Discrete inelastic scattering (DIS) 

Figure H.2. Flowcharts of the MC simulation of photon transport using (a) CSDA and (b) 
DIS treatment. Photon beam with randomly initialized spatial distribution travels during a 
photon interaction time, r ph . If a photon escapes the computation domain after the free flight 
and the prescribed number of simulated beams is not sufficient, new photon beams are simu- 
lated. Otherwise, the photon beam is scattered and its new energy is updated (when scattering 
is inelastic), as well as its directions, etc. In energy absorption, if new energy after scattering 
is smaller than a prescribed criterion, the photon beam is regarded as annihilated and simu- 
lation for this beam is stopped. 


transport [498, 428]. There are two photon transport treatments: the continuous 
slowing-down approach (CSDA) and the discrete inelastic scattering (DIS) 
approach. Both initialize photon beam (photon packet) profiles with random num- 
bers and generally use a spatial uniform or Gaussian beam intensity distribution. 
The main difference between two treatments is that the CSDA treats inelastic scat- 
tering as a continuous event, so energy change corresponds to the distance traveled, 
but in the DIS approach, the energy change in inelastic scattering events depends on 
the scattering mechanism [498]. Their algorithms are described in Figure H.2 with 
flowcharts. They are applied to various biomedical applications for measurements 
of phonon transport, as well as to similar treatment of electron beam transport as in 
the scanning electron microscope (SEM) [428, 488, 487]. 


APPENDIX I 


Ladder Operators 


This appendix deals with the boson and fermion ladder operators (i.e., annihilation 


and creation operators). These operators are not only used to find, for example, the 
eigenspectrum of a the quantum harmonic oscillator (Section 2.6.4); they are also in 
the second quantization to deal with systems of identical particles, such as, bosons 
(symmetric particles, e.g., phonons and photons) and fermions (anti-symmetric par- 
ticles, e.g., electrons). This appendix covers the basics of the second quantization (as 
compared to the first quantization, of which a brief description is also given here), 
including the Fock (number) states and the basic forms of the creation and annihila- 
tion operators and their commutators (or anti-commutators, in the case of fermion 
operators). Finally, the use of these operators in creating arbitrary states, the num- 
ber operators, field operators, and non-interacting and interacting Hamiltonians are 
discussed. 

When dealing with bosons (phonon and photon, symmetric) and fermions (elec- 
trons, anti-symmetric), we must represent many identical particles. Consider a sim- 
ple, non-interacting Hamiltonian 


where each Hamiltonian H, generates the identical eigenspectrum (|/xi), |/X 2 >, 
|/z/), . . . ) for all N particles. Subscripts on \i denote the state and subscripts on |/x 7 - ) 
denote the particle occupying the y'th state. 

For example, consider a two-particle Hamiltonian with particles in the first two 
states. The boson and fermion states (I^b) and IVt)) are 


N 



(LI) 


IVOb = (iMl)l I M 2 ) 2 + lM2>llMl>2)/2 1/7 


IVOb = iMl ) 1 1 Ml) 2 

IVOb = I M2> 1 1 M 2 ) 2 


Wf = (Imi)i I M 2 ) 2 - lM2)llMl)2)/2 1/2 , 


(1.2) 
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where | pj ) / indicates the y'th state (/x) of the i th particle. Note that Imi)iI/^i )2 is 
naturally symmetrized, such that no similar anti-symmetric system is possible (i.e., 
there is no equivalent fermion state since the Pauli exclusion principle holds). 

This state description becomes cumbersome for many particle systems. Con- 
sider the case where N particles are evenly distributed between N states: 

1 v- 

IVOb = ( N )y/2 / .Pp'lMl)! lM2)2 • • • \^n)n 


Wf (N\)V 2 


I M 1 ) 1 I M2) 1 • • • iMvh 
I M 1 ) 2 lM2h • • • lMv)2 


iMl )n I M2 )n • • • I Mv)v 


(1.3) 


where P /y is a permutation operator switching particle indices i and j and the 
fermion state is a Slater determinant [439]. (The boson representation is the per- 
manent of a similar matrix.) Note that if two fermions are in the same state, then 
two columns of the determinant are identical, and the determinant is zero. Thus the 
fermion system state is zero, and no two particles can share a state (Pauli exclusion 
principle). 

We introduce the second quantization to simplify these forms. Unlike the first 
quantization, the second quantization does not involve a profound new physical 
understanding, but is rather a mathematical transformation. 


1.1 Fock States 

In the second quantization, we represent a system by the number of particles n in 
each state j to create a Fock state | n) j. For example, consider the states in (1.2): 


IVOb = (Imi)iIM2>2 + IM2>iImi>2)/2 1/2 


IVOb = Imi)iImi>2 

■» 121(h) 

IVOb = lM2>llM2>2 

■» |0i2 2 > 

IVOf = (lMl>llM2>2 - IM2>iImi>2)/2 1/2 

■» II 1 I 2 . 


Note that the fermion Fock states are either full |1) or empty |0). Extended to n 
particles, it becomes very easy to write, for example, the ground state 

IVOb = \n)i 

IVOf — 1 1 ) 1 1 1 ) 2 • • • 1 1 > n • (1.5) 

Also, note that p may describe either a discrete state (e.g., an energy state E /L in 
a potential well) or a continuous state (e.g., the wavevector k or momentum p of 
a free particle). Furthermore, polarizations can be added, with each /c being paired 
with polarization a. 
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1.2 Annihilation and Creation Operators 


To create and alter Fock states and define Hamiltonians (and other operators), we 
define the creation and annihilation operators. For electrons, phonons, and photons 
in state \i they are designated a M and a^, b M and , and and (as in, e.g., Section 
7.12.3). The photon and phonon ladder operators behave identically in the follow- 
ing discussion. * Therefore, the phonon operator ( b ) is used to discuss boson ladder 
operators. 

For the bosons, the ladder operators are [15] 

creation: n)^ = (n + 1) 1/2 | n + 1) M 

OO 

that is b\ = y^X n + 1) 1/2 |« + l)/x(«| 


annihilation: 
that is 


bnWp = (n) 1/2 \n - 1) M 

OO 

= ^n 1/2 |n - 1) M («|. (1.6) 


The commutation relation is 


[V = (bpb^, - b^b^n)^ 

= bpS^nin + 1 ) 1/2 | n + 1) M - b\,n 112 \n - 1) M 

= <Vm( ,? + 1)1 


= 5 


mV • 


(1.7) 


Moreover, [ b Z? M /] = [Z?^, Z?^,] = 0. This commutator is used in the last step of (4.49). 
Note that this mirrors the commutation of the ladder operators used to find the 
eigenspectrum of the quantum harmonic oscillator [172], with the caveat that oper- 
ators on different states commute. 

For fermions the ladder operators are [15] 


creation: 
and 
that is 

annihilation: 

and 

that is 


4 i°>m = u>„ 

4iv = ° 

4 = UM0| 
4 ii>„ = i°>„ 
4i°>m = ° 

a !l = |0> /i (l|. 


(1.8) 


t When the ladder operators are derived from, for example, the position and momentum operators, 
there are differences in scaling. However, the ladder operators operate identically on the Fock states 
and can be used to define the operators, including Hamiltonians, in the same manner [142]. 
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The anti-commutation relation takes the familiar form {a^, a^,} = + 

a^al = 8^. Similarly, {b^ b,A = [b \ , b\,} = 0. Also, a\ = a\ L = 0, and |1) M |1)^ = 
, | vacuum) = —a^a^ | vacuum) = 1 1)^/ 1 1) M for p! ^ p in order to satisfy anti- 
symmetry properties. 

1.3 Creating Fock States, Number Operators, and Field Operators 

1.3.1 Creating Fock States 

To create an arbitrary boson Fock state, creation operators are repeatedly applied 
to a vacuum state and normalized [142]. For example, 

b ]ni b ]n2 

l«i. » 2 > m = 1 vacuum). (1.9) 

(n\ \ri 2 \) L/z 

Similarly, to generate an arbitrary fermion Fock state, creation operators are 
applied to a vacuum state. For example, 

|ll, I 2 ) = 1 vacuum ) — — ^2^ll vacuum ) — “ |l2> ll)- (1.10) 

Note that the order of operators and states is important when creating fermion 
states. 


1.3.2 Number Operators 

We can also easily create number operators ( h ) for both the bosons and fermions 
(subscripts B or F), which count the number of particles in each state or the total 
number of particles in the system (subscripts /x or T). They are 

«b, m = b i b ,* 

✓V X ^ /», 

n B,T = 2 

%,/* = ^\i 

«F,T = (Fll) 

li 

with h\n) — n \n). That is, the Fock state \n) is an eigenvector of the number operator 
n with eigenvalue n. 


1.3.3 Field Operators 

The creation and annihilation operators typically exist in momentum space. How- 
ever, it is often inconvenient to write system Hamiltonians in the momentum space, 
or conversely, it is more convenient to think about system evolution in position 
space. For these reasons, among others, we introduce the field operators [0^(x) and 
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0(x)], which describe the quantum field (i.e., quantum field theory [378]). The field 
operators are the Fourier transform of the creation and annihilation operators for 
momentum state /c. That is, 

0W= (djw / dit3b ‘ e “"- ( u2 > 

for the boson field operators. The field operators mirror the ladder operators. (Sub- 
stitute i j/ for 0 and a for b for the fermion field operators.) 

In the same way that the creation and annihilation operators (of momentum 
state tc) add or remove a particle from momentum state k, the field operators add 
or remove a particle from the position x. In fact, this is only a naming convention 
to help clarify whether the formulation is in position or momentum space. Thus, 
the field operators maintain the same commutation (boson) and anti-commutation 
(fermion) relations, and the canonical commutation relations arise between both 
annihilation (or creation) operators (e.g., [</>(jt), b p ] = ih). 


1.4 Hamiltonians in Second Quantization 

Boson and fermion systems may be classified as non-interacting (i.e., a system where 
the particles do not interact with each other, but may interact with, for example, a 
potential well) or interacting (i.e., a system where particles attract or repel each 
other). 

Non-interacting Hamiltonians are trivial to describe in the second quantization. 
Consider a system of non-interacting free bosons. The Hamiltonian is 

«=£ 

P P 

where p is the momentum vector. Similarly, for any non-interacting boson system 
the Hamiltonian can be written as 


= (1-14) 

M t 1 

where E p is the energy of the state fi. For example, in a system of particles trapped 
in a harmonic potential, E /x — Tico(ia + 1/2). Thus, the eigenstates of non-interacting 
systems are those of n l± (i.e., | n) p ). For the equivalent fermion system, replace the 
number operator with its fermion counterpart. 

Similar Hamiltonians, for example, are used in (4.49) in Section 4.5 and (7.170- 
7.172) in Section 7.12.3. These Hamiltonians describe systems of decoupled quan- 
tum harmonic oscillators, in which case the annihilation and creation operators may 
be derived from the polarization and/or position operator and its derivatives (e.g., in 
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the quantum harmonic oscillator [Section 2.6.4] or in phonon wavefunction deriva- 
tion [Section 4.5 and 5.15.1]). 

Now consider the case of an interacting boson system in the first quantization 

h =E£+jI><^> 

l tj 

= J d *£i*>4 1 jM*i + / / £ d * d *V>H*V(*-*TVi.<*i- ( L15 ) 

i ij 


By transforming to the second quantization, we eliminate the summation. That is, 

(1.16) 


H = J d xtf{x')(-^L)<j>(x) 


+ 


dxdx' (/)\x')(/)\x')(p(x , x')(j){x)(j){x). 


(1.17) 


Equation (1.16) is the non-interacting Hamiltonian (1.13), whereas (1.17) is the 
interacting Hamiltonian (Hi nt ). As an example, consider the short-range interaction 
cp( x, x') = (p 0 8 3 ( x — x'), such that 

Hint = yJ ^ x< t >]2 i x ) < t >2 t x ) (0-4 theory) 

= EE £ b\_k 2 b\b K - k t b kl (momentum space representation). (1.18) 

^ k2,k\,K 

Thus, we arrive at the potential examined in 0-4 theory [378], where the interaction 
potential is described by the field to the fourth order. The momentum space repre- 
sentation shows that this interaction results in the exchange of momentum between 
particles, which, for example, creates quantum depletion in Bose-Einstein conden- 
sates (a system of bosons with a finite fraction of particles in the ground state). That 
is, if we take (ic = k\ — 0), the interaction annihilates particles in the ground state 
and creates them in excited states (fe 7 ^ 0). 1 

Finally, consider the Fermi surface. It is rather straightforward to demon- 
strate the concept in the second quantization for non-interacting fermions (H = 
^2 E^a^a/j). For T — 0 K, the ground state is the minimization of (H — pN), where 

N is the number of particles. (H — pN) — (J2k(E K — p)ala K ), and a\a K is the num- 
ber operator n K that returns either empty (0) or full (1). Thus, to minimize the 
energy, p is selected such that if E K — p > 0 then n K = 0, and if E K — p < 0 then 
n K = 1. 


t The additional 1/2 Tico that arises in the harmonic oscillator [e.g., (4.49)] sums to infinity for infinite 
degrees of freedom (e.g., in a field where the sum is over a continuous variable). By subtracting 
the same infinity (1/2 hco), the differences resulting from th ehcoh term may be investigated. Thus, in 
boson and fermion formulations, the 1/2 hco term is often dropped [142]. 

* A more thorough derivation of a mutually interacting system is given in [142]. 
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A boldface lowercase indicates a vector, and a boldface uppercase letter indicates a 
tensor; Roman letters are used when proper names are referred to. 

a interatomic spacing (lattice constant), m 

a s speed of sound in fluids, m/s 

a acceleration vector, m/s 2 

a e vector potential, A-kg/m 

A cross-sectional area, m 2 

b e magnetic field vector, V-s/m 2 

c 0 speed of light in vacuum, 2.998 x 10 8 m/s 

c p specific heat capacity at constant pressure, J/kg-K, or J/K 

c v specific heat capacity at constant volume, J/kg-K, or J/K 

D Debye, units of electric dipole moment, 3.3356 x 10~ 30 C-m 

D diameter, m 

Di(E) energy density of states, l/m 3 -eV, for carrier i 
Di(co) frequency density of states, 1/m 3 -rad/s, for carrier i 
d displacement vector, m 

E energy, J 

E p bulk modulus, Pa 

E y Young modulus, Pa 

e specific energy, J/kg 

e c electron charge, 1.602 xlO -19 C 

e e electric field intensity vector, V/m 

Fo Fourier number 

F force vector, N 

/ frequency, 1/s or Hz 

ft probability distribution function for carrier i 

g degeneracy 

g gravity vector, m/s 2 

G n Newton (gravitational) constant, 6.673 xlO 11 m 3 /kg-s 2 
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G 

Gt 

H 

h 

h P 

h 

h e 

I ph,to 

je 

ji 

J 

Ji 

k 

k B 

Kn, 

K 

L 

M 

Mij 

m 

m e 

m n 

m p 

m\ 

rii 

nx 

h 

N 

N a 

N Uo 

P 

P 

Pe 

P 

Pe D 

Pr 

Q 

q 

r 

r B 

r C 

R 

R* 


shear modulus, Pa 
conductance of carrier i , W/K 
Hamiltonian, J 
enthalpy, J/kg or J/particle 
Planck constant, 6.626xl0 -34 J-s 
= hp/2n 

magnetic field intensity, A/m 

spectral radiation intensity, W/m 2 -(rad/s) 

electric current density vector, A/m 2 

flux vector for quantity i 

Jacobian matrix 

current vector of quantity i 

thermal conductivity, W/m-K 

Boltzmann constant, 1.381xl0 -23 J/K 

Knudson number, Xf/l 

thermal conductivity tensor, W/m-K 

length, m 

molecular weight, kg/kmole 
energy interaction matrix element, J 
mass, kg 

electron mass, 9.109xl0 -31 kg 
neutron mass, 1.675 xl0~ 27 kg 
proton mass, 1.673 xlO -27 kg 
complex index of refraction — iKx 
number density of particle /, 1/m 3 
spectral index of refraction 
particle generation rate, l/m 3 -s 
number of particle 

Avogadro number, 6.022 xlO 26 molecule/kmole 
Lorenz number, 2.44 xlO -8 W-^/K 2 
pressure, Pa, or momentum, N-s 
momentum vector, N-s 
dipole moment vector, C-m 
probability 

Peclect number, Uf D/a f 

Prandtl number, v / a f 

heat flow rate, W, or normal coordinate, m 

heat flux vector, W/m 2 

charge of particle i 

radial location, m 

Bohr radius, 5.292xlO -11 m 

Compton radius, 2.8179 xlO -15 m 

resonance 

universal gas constant, 8.3145 xlO 3 J/kmol-K 
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R t thermal resistance, K/W 

Reo Reynolds number, UfD/Vf 

Ry Rydberg constant, 1.0974xl0~ 5 cm -1 , also unit of energy, 13.606 eV 

S energy conversion rate, W 

S entropy, J/K, or quantum angular momentum spin J-s 

s volumetric energy conversion rate, W/m 3 

s unit vector 

s e Poynting vector, W/m 2 

t time, s 

T temperature, K 

u velocity vector, m/s 

u f fluid velocity vector, m/s 

V volume, m 3 

(o heat current vector, W-m 

x location, or position vector, m 

x,y,z Cartesian coordinate, m 

z atomic number 

Z partition function 

z e number of conduction electrons per atom 

Z e thermoelectric figure of merit, 1/K 


Greek 
a 
Ole 
01 ph 

Yad i Yde 

hj 

Y 

Yg 

r 

r 

s d (e) 

g 

Oph 

Y] 

K 

K P 

K 

X 

h 


diffusivity = k/pc p , m 2 /s, or fine-structure constant, 7.29735xl0~ 3 
molecular polarization 
photon absorptivity 

adsorption and desorption rate coefficients, l/m 3 -s 

interaction between carriers i and j, or transition rate between state i and j, 1/s 

specific heat capacities ratio, Cf tP /cf tV 

Grimeisen constant (or parameter) 

spring constant, N/m 

gamma function 

Dirac delta function, 1/J 

Kronecker delta, = j) = 1, 8ij(i ^ j) = 0. 

electric permittivity (dielectric function) 

free-space electric permittivity, 8.854xl0~ 12 A 2 -s 2 /N-m 2 

emissivity 

turbulent kinetic energy dissipation rate, m 2 /s 3 
efficiency 

wave number, k = 2n /X, 1/m 
spectral index of extinction 
isothermal compressibility, Pa -1 
wave vector, 1/m 
wavelength, m 

mean free path of carrier /, m 
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/x chemical potential, J/kg, or J/particle, or dynamical viscosity, Pa-s 

fi e magnetic permeability, N/A 2 

fi e transition dipole moment, C-m 

/x 0 free-space magnetic permeability, 1.257 x 10~ 6 N/A 2 

vp Poisson ratio 

Vf fluid kinematic viscosity, /x//p/, m 2 /s 

p density, kg/m 3 

p e electrical resistivity, Q-m 

p r reflectivity 

Oi absorption coefficient for carrier /, 1/m 

o e electrical conductivity, 1/^-m 

ctsb Stefan-Boltzmann constant, 5.670 x 10 -8 W/m 2 -K 4 

T a atomic time scale, 2.4189 x 10 -17 s 

Tj-j relaxation time from interaction between i and y, s 

ijj stress tensor component, Pa 

T r transmissivity 

cp potential energy, J 

time-dependent wave function, m~ 3/2 
time-independent wave function, m~ 3/2 
£2 solid angle, sr 

co angular frequency, co = 2nf , rad/s 

Subscripts 
A acoustic 

b blackbody 

B Bohr, or Boltzmann 

c conduction 

C Coulombic, or Compton 

C-P Cahill-Pohl 

dB de Broglie 

D Debye, or Dirac 

E Einstein 

e electron, or electromagnetic, or emission 

fm free molecular 

/ fluid particle, fluctuation 

F Fermi 

§ group, or gap 

G Griineisen 

h hole 

i incident, carrier 

k conduction 

ku surface convection 

K Kolmogoroff 

/ laminar, or based on length / 
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L longitudinal, or Lorenz 

LJ Lennar d-Jones 

m molecular 

MD molecular dynamics 

n normal 

N Newton 

o reference value 

O optical 

P Planck, or Peltier, or Poisson 

p phonon, or potential energy, or constant pressure 

ph photon 

r radiation 

sp spontaneous 

st stimulated 

s static 

S Seebeck, or Slack 

T thermal 

T Thomson, or transverse 

t turbulent 

tr transition, or turbulent fluctuation 

u convection 

v valence 

Y Young 

a polarity, or diffusion 

co frequency 

/ 1 viscous 


Superscripts 

' turbulent fluctuation 

* dimensionless (scaled) 

o equilibrium value 

f complex conjugate, or Hermitian conjugate 


Others 

( > 


a 

0 {) 

A 

V- 

V 

d/dt 


ensemble average, or spatial average 

time average, or average 

nearly 

proportional 

order of magnitude 

difference 

divergence 

gradient 

time derivative 




Abbreviations 


AMM 

acoustic mismatch model 

BCC 

body-centered cubic 

BDC 

1, 4-benzenedicarboxylate 

B-K-S 

van Beest-Krammer-van Staten 

BTE 

Boltzmann transport equation 

BZBC 

Brillouin zone boundary condition 

C-P 

Cahill-Pohl 

DCF 

displacement correlation function 

DFT 

density function theory 

DMM 

diffuse mismatch model 

DOS 

density of states 

EF 

exponential-fit 

EM 

electromagnetic 

ERT 

equation of radiative transfer 

FAU 

faujasite (a zeolite) 

FCC 

face-centered cubic 

FD 

first-dip 

FGR 

Fermi golden rule 

fm 

free-molecular 

GGA 

generalized gradient approximation 

G-K 

Green-Kubo 

GTO 

Gaussian-type orbital 

HCACF 

heat current autocorrelation function 

HFSS 

high-frequency structure simulator 

L-J 

Lennar d-Jones 

LA 

longitudinal-acoustic 

LAPW 

linearized augmented plane wave 

LCAO 

linear combination of atomic orbitals 

LDA 

local density approximation 

LTA 

zeolite A (Linde Type A) 

LO 

longitudinal-optical 
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Abbreviations 


M-B 

Maxwell-B oltzmann 

MD 

molecular dynamics 

MHD 

magnetohydrodynamics 

MOF 

metal-organic framework 

MSD 

mean-square displacement 

MSRD 

mean-square relative displacement 

MWNT 

multiwall nanotube 

NIR 

near-infrared regime 

NMR 

nuclear magnetic resonance 

pdf 

probability density function 

PV 

photovoltaic 

QC 

quadratic convergence 

QD 

quantum dot 

QED 

quantum electrodynamics 

QW 

quantum well 

RDF 

radial distribution function 

RMS 

root-mean-square 

SC 

simple cubic 

SCF 

self-consistent function 

SI 

Systeme International (system standardizing abbreviations of units) 

SMRT 

single-mode relaxation time 

SOD 

sodalite (a zeolite) 

SOMO 

singly occupied molecular orbital 

S-W 

Stillenger-Weber 

TA 

transverse-acoustic 

TE 

thermoelectric 

TDDFT 

time-dependent density function theory 

TO 

transverse-optical 

W-K-B 

Wentzel-Kramers-Brillouin 

YAG 

yttria-aluminum-garnet 
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Adiabatic (Born-Oppenheimer) approximation : A technique used to decouple the 
motion of nuclei and electrons (i.e., separate the variables corresponding to the 
nuclear and electronic coordinates in the Schrodinger equation associated to 
the molecular Hamiltonian). It is based on the fact that typical electronic veloci- 
ties far exceed those of nuclei. 

Anti-Stokes emission : When the frequency of emitted photon is equal or larger 
than the exciting (absorbed) photon. The extra energy can be contributed from 
phonon absorption (lattice vibration) or from molecular kinetic energy. 

Auger effect : One of two principal processes for relaxation of inner-shell electron 
vacancy in an excited or ionized atom. It is a two-electron process in which an 
electron makes a discrete transition from a less bound shell to the vacant but 
tightly bound electron shell. The energy gained in this process is transferred, 
by means of electron static interaction, to another bound electron, which then 
escapes from the atom (called the Auger electron). 

Ballistic transport : The motion of electrons in ultrasmall (highly confined) regions 
in semiconductor structures at very high electric field with velocities much higher 
than their equilibrium thermal velocity. The ballistic electrons are not subjected 
to scattering, so they can move with ultrahigh velocity. The ballistic transport is 
determined by the electronic structure of the semiconductor and is different for 
different semiconductors and this allows ultrafast devices. Ballistic transport is 
also extended to other microscale energy carriers, indicating transport with no 
scattering. 

Bandgap energy : The energy difference between the bottom of the conduction band 
and the top of the valence band in a semiconductor or an insulator. 

Bloch theorem : This theorem states that the eigenfunction of the Schrodinger equa- 
tion for a periodic potential is the product of a plane wave times a function that 
has the same periodicity as the periodic potential. 

Bloch wave : A description of an electron in a crystal that takes account of the peri- 
odic potential of the positive ions. A free-electron wave, e.g., exp \i(jc • x )] is mod- 
ulated near each atom of the lattice by a periodic potential function a K (x). The 
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Bloch wave is thus represented by 

f K (x) = a K (x)exp[i(ic •*)]• 

Bloch showed that the periodic field of the crystal lattice neither scatters nor 
destroys the free-electron wave, but modulates it. 

Boson : A class of particles of the associated with forces, obeying Bose-Einstein 
statistics. 

Bravais lattice : Periodic array in which the repeated units (single or multiatom) of 
a crystal are arranged. The atoms are presented as points and the infinite array 
of these discrete points appears exactly the same when viewed from any atom 
(translational symmetry). 

Bose-Einstein condensate : A phase transition at low temperature and high density, 
corresponding to a phase-space density of 

H/A. dB = 2.612, 

where ny is the fluid particle number density and is the de Broglie wavelength 
(6.10). At this state, a gas of atoms undergoes transition to the Bose-Einstein con- 
densate, which is the lowest accessible quantum state and a new form of matter. 

Bremsstrahlung : German word for decelerating radiation. It describes photon 
emission (or absorption) when a free electron undergoes momentum (energy) 
change. 

Brillouin scattering : Interaction of light in a medium with density variations that 
change its path. The density variations may be due to acoustic modes (travel- 
ing sound waves) or temperature gradient. When the medium is compressed, 
the index of refraction of light in the medium changes and its path bends. From 
quantum mechanics, Brillouin scattering is interaction of photons with acoustic 
phonons. The scattered light wavelength is changed slightly by a variable quan- 
tity known as the Brillouin shift. 

Brillouin zone : Polyhedral zone in a crystal lattice used to define the frequency or 
energy of wave motion. 

Chirality : The property of an object that cannot be superimposed on its mirror 
image. 

Cohesive energy : The energy of a solid that is required for disassembling it into its 
constituent parts. 

Compton scattering : An increase in the wavelength of a photon (X-ray and y-ray 
regimes) due to absorption by free electrons (thus increasing the kinetic energy 
of the electrons). 

Conduction band : A vacant or only partially occupied set of many closely spaced 
electronic levels resulting from an array of a large number of atoms forming a 
system in which the electrons can move freely or nearly so. 

Cooperative processes : Summing of quanta of energy by the interaction of excited 
particles resulting in accumulation of excitation energy in one of them. For 
particles A and B the excitation energy can pass as ... — A* — A — B — 

—A — A — B* — 
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Creation and annihilation operators : Creation af (annihilation a) operator is the 
operator in quantum field theory that increases (lowers) the number of particles 
in a given state by one (i.e., adjacent eigenfunctions of a particle wave function). 
In the context of the quantum harmonic oscillator, the ladder operators are the 
creation and annihilation operators, adding or subtracting fixed quanta of energy 
to the oscillator system. Creation/annihilation operators are different for bosons 
(integer spin) and fermions (half-integer spin). This is because their wave func- 
tions have different symmetry properties. 

de Broglie wavelength : A wave associated with an electron (or other quasi- 
particles) in motion that gives it diffraction and interference characteristics, de 
Broglie suggested the wave nature of electrons with the momentum given by 
p =hic, where k is the wave number (2tcX, where X = h?/p = h?/mu is the wave- 
length). The thermal de Broglie wavelength use the average thermal momentum 
p = (mk B T) 1/2 , i.e., 

IdB (thermal) = ( f ) 1/2 . 

Z7T f7lKQ 1 

Debye temperature : The temperature corresponding to the crystals highest nor- 
mal mode of vibration (frequency /b), i.e., the highest temperature that can be 
achieved that is due to a single normal vibration /b and is given by 


Td — ^p/d/^b- 


The Debye temperature is related to atomic force constant and lattice structure 
as given by (4.161). The value of 7b for elemental solids is given in Table A.2, 
and for some compounds in Figure 4.26. 

Degenerate energy state : Existing in two or more quantum states with the same 
energy level. 

Density of states (DOS): the distribution of a fixed amount of energy among a num- 
ber of identical particles depends in part on the density of available energy states 
Dj . The probability that a given energy state will be occupied is given by the distri- 
bution function f , but if there are more available energy states in a given energy 
interval, will give greater weight to the probability for that energy interval, i.e., 

«,■(£,) = Di(E i )fi(E i )dE i , i — p, e, f, i. 


where n { is the number of particles per unit volume with energy Ej to + A Ej, 
Dj(E ) is the energy DOS (number of energy states per unit volume in interval 
A Ei), and f is the probability distribution function for energy £/. The density 
of states depends on the atomic structure of the matter influencing the particular 
carrier. 

The wave number DOS is given by the general expression for spherical energy 
surfaces as 


D;(/c)d/c = 


4ttk 2 


d/c. 


730 


Glossary 


There is also the frequency DOS Di(co). The relation between (or 00) and k 
is called the dispersion relation £;(/c), [or &>,(/<:)], and depends on the particular 
carrier. 

Dirac delta function'. This function represents any point action, i.e., action that is 
highly localized in space and/or time. For interactions involving an energy match 
requirement, the energy Dirac delta function is defined as 

8 D (E - Ei) = 0 for 
and < 5 d (E — Ej) -> oo for E = E t , 

poo 

and / 8d(E — Ej)dE = 1. 

Jo 

Note that < 5 d (E) has the unit of inverse energy. Also note that as given by ( 3 . 28 ) 
and ( 5 . 65 ), the energy integral of the energy Dirac delta function gives the energy 
DOS. 

Dispersion : The frequency or mode dependence of the phase velocity in a medium. 
The chromatic dispersion of an optical medium is basically the frequency depen- 
dence of the phase velocity with which a wave propagates in the medium. More 
precisely, one defines dispersion of second and higher orders by means of the 
Taylor expansion of the wave number as a function of the angular frequency co 
(around &> 0 ): 

d K 1 d 2 K 2 1 d 3 K 3 

k(q)) = k o + —(co - (Oo) + 2 9 ^ 2 ^- °>o) + 6 9 ^ 3 ^ ~ ’ 

where the zeroth-order term describes a common phase shift. The first-order term 
contains the inverse group velocity and describes an overall time delay without 
an effect on the pulse shape. The second-order term contains the second-order 
dispersion (group delay dispersion per unit length). The third-order term contains 
the third-order dispersion per unit length. The second-order dispersion is often 
specified in units of s 2 /m, and is the derivative of the inverse group velocity with 
respect to the angular frequency. The normal dispersion refers to d 2 K/dco 2 > 0 
(negative values are called anomalous). 

Distinguishable and indistinguishable particles : Particles are considered to be indis- 
tinguishable if their wave packets overlap significantly. Two particles can be con- 
sidered to be distinguishable if their separation is large compared with their de 
Broglie wavelength. 


t The Fourier transfer of F(k) = 1 is 

poo poo 

f(x) = / F(ic)e iKX dK = / e iKX c he. 

J — oo J — oo 

Taking the inverse, we have 


1 = 


1 r°° 

/ /w«- u 

2?r J —qq 


dx. 


Then f(x) is zero when x ^ 0, and /( x) tends to infinity for x = 0. Then, using the Dirac delta 
function, we have poo 

/ f(x)8 D (x - x Q )dx = f(x o). 

J — oo 

Note that in the energy Dirac delta function f(E) is equal to 1. 
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Dopant : In semiconductors a dopant results from introducing impurities into the 
intrinsic (pure) phase to change its thermoelectric properties. A lightly and mod- 
erately doped semiconductor is referred to as extrinsic. A semiconductor that is 
doped to such high levels that it acts more like a conductor than a semiconductor 
is called degenerate. For the group 14 semiconductors such as Si or Ge, the most 
common dopants are group 13 or group 15 elements. Group 13 dopants are elec- 
tron acceptors (because they are missing the fourth valence electron) and this cre- 
ates holes; are called the p-type dopants. Group 15 dopants are electron donors, 
adding extra valence electrons which become unbonded (conduction electrons) 
from individual atoms and allow the compound to be electrically conductive, 
and are called the n- type dopants. Heavy (or high) doping refers to the order- 
of-1 dopant atoms per 10 4 of host atoms. This is often shown as n + for n-type 
doping or p + for p-type doping. Dopants are also added to dielectrics (such as 
oxides). 

Drude electron transport model : This model assumes that the conduction electrons 
(a) do not interact with the cations (free-electron approximation), except for col- 
lisions, in which the velocity of the electron abruptly and randomly changes direc- 
tion as a result of collision (relaxation time approximation), (b) maintain thermal 
equilibrium through collisions (classical statistics approximation), and (c) do not 
interact with each other (independent electron approximation). 

Effective electron mass : The effective mass of a particle is its apparent mass in the 
semiclassical model of transport in a crystal. Electrons and holes in a crystal 
respond to electric and magnetic fields almost as if they were free particles in 
a vacuum, but with a different mass. This is a fraction of the free-electron mass 
m e . Effective mass is defined by analogy with the Newton second law F = ma. 
Using quantum mechanics it can be shown (Chapter 5) that for an electron in an 
external electric field e e 


1 d 2 E, 


" : h 2 c k 2 


e r e 


c^e 


F 

m e ,e 


Also, in an external electric field, the electron would experience a force of F — 
m ee e c e e , where e c is the charge. Then the electron effective mass m e e becomes 


m 


e,e 




Elastic collision (scattering): Scattering of an energy carrier by another energy 
carrier or by other entities (e.g., impurities, in solids) that leaves the energy 
of the carrier unchanged after the event. For example, impurity scattering and 
acoustic-phonon scattering of electrons in solids are generally treated as elastic 
scattering. 

Electron bandgap : Under the periodic potential in crystals, electron energy gaps are 
formed by electrons with localized (nonpropagating) wave functions as opposed 
to those of electrons in allowed bands that have extended (propagating) wave 
functions. Bandgap energy is defined by use of this localization as the energy 
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needed to remove an electron from a bond in the solid, enabling the electron to 
move freely through the solid to conduct electricity. 

Electron volt : An amount of energy gained by an unbound electron when acceler- 
ated through a static potential of one volt. 

Energy relaxation time : The time required for dissipating the carrier energy. 

Ergodic hypothesis : This hypothesis states that the time-average behavior of an 
individual particle in a system is equal to the ensemble-average behavior of the 
system. 

Evanescent wave : Evanescent means tending to vanish, and the intensity of evanes- 
cent waves decays exponentially (rather than sinusoidally) with distance from 
the interface at which they are formed (the wave number is purely imaginary). 
Evanescent waves are formed when sinusoidal waves are (internally) reflected 
at an interface at an angle greater than the critical angle so that total internal 
reflection occurs. 

Exciton : The combination of an electron and a hole in an excited semiconductor 
crystal. An exciton consists of a single electron and a single hole bound by the 
Coulomb force. 

Fermi energy or Fermi level : The energy of the highest occupied energy state of a 
system of fermions at T — 0 K. It is equal to the chemical potential of electrons in 
a solid (metals, semiconductors, or insulators) or in an electrolyte solution at T — 
0 K. However, the chemical potential is temperature dependent. For conduction 
electrons, using a constant chemical potential energy results in negligible error. 

Fermi golden rule : This rule states that the electronic transition rate depends on 
the strength of the coupling between the initial and final states of a system and 
also depends on the number of ways the transition can occur. This is stated by 
(3.28). The transition probability is also called the decay probability. A transition 
will proceed more rapidly if the coupling between the initial and final states is 
stronger. This coupling term is called the matrix element for the transition and 
comes from an alternative formulation of quantum mechanics in terms of matri- 
ces rather than the differential equations (i.e., Schrodinger approach). The matrix 
element can be placed in an integral form, in which the interaction that causes the 
transition is expressed as a Hamiltonian that operates on the initial state wave 
function. This is stated by (3.29). The transition probability is proportional to the 
square of the integral of this interaction over the appropriate space. 

Fermi surface : The surface of constant electron energy in k (wave-number vector) 
space. The Fermi surface separates the unfilled orbitals from the filled orbitals at 
absolute zero. The electrical properties of the metal are determined by the shape 
of the Fermi surface, because the current is due to changes in the occupancy of 
states near the Fermi surfaces. The free-electron Fermi surfaces are developed 
from spheres of radius k f determined by the valence electron concentration. 

Fermion : A class of particles, which unlike bosons, are usually associated with mat- 
ter and obey the Fermi-Dirac statistics. 

Feynman diagram : This diagram visualizes quantum-electrodynamical interactions 
with lines and vertices (meeting of lines) and is used to derive the probability rate 
for the interactions (e.g., Fermi golden rule for weak interactions). For example, 
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the single-phonon only (radiationless) electronic transition (absorption and emis- 
sion) is shown as in the figure. 



Feynman diagram for nonradiation (phonon absorption/emission) two-level electronic tran- 
sition. F l e . p is the electron-phonon interaction Hamiltonian. 

Field emission : Emission of electrons and ions by metals (filament) in the presence 
of an electric field. 

Fluid particle : Charged or neutral atoms or molecules in a fluid state undergoing 
thermal motion (each particle undergoing random, translational, rotational, and 
vibrational motions representing their kinetic energy and temperature) with or 
without a net motion (under external force, such as gravitational field, pressure 
gradient, or electromagnetic field). The simplest treatment of fluid particle trans- 
port assumes particles in classical (Newtonian-Hamiltonian), translational ther- 
mal motion (Boltzmann theory of gases), subject to the statistical averaging. 

Fluorescence: Visible photon emission that is due to X-rays or ultraviolet photon 
absorption. Fluorescence ends when the source is removed. 

Group theory in quantum mechanics'. In quantum-mechanical mathematical opera- 
tions, matrices act on members of a vector space, and only certain members of the 
space that are symmetrical (with classified symmetry) can be created as described 
by the group theory theorems. 

Griineisen parameter. Is a dimensionless constant representing the dependence of 
vibrational frequencies of solid (shift in Debye frequency) on its volume; it is 
related to the bulk thermodynamic properties through 

3 PE P 


where is the linear thermal expansion coefficient and E p is the isothermal bulk 
modulus. Section 4.11.2 gives the theoretical prediction and Table A. 2 lists the 
experimental values of yo for elemental solids and Figure 4.27 for some com- 
pounds. The Griineisen relation can be written as 
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or when integrated as the Griineisen equation of states for cubic solids it becomes, 


p(T, V)V — yq[E(T, V) + G(V)], 


where E is the phonon energy, and G(V) is called the integration constant. An 
example of G(V) is 

G(V) = -A[(^r ' 3 - (^)" /3 ], 

where A, m, and n (4.144) are the L-J potential parameters (Section 4.11.2). The 
internal energy is E = Elastic + «(//>,*,<* + 1/2). 

The modal Griineisen constant (or parameter) is defined as 


YG,K,0( 


V doj KC( 
^K,a d V 


9 In co Kf(X 
dlnV ’ 


where a is the polarization. In the Debye approximation, can have 

V dco \ 3 9 In cod 


YG,K,a — YG — 


cod 9 V 


9 In V 


Debye approximation. 


Yg is a measure of anharmonicity in a material. 

Hamiltonian'. Is a function describing the state of a mechanical system in terms of 
position and momentum (classical mechanics), and in quantum mechanics the 
Hamiltonian is an operator corresponding to the total energy of a system. 

Inelastic collision : A collision between two particles in which part of their kinetic 
energy is transformed to another form of energy. 

Inelastic scattering : The scattering of particle resulting from inelastic collision. 

Ionic crystals : Crystals with at least two atoms in their lattice, which are ionized 
(with zero total charge). The binding is mostly electrostatic, isotropic, and strong. 
Ionic crystals are insulators (no conduction electron). 

Kapitza resistance : In the presence of a heat current there is a discontinuity in tem- 
perature at an interface between two different materials, i.e., the interfaces pos- 
sess a finite thermal resistance known as the Kapitza resistance. 

Kinetics : The mechanism by which a physical or chemical change is affected. The 
microscale energy transformation kinetics describes mechanisms of the energy 
transition/conversion rate. 

Kinetic theory : Particles in thermal motion involving interparticle collisions with the 
RMS of this thermal velocity being related to the temperature. 

Kirchhofflaw of radiation: Under local thermal equilibrium (the photon energy dis- 
tribution function follows the boson distribution), the directional, spectral emis- 
sivity of a body is equal to its directional, spectral absorptivity at the same tem- 
perature. 

Luminescence : Visible photon emission that is not due to thermal radiation emis- 
sion; this includes phosphorescence and fluorescence. 

Magnon: A collective excitation of the electron spin structure in a crystal lattice, 
i.e., a quantized spin wave. 
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Master equation : A phenomenological set of first-order differential equations 
describing time evolution of the probability of a system (similar to the Fokker- 
Planck equation in Table 3.8) occupying each one of a discrete set of states 


dt 


Y^ T ki p i’ 


where Pk is the probability for the system to be in the state k , while the matrix 
element 7*/ the k-l transition rate. 

Momentum relaxation time : The time required for randomizing the carrier momen- 
tum. 

n- and p-type semiconductors : Addition of a small atomic percentage of dopant 
(electron donor and acceptor) atoms in the regular crystal lattice of semiconduc- 
tor changes the weakly bound outer-shell electrons resulting in significant change 
in their electrical properties, producing ft -type and p-type semiconductors. Group 
15 impurity atoms with 5 valence electrons (donors) produce ft -type semicon- 
ductors by contributing extra electrons. Group 13 impurity (dopant) atoms with 
3 valence electrons (acceptors) produce p-type semiconductors by producing a 
hole (or electron deficiency). Thus the holes are the majority carriers, whereas 
electrons are the minority carriers in p- type semiconductors, and vice versa. The 
intrinsic (undoped) semiconductor is called /-type. 

Normal displacement coordinates : Normal coordinates comprise a set of coordi- 
nates for a coupled system such that the equations of motion each involve one 
of these coordinates. In lattice displacement, the normal displacement coordi- 
nate is a Fourier transform of the lattice displacement and is a complex quantity 
variable. 

Pauli exclusion principle : No two identical fermions may occupy the same quantum 
state simultaneously. For elements, no two electrons have the same four quantum 
numbers (ft, /, m , and s, Section 2.6.6). 

Particle probability distribution function : The probability that a particle is in an 
energy state E , and is the continuous generalization of discrete probability. There 
are three distributions, Maxwell-Boltzmann (classical), Bose-Einstein (boson), 
and Fermi-Dirac (fermion). The distribution functions scale E with IcqT and 
show that the larger E/k^T has a lower probability. 

Phonon drag on electron : This refers to the increase in the effective mass of con- 
duction electrons due to its field interactions with the crystal lattice. It also refers 
to electron-phonon (lattice) inelastic scattering under lack of local thermal equi- 
librium between the two carriers. At low temperatures (around 0.27b, where 7b 
is the Debye temperature), the nonequilibrium distribution of phonons plays a 
more significant role in electron-phonon scattering and in thermoelectricity this 
particularly affects the Seebeck coefficient, as phonons force the electrons to 
move under a temperature gradient. 

Phonon gas : A crystal lattice at zero temperature lies in its ground state, and con- 
tains no phonons. According to thermodynamics, when the lattice is held at a 
nonzero temperature its energy is not constant, but fluctuates randomly about 
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some mean value. These energy fluctuations are caused by random lattice vibra- 
tions, which can be viewed as a gas of phonons. Because these phonons are gener- 
ated by the temperature of the lattice, they are sometimes referred to as thermal 
phonons. Unlike the atoms that make up an ordinary gas, thermal phonons can 
be created or destroyed by random energy fluctuations. Their behavior is similar 
to that of the photon gas produced by an electromagnetic cavity, wherein photons 
may be emitted or absorbed by the cavity walls. This similarity is not coinciden- 
tal for it turns out that the electromagnetic field (boson) behaves like a set of 
harmonic oscillators. Both gases obey the Bose-Einstein statistics. 

Phonon polariton : The propagating electromagnetic waves coupled to polar optical 
phonon. For example, the high-frequency dielectric properties are closely related 
to the optical-phonon modes at THz frequency. 

Phosphor : A substance that exhibits the phenomenon of phosphorescence. Transi- 
tion metal compounds and rare-earth compounds are among phosphors. 

Phosphorescence : Visible photon emission that is due to X-ray or ultraviolet photon 
absorption. Phosphorescence continues for a period of time after the source is 
removed. 

Plasma frequency : The natural frequency of oscillations of electrons in a plasma 
displaced relative to the ion background; the waves with frequency below the 
plasma frequency cannot propagate in the plasma. 

Plasmon : A quasi-particle resulting from oscillation of plasma (free-electron gas). 
Plasmons can couple with photon to create plasma polariton. 

Polariton : A quasi-particle resulting from coupling of light (photon) with an inter- 
acting resonance. Phonon-polariton results from coupling of infrared photon and 
optical phonon. Exciton-polaiton is coupling of visible light and exciton. 

Polaron : A quasi-particle composed of an electron and its accompanying polariza- 
tion field. In electron-phonon coupling, the electron moving through the crystal 
carries with it the lattice distortion (polarization) it causes. 

Polar and nonpolar semiconductors : In nonpolar semiconductors the longitudinal- 
optical and the transverse-optical branches of phonon dispersion have the same 
frequency at the zone center T, and in polar semiconductors these two branches 
split (because of long-range dipolar interactions). 

Polar molecules'. Molecules in which there exists a permanent spatial separation of 
the centroid of positive and negative charge or dipole moment. 

Potential energy : The energy in matter that is due to its position or the arrange- 
ment of its parts. The potential energy appears in gravitational potential, elastic 
potential, chemical (interatomic) potential, electrical potential, etc. 

Primitive cell : A cell that when translated in space will fill the space without over- 
lapping. 

Pseudopotential : Effective potential for electrons in a crystal lattice that is calculated 
in the orthogonalized plane-wave method and in the pseudopotential method. 
This is a weak potential, because the electrons move rapidly past nuclei in the 
lattice. 



Glossary 


737 


Quantum Hamiltonian : The physical state (total energy) of a system, which may be 
characterized as a ray in an abstract Hilbert space (or, in the case of ensembles, 
as a trace class operator with trace 1). It generates the time evolution of quantum 
states. 

Quasi-particle : Is part of the quantum many-body mechanics and presents the com- 
bination of a particle and its influence on the local environment, i.e., phonons 
are treated as quasi-particles with the renormalized self-interactions incorporated 
into it. Also, in the renormalization of all of the interactions that a single elec- 
tron (or hole) experiences in a periodic lattice, into self-energy, using an effective 
mass, the electron is treated as a quasi-particle. 

Quantum mechanics'. A physical theory that at very small distances produces results 
that are very different and much more accurate than the results of the classi- 
cal mechanics. It is derived from a small set of basic principles and applies to 
at least three general types of phenomena that classical mechanics and classical 
electrodynamics cannot account for, namely quantization, wave-particle duality 
(interference of matter particles), and quantum entanglement. 

Raman scattering : An inelastic scattering of a photon that creates or annihilates a 
phonon (and other molecular motion transitions), giving rise to the Stokes and 
anti-Stokes lines in the scattered spectrum. 

Rattler : Loosely bound phonon scatterer (atoms) introduced into a host crystal to 
result in a short phonon mean free path (reducing lattice conductivity and also 
resulting in an amorphous phase behavior). 

Rayleigh and Mie scatterings : The process by which small particles suspended in a 
medium of a different index of refraction scatter a portion of the incident radia- 
tion in all directions. In elastic scattering, no energy transformation results, only 
a change in the spatial distribution of the radiation; however, the particles also 
absorb radiation (inelastic scattering). This scattering varies as a function of the 
ratio of the particle diameter to the wavelength of the radiation (called the size 
parameter). When this size parameter is less than about one-tenth, the Rayleigh 
scattering occurs in which the scattering coefficient varies inversely as the fourth 
power of the wavelength. 

Reciprocal lattice : Every crystal structure has two lattices associated with it, the 
direct lattice and the reciprocal lattice. A microscope image is a map of the direct 
lattice whereas the diffraction pattern is a map of the reciprocal lattice. The recip- 
rocal lattice is essential in analytic studies of periodic structures, including the 
theory of crystal diffraction and the law of momentum conservation, in which the 
full translational symmetry of free space is reduced to that of a periodic potential. 

Relaxation time : Average time between collisions. 

Reststrahlen absorption and reflection: Reststrahlen, meaning residue rays in Ger- 
man, is the successive reflection of a broadband photon beam from the surface 
of a crystal to obtain a narrow-band beam. This is due to the interaction of elec- 
tromagnetic waves with the vibrating dipoles (molecular vibrations in crystal, i.e., 
optical phonons). 
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Rydberg energy, formula, and constant : A unit of electron energy based on the 
ground-state energy of a hydrogen atom, one Ry energy is 


m e e A c 


Ry = = 13.607 eV. 

2(4ne 0 ) 2 h 2 


The Rydberg formula is 


1 _ m e e\ 1 1 1 1 
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where A is the wavelength of photon emitted (in vacuum), for ny < ni, and the 
Rydberg constant is defined from the above relation as 


Ry = m ~ e6c = 1.0974 x 10 5 cm l . 


8c 0 6^- 


Semiconductors : Solid-state material in which, in contrast to metals and insulators, 
the electrical conductivity can be controlled by orders of magnitude by adding 
very small amounts of impurity elements (dopants) thus affecting the negatively 
charged electrons and positively charged holes. Intrinsic semiconductors have 
equal free electron and hole concentration, which extrinsics do not (excess hole 
gives p- and excess electron n-type). Their electrical conductivity is also sensitive 
to temperature, illumination, and magnetic field. These result from their inter- 
atomic bonds (mostly covalent) in which the valence band and the conduction 
band are separated by the energy gap. Semiconductor properties are displayed 
by the elements from the group 14 of the periodic table (Tables A.l and A.2.), 
i.e., C in the form of diamond, Si, Ge and Sn and their compounds with elements 
from group 14, e.g., SiGe and SiC, as well as compounds from groups 13 and 15, 
e.g., GaAs, InP, or GaN, and groups 12 and 16, e.g., CdTe, ZnS. 

Shutter udites: Complex minerals, ReTn^Pn^ (Re: rear earth, Tm: transition met- 
als, Pn: pnicogen), with Re in a simple cubic structure of Tm, each in a tilted 
pnicogen octahedra. 

Spherical, parabolic band : Idealized electron band structure in crystals, in which the 
energy surfaces are spherical and the energy variation with respect to momentum 
is parabolic (model band structure). 

Spin: A quantum presentation of angular momentum in quantum electrodynamics. 
It obeys the commutation relation and is a property of all elementary particles 
(including electrons). 

Spontaneous emission : Photon emission that is from perturbations that are due to 
the vacuum state energy fluctuations (including thermal motion), and the emitted 
photons are incoherent (no phase relationship). 

Stimulated emission : Photon emission that is due to the initial presence of photons 
in the system and maintains phase coherence with those initial photons. 

Stokes law : The frequency of luminescence excited by radiation (photolumines- 
cence) is not higher than the frequency of the exciting radiation. 
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Surface plasmon : A collective excitation of the electrons at the interface between 
a conductor and an insulator. On a plane surface, they are nonradiative electro- 
magnetic modes (they cannot be generated by a photon nor decay spontaneously 
into photons). 

Thermophotovoltaic: A device that converts thermal radiation emission from a con- 
trolled heat source into electricity. The device is designed for maximum efficiency 
at the wavelength range of this source. 

Thermionic emission : Emission of electrons or ions by metals (filament) heated to 
high temperatures; the charged particle is called a thermion. 

Thomson scattering : In photons (electromagnetic wave) incident upon a charged 
particle, the electric and magnetic components of the wave exert a Lorentz force 
on the particle, setting it into motion. Because the wave is periodic in time, so 
is the motion of the particle. Thus the particle is accelerated and consequently 
emits radiation. 

Tunneling : A quantum mechanical effect allowing transition through a classically 
forbidden energy state. 

Umklapp processes : German word Umklapp for flipping over is the scattering pro- 
cess that conserves the phonon momentum with a wave-vector jump across the 
Brillouin zone. 

Valence band : The highest energy continuum of energy levels in a semiconductor 
that is fully occupied by electrons at T — 0 K. 

Wigner-Seitz primitive cell : In crystals (lattices), it is the region of space that is 
closer to that point than to any other lattice point. 
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